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PREFACE  TO  FIRST  EDITION. 

In  the  present  Work  I  have  endeavoured,  without  exceed- 
ing the  usual  size  of  an  Elementary  Treatise,  to  give  a 
comprehensive  account  of  the  Analytical  Geometry  of  the 
Conic  Sections,  including  the  most  recent  additions  to  the 
Science. 

For  several  years  Analytical  Geometry  has  been  my 
special  study,  and  some  of  the  investigations  in  the  more 
advanced  portions  of  this  Treatise  were  first  published  in 
Papers  written  by  myself.  These  include:  finding  the 
Equation  of  a  Circle  touching  Three  Circles ;  of  a  Conic 
touching  Three  Conies ;  extending  the  equations  of  Circles 
inscribed  and  circumscribed  to  Triangles  to  Circles  in- 
scribed and  circumscribed  to  Polygons  of  any  number  of 
sides ;  the  extension  to  Conies  of  the  properties  of  Circles 
cutting  orthogonally ;  proving  that  the  Tact-invariant  of 
two  conies  is  the  product  of  Six  Anharmonic  Ratios ;  and 
some  others. 

Of  the  Propositions  in  the  other  parts  of  the  Treatise, 
the  proofs  given  will  be  found  to  be  not  only  simple  and 
elementary,  but  in  some  instances  original. 

In  compiling  my  Work  I  have  consulted  the  writings  of 
various  authors.  Those  to  whom  I  am  most  indebted  are : 
Salmon,  Cuasles,  and  Cleksch,  from  the  last  of  whom  I 
have  taken  the  comparison  of  Point  and  line  and  Line 
Oo-ordinatee  (Chapter  II.,  Section  III.) ;  and  Aronhold's 
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notation  (CHiapter  Vlil.,  Section  III.),  now  published  for 
the  first  time  in  an  English  Treatise  on  Conic  Sections. 
For  recent  Geometry,  the  writings  of  Bbocard,  Neubebg, 
Lemginb,  M^Gay,  and  Tuckbb. 

The  exercises  are  very  numerous.  Those  placed  after 
the  Propositions  are  for  the  most  part  of  an  elementary 
character,  and  are  intended  as  applications  of  the  proposi- 
tions to  which  they  are  appended.  The  exercises  at  the 
ends  of  the  chapters  are  more  difficult.  Some  have  been 
selected  from  the  Examination  Papers  set  at  the  Uni- 
versities, from  Roberts'  examples  on  Analytic  Geometry, 
and  Wolstenholme's  Mathematical  Problems.  Some  are 
original ;  and  for  a  very  large  number  I  am  indebted  to 
my  Mathematical  friends  Professors  Neuberg,  E.  Gubtis, 
S.J.,  Grgfton,  and  the  Messrs.  J.  and  F.  Pubser. 

The  work  was  read  in  manuscript  by  my  lamented  and 
esteemed  friend,  the  late  Eev.  Professor  Townsend,  f.b.s.  ; 
by  Dr.  Habt,  Vice-Provost  of  Trinity  Gollege,  Dublin ; 
and  Professor  B.  Williamson,  f.b.s.  Their  valuable 
Bnggestions  have  been  incorporated. 

In  conclusion,  I  have  to  return  my  best  thanks  to  the 
last-named  gentleman  for  his  kindness  in  reading  the 
proof  sheets,  and  to  the  Gommittee  of  the  ^^ Dublin 
Univebsitt  Pbess  Sebies"  for  defraying  the  expense  of 
publication. 


JOHN  CASEY. 


86,  South  Cxbculab  Road,  Dublin, 
October  5,  1885. 


PREFACE  TO  SECOND  EDITION. 

Thb  preeent  edition  isentirely  the  work  of  my  father-in-law, 
the  late  Dr.  Casey,  f.r.s.  At  the  time  of  his  death,  in 
1891,  he  had  seen  nearly  400  pages  of  it  through  the 
press,  and  left  me  the  responsibility  of  bringing  out  the 
remainder. 

In  the  preparation  of  this  edition  Dr.  Casey  had  the 
Taloable  assistance  of  Professor  Neuberg  of  the  Uniyer- 
sity  of  Li^ge,  who  sent  him  numerous  important  theorems, 
notes,  and  suggestions,  almost  all  of  which  he  adopted. 
Knowing  that  Professor  Neuberg  was  Dr.  Casey's  inti- 
mate friend  and  constant  correspondent,  and  that  he  had 
assisted  him  in  correcting  all  the  proof-sheets  of  what 
had  been  printed  prior  to  his  death,  I  naturally  turned  to 
him  for  advice  and  aid  before  proceeding  with  the  printing 
of  the  remaining  portion.  He  most  willingly  promised 
me  his  valuable  assistance.  Having  revised  the  proofs, 
I  submitted  them  to  him,  and  he  had  the  kindness  to 
correct  them  and  approve  of  them,  before  they  were 
printed  off. 

For  all  his  generous  help  and  advice  I  beg  to  re- 
turn Professor  Neuberg  my  grateful  acknowledgments 
and  very  sincere  thanks.  I  have  also  to  thank  the 
Bev.  BoBERT  Curtis,  s.j.,  f.r.u.i.,  for  many  useful  sug- 
gestions, and  for  the  trouble  he  took  in  revising  the 
proob. 


viii  Prrface. 

My  beet  thanks  are  also  due  to  the  Board  of  Trinity 
College,  Dublin,  for  the  generous  manner  in  which,  on 
the  death  of  Dr.  Casey,  they  undertook  to  defray  all  the 
expense  of  publication. 

The  first  edition  contained  330  pages,  the  present  ex- 
tends to  564  pages.  All  parts  have  been  very  carefully 
revised;  the  proofs  are  very  rigid,  though  simple  and 
concise.  The  principal  additions  will  be  found  in  the 
theory  of  "  Mean  Centre,'*  of  **  Anharmonic  Ratios,"  of 
"nomographic  Division  and  Involution,"  of  "Eecent 
Geometry,"  and  in  the  Chapter  on  "The  Invariant  Theory 
of  Conies."  This  last  theory  is  expounded  with  more 
developments  than  in  perhaps  any  other  Classic  work  on 
the  subject.  The  Exercises  have  also  been  considerably 
increased,  many  of  those  added  being  original. 

In  conclusion  I  trust  that  this  new  edition,  enriched  by 
the  results  of  the  latest  progress  of  Analytical  Geometry, 
will  receive  from  the  public  the  same  favourable  reception 
accorded  to  the  first. 

P.  A.  E.  BOWLING,  B.A.,  It.TI.I., 

Profi999r  of  MathsnuUieSfUhivertity  ColUffi,  J)ubHn. 
4,  UXBBIDGB-TEBBACB,  LxESOlT  PaBK, 

DuBLDT,  JawMTy  1«^,  1893. 
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Errata — continued. 


Page  160,    last,      Ana. ahoiM  be  **  2a*8in2yK  (sin^ J?  +  ein^C) 

-  2  sin -4  sin  J?  sin  C2  37  sin  (J? -(7)  «  0.*' 

„  163,  line  12,    for  "  (a+  2Am  +  *m«)  ^T,"  r^orf  "  («  +  2Aw  +  *m«)X" 
,,160,     „     2,      „  "a*ar  +  i^y  +  (a*ir  +  6V) /(«  +  *)," 


,,164,     „    8,      „  ♦*(5i+m5a)«,"r^flrf  "2(5i  +  miS2)«." 
166,   6th  last,  „  **aS2-2hSuS2,''  read  "a5a»-2A5i52." 


„     AWW, 

t/MIA   JOV 

"  192, 

Ex.  3, 

„  194, 

line  13, 

„  196, 

„  16, 

M  220, 

»    6, 

„  239, 

,.  16, 

„  240, 

»     1. 

it       )} 

„     8, 

»  244, 

,,  13, 

„  247, 

»     9, 

„  280, 

last. 

„  286, 

last. 

„  286, 

line  8, 

„  300, 

»»     9, 

„  304, 

line  6, 

<< 


»  tt 


,,      tf,  r,"  read  "«,  c'. 

„  "yV,"  read  "y',  y","  ami  <wit<  the  word  "it." 

„    '*lies,'*»wi?p/y  "on.*' 

„  ''yhrread  ''y'ly^ 

„  ''POP,''  read  ''POF:' 

„  "  rir=  2!S,"  read  "  rcr=  T-S'." 

„  '' eo%\TPr ;' read  '"l(iw\TPT r 

„  *♦  polar,"  rwrf  "pole." 

„  "at  VioS;'  read  "at  Fto -S'." 

„  "  +  V'r«flrf  "-A." 

„  "  u4^"  /  A' A,''  read  ''AA"  /  A" A','' 

„  "  -B'5',"  TMrf  "  B'S:' 

,,  "  two  figures  inversely  similar," 

read  "  two  inverse  figures." 

„  "  ABCy''  read  "  the  circle  ABCV 
„  388,     „  6&8,  „  "^'j5'C',"  r^«rf  "uij^iCi." 
„  389,     „  3&8,  „  ''A'B'Cr,''  read  "^i^iCi." 

„     „      last,         „  "  cot-4',  coti?',  cote,"  read  "  cot-4i,  cot^i,  cotCi." 
„  390,  lines  7,  8,  ll,/or  "^',  B\  C,"  read  "uii,  Bu  Ci." 
„  400,  2nd  last, /or  "-S'l^^a,"  reaJ  "  OiQaQj." 
„  407,  line  12,     „  "  SKS :  0,"  r^oJ  "  -SiT :  SOr 
„  491,  7tb  last,    ,,  "antipolar,"  read  "antopolar.'* 
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CHAPTER    I. 


THE  POINT. 

Sbctioit  I. — RuLR  OF  SiGNS. — Resxjltants. — Pkojections. 

1.  RuLB  OP  Signs. — When  we  consider  several  points  -4,  J?,  C, 
.  .  .  npon  the  same  right  line,  in  order  to  render  f  ormulse  general, 
it  is  necessary  that  the  segments  comprised  hetween  these  points 
may  he  snhmitted  to  a  rule  ofsiffns. 

The  segment  denoted  hy  AJB  is  supposed  to  he  described  by 
a  point  moving  from  A  its  origin^  to  J?  its  extremity.  The 
segment  BA  hy  a  point  moving  from  B  towards  A^  B  heing 
origin,  and  A  extremity.  All  the  segments  described  in  the 
tame  sense  are  positive.  Those  in  the  opposite  are  negative. 
Hence  it  follows  from  this  convention  that  AB  =  -  BA, 

Pkop. — Jff"  A,  B  ,  ,  ,  £!",  Z  he  any  system  of  points  on  a  Une 

AB  -^  BC  -i^ .  .  .  BTZ  -^  LA  r^  0,  (1) 

In  fact  if  the  moving  point  describe  in  succession  the  segments 
AB,  BC  .  >  .  LA,  it  commences  at  A  and  returns  to  A,  Hence 
it  describes  as  much  in  the  negative  as  in  the  positive  directions. 
Hence  the  sum  is  zero. 

Cor.  1 . — If  0,  -4,  B  be  three  collinear  points,  AB  =  OB-  OA . 

For  OA^AB  +  BO^O;  .-.  AB^OB-^OA.       (2) 

This  equality  serves  to  refer  all  segments  on  the  same  line  to  a 
common  origin. 

Cor.  2. — If  if  be  the  middle  point  of  AB 

Oir=i(0^+  0B\  OA'OB^  OM^-iAB". 
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(3) 


(4) 


DemoMtration.—  OA  +  AM^  MO  =  0,  OB  ^  BM+  MO  =  0. 
Adding,  and  observing  that  AM  +  BM  =  0,  we  get 

0^  +  0J9  +  2M0  =  0.     Hence  0M=  i{OA^  OB). 
Again,  from  (1),  we  have 

OA  =  OM-  AM,  OB  =  OM-  BM=  0M+  AM. 
Hence     OA .  OB  =•  OM*  -  AM^  =  OiP  -  J  AB*. 

2.  Signs  of  Abkas. — The  notation  OAB  denotes  the  area 
described  by  the  line  OM, 
turning  round  0  in  such  a  Y 
manner  that  its  extremity  M 
describes  the  line  AB  ia.  the 
direction  AB,  or,  in  other 
words,  OA  is  turned  round  in 
the  direction  indicated  by  the 

arrow.     Then,  if  we  make  the 

O  X 

convention  that  the  area  OAB 

is  positive,  then  the  area  OB  A,  which  is  described  in  the  opposite 
direction,  viz.,  from  OB  to  OA,  is  negative.  Hence  we  have 
the  following : — 

EuLE. — The  notation  ABC  denotes  the  absolute  value  of  the 
area  of  the  triangle  ABC  taken  with  the  sign  +  or  the  sign  -, 
according  as  the  rotation  ABC  is  in  the  positive  or  the  negative 
sense.  Hence  we  have  ABC  =^BCA  =  CAB  =  -  ACB  ^  -  BA C 
=  -  CBA. 

3.  Geometric  Sum  oe  Resultant.  Def. — Being  given  several 
segments  AiBi  .  A2B2 .  .  .  A^B^.  If  we  draw  the  lines  OCi  . 
C1C2  *  .  .  C^i  Cn,  respectively  equal  afid  parallel  to  A^B^,  A^Bt 
.  . .  A^B^,  and  in  the  same  sense  the  line  OC^is  called tlie  resultant 
of  the  segments. 

Pbop. — The  magnitude  and  the  direction  of  the  resultant  of 
several  segments  is  independent  of  the  order  of  sequence  of  these 
and  of  the  origin. 
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1®.  Por,  drawing  CiC  parallel  and  equal  to  A^B^^  the  figure 
CiCiCtC  is  a  parallelogram,  then  CC^  is  equal  and  parallel  to 
AiBt.    Hence  in  this  construction  it  is  evident  we  invert  the 


order  of  sequence  of  drawing  parallels  to  ^2-^2*  AtB^.  Similarly, 
we  can  invert  the  order  for  any  two  consecutive  segments,  and 
therefore  we  can  take  the  segments  in  any  order  whatever. 

2^.  Taking  a  different  origin  (T,  and  drawing  (yC^',  C/C,', 
CC3'  .  .  .  equal  and  parallel  to  AiBi,  A^B%  .  .  .  then  the 
figures  OCiCiO\  CiCjCa'C,'.  .  .  are  parallelograms.  Therefore 
the  lines  OC,  C^C^  .  .  .  C^C^  are  equal  and  parallel.  Hence 
0C„  (yC^  are  equal  and  parallel. 

4.  Pbojections. — The  projection  of  the  resultant  of  several 
segments  upon  any  axis  is  equal  to  the  sum  of  the  projections  of 
these  segments  upon  that  line, 

Dem. — If  OjCifC^..,  he  the  projections  of  the  points  0,  Ci, 
C?i  .  .  .  we  have 

OCi  +  CiCi  +  ^2^3  .  .  .  +  C^iC^  +  CJ)  =  0. 


Hence 


OCn  =  OCi  +  Ci  Cj 


+  C^l^^n- 


But  two  equal  and  parallel  lines  have  parallel  and  equal 
projections,  and  of  the  same  sign.  Hence  projection  of  OC^- 
projection  of  AiBi  +  projection  of  A2B2  . . .  +  projection  oiA^B^, 

Cor, — The  projections  may  be  oblique,  that  is,  the  projecting 
lines  can  be  parallel  and  inclined  at  any  angle  to  the  axis. 

b2 
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Fbop. — The  prqfeeiion  of  a  Begm^nt  AB  up<m  any  axis  OX  is 
squal  in  magnitude  and  sign  to  the  product  of  AB  hy  the  easine 
of  the  angle  of  the  positive  direetums  of  the  axis,  and  of  the  Une 
projected, 

Bern. — Let  A'B'  be  the  projection  of  AB  upon  OX. 
Draw  AB"  parallel  to  OX,  Suppose  AB  positive.  If  we  make 
AB  turn  round  A^  the  sign  of  AB'*  is  always  equal  to  that  of 
the  cosine  of  the  angle  B"AB\  also  in  absolute  values  A'B*  «= 
AB  cos  B"AB,  If  AB  is 
negative,  the  angle  of  posi- 
tive direction  of  OX  and 
AB  is  equal  to  the  angle 
B"AB  ±  IT.  Hence  the 
cosine  changes  sign.  Hence 
the  proposition  follows. 

Cor,  —  If  the  projec- 
tants  AA\  BB*  make  an 
angle  6  with  OX,  we  have 


A' 


B' 


A'B'  =  ABsm{e-'a)l8m0, 


(5) 


Section  IJ. — Cartesian  Co-obdinates. 

Dbfikition  I. — Two  fixed  fundamental  lines  XX,  TT*  in  a 
plane,  which  are  used  for  the  purpose  of  defining  the  posi- 
tions of  all  figures  that  may  bo  drawn  in  the  plane,  are  called 
axes.  When  these  are  at  riglit  Y 
angles  to  each  other  they  are 
called  rectangular  axes,  other- 
wise they  are  called  oblique  axes,    x' 

Def.  II. — ^The  lines  XX', 
YY'  are  called  respectively  the 
axis  of  abscissa,  and  the  axis  of 


0 


»Y' 


ordinaUs.    XX  is  also  called,  for  reasons  that  will  appear 
further  on,  the  axis  of  x,  and  YY*  the  axis  of  y. 
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Det.  m. — ^Thc  point  0,  the  intersectioii  of  the  axes,  is 
called  the  origin. 

BsF.  IT. — ^The  origin  divides  each  axis  into  two  parts,  one 
po9itiv€y  the  other  negative.  Thus  X!X  is  divided  into  the 
parts  OX^  OX',  of  which  OX  measured  to  the  right  is  usually 
considered  positive,  and  OX  negative,  hecause  it  is  measured 
in  the  opposite  direction.  Similarly  the  upward  direction,  OF, 
is  regarded  as  positive,  and  the  downward,  OF,  negative. 
When  the  axes  are  ohlique  the  angle  XOY  hetween  their 
positive  directions  is  denoted  by  a».  The  axes  will  be  rect- 
angular unless  the  contrary  is  stated. 

Def.  v. — Any  quantities  serving  to  define  the  position  of  a 
point  in  a  plane  are  called  its  eo-ordinates.  Three  different 
systems  of  co-ordinates  are  in  use,  namely  parallel  or  Carieeian 
(called  after  Descartes,  the  founder  of  Analytic  Geometry), 
Polar,  and  Trilinear  co-ordinates. 

Def.  VI. — ^The  Cartesian  co-ordinates  of  a  point  P  are  found 
thus: — ^Through  P  draw  Plf  parallel  to  OF;  then  the  lines 
OJf,  MP  are  the  co-ordinates  of 
P;  and  since  OM  is  measured 
along  OX  it  is  positive,  and  MP 
parallel  to  OF  is  also  positive. 
Thus  both  co-ordinates  of  P  are  '^ 
positive.  Similarly  the  co-ordi- 
nates of  R,  viz.,  OIP,  IPR  are 
both  negative;  and  lastly,  the 
points  Q,  8  have  each  one  co-ordinate  positive  and  the  other 
negative. 

DiF.  vn. — The  Cartesian  co-ordinates  of  a  known  ov  fixed 
point  are  usually  denoted  by  the  initial  letters  of  the  alphabets 
•uch  as  a,  h.  They  are  also  denoted  by  the  letters  a?,  y,  with 
accents  or  suffixes,  thus :  x',  y' ;  xf',  tf\  &c. ;  «i,  yi ;  x^y%t  &<^- 


ir 


w 


R 


N 


M 


<; 
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The  co-ordinates  of  an  unknown  or  of  a  variable  point  are 
denoted  by  the  final  letters,  such  as  a?,  y,  without  either 
accents  or  suffixes,  and  sometimes  by  the  Greek  letters  a,  P ; 
but  these  are  more  frequently  employed  in  trilinear  co-ordi- 
nates, which  will  be  explained  further  on. 

5.  To  find  the  distance  8  between  two  points  in  terms  of  their 
eo-ordinates, 

1°.  Let  the  axes  be  rectangular. 

Let  -4,  J?  be  the  points,  «'  y\ 
sf'  y"  their  co-ordinates.  Draw 
BC  parallel  to  0X\  AD,  BE 
parallel  to  OT,  Then,  since 
the  co-ordinates  of  A  are  sd  y\ 
we  have 


01)  =  a/,            J)A^  y'. 

Similarly 

OE  =  ar",            EB  =  y". 

Hence 

BC^aif-'x!',     CA^y'^y''-, 

but 

AB'^BC^^  CA*; 

therefore 

8«  .=  (a/  -  x"y  +  (y'  -  yy. 

(6) 

Hence  we  have  the  following  rule : — Subtract  the  x  of  one 
point  from  the  x  of  the  other,  also  the  y  of  one  point  from  the  y  of 
the  other;  then  the  sum  of  squares  of  the  remainders  is  equal 
to  the  square  of  the  required  distance. 

2°.  Let  the  axes  be  oblique. 

Since  the  angle  ACB  is  the  supplement  of  XOY,  we  haye 

^(75  =180° -CD. 

Hence        AB^  =  BC^  +  CA^  +  2BC .  CA  cosw, 

thatis,  8»-(x'-0*+(y'-yT  +  2(a:'-ar")(y'-y")co8«.   (7) 
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In  applying  these  formulse  it  is  necesBary  to  take  the  signs 
of  y,  y' ;  x",  y" ;  cos  cd  into  account. 
Thus,  in  the  annexed  figure, 


S«-  CB"  +  AC* '2CJB.  AC  cos  BCA. 
But  AC^AJE^  j&(7  =  y'  +  (-  y")  =  y'  -  y", 

Hence  suhstituting  we  get  equation  (7). 

In  practice,  oblique  axes  are  seldom  employed ;  but  as  they 
sometimes  are,  we  shall  give  the  principal  formulsB  in  both 
forms. 


1.  Find  the  distance  of  the  point  x^  from  the  origin — 

!•.  When  the  axes  are  rectangular.  Am,  8*  =«'*  +  y'«.     (8) 

2*.  When  they  are  oblique.    Am.  d*=«'*  +  y'«+2«y  coeci.    (9) 

2.  Find  the  distance  between  the  points  (reoe^',  rsin9')>  (^  cos 9",  r  sin  9"). 

Am.  a  =  2r8inJ($'-0-        (10) 

3.  Find  the  diitance  between  the  points  ["-ji  0  j  >    (o>  -  -tt )  • 

C    ^^— — 
r.  When  the  axes  are  rectangular.  Am.  S  =  -j-  V-4*+^.    (11) 


2*.  When  oblique.     Am.  Z^'^ylA*-\'B^-\-2ABcn%m.  .    (1 


,s 


Thi'  Punif. 


4.  If  the  axes  be  rectangular  determine  y — 

I**.  If  the  diitance  between  the  points  (6,  y),  (2,  3)  be  equal  to  5. 

Ant,  19  or  —  3. 

2*.  If  the  distance  between  (2,  y),  (4,  -  5)  be  \^. 

Am,  3  or—  13. 

5.  Find  the  distance  between  the  points  {a  cos  (a  +  iS),  6  sin  (a  +  /9)}, 
{aco8(o-i3),  4  8in(a-/3)}. 

Ant.  8  =  28in/3  {a2  8in>a+6'co8<a}i.     (18) 

Dbf. — The  line  joining  two  pointt  will  for  Bhortmtt  bi  eaUed  ths  join  tf 
the  two  points. 

6.  Find  the  condition  that  the  join  of  the  points  x'y\  x"y"  may  subtend 
a  right  angle  at  xy.  Since  the  triangle  formed  by  the  three  points  is  right- 
angled,  the  square  on  one  side  is  equal  to  the  sum  of  the  squares  on  the 
other  two.    Hence 

(x*  -  X  r-  +  (y'  -  y")» = (^  -  xr + (y  -  yj  +  («  -  *")' + (y  -  vT ; 

and  reducing,  we  get 

(a:-a:')(;r-O  +  (y-y')(y-y")«0.  (14) 

If  the  axes  be  oblique,  the  condition  is 

(a:-*')(x-o  +  (y-y')(y-y") 

+  2{(a:-«')(y-y")  +  (a;-*")(y-y')}oos«=0.     (16) 

6.  To  find  the  eonditian  that  three  poinU  afy\  x'y,  gf'Y' 
shall  he  collinear. 

Let  Aj  By  C  be  the  points  :  drawing  parallels  wo  have,  from 
similar  triangles,     BD :  AD  : :  CE:EB, 


Hence 


x'  -  :xf'     x"  -  x! 


II     ..lit* 


y"  -  y"     y"  -  y 


(16) 


or    (*»/'- x"y')+(«'y"-*"y')  +  (*"y-*'y"')-«>-    (n) 
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This  may  be  written  in  tlie  form  of  the  determinant 


0. 


*', 

y', 

1, 

*". 

y", 

1, 

*"', 

y"', 

1, 

(18) 


7.  This  proposition  may  be  proved  otherwise,  and  by  a 
method  which  will  connect  it  with  another  of  equal  impor- 
tance. 

Lkioca. — The  area  of  the  triangle  whoee  summits  are  afy^^  ^'y*'f 
and  the  origin  i$  ^  (a/y"  -  af'y')  sin  «>. 

Dezn. — Throngh  the  points 
^'y'$  *'y  draw  parallels  to 
the  axes ;  then  the  parallelo- 
grams ODCE,  OGFH  are  re- 
8|)ectively  equal  to  x^y"  sin  «, 
r'V  Bin  o).  Hence  the  tri- 
angle OABy  which  is  eri- 
dently  equal  to  half  the  dif- 
ference   of    these    parallelo- 

grams,  is 

J(a?'y"-«'y)sin«. 

Cor  1. — If  the  axes  be  rectangular,  the  triangle 


To  apply  this,  let  ^,  ^,  C  be  three  collinMr 
OA,  OB,  OC;  then  we  haye  A  GAB  +  A  OBOm 


(19) 


(20) 
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therefore       a/y"  -  a/y  +  a/y"  -  af'Y  =  ^^"  '  ^ Y» 

or  (x'y"  -  a/y)  +  {x'Y'  -  a^YO  +  (^^V  "  ^V"')  =  0. 

8.  The  Lemma  of  §  7  enables  us  to  find  the  area  of  a  triangle 
in  terms  of  the  co-ordinates  of  its  summits. 

For,  if  any  point  0  within  the  triangle  be  takpn  as  the  origin 
of  rectangular  axes,  and  the  co-ordinates  of  the  vertices  be 
^y'f  ^Yf  ^"y"'y  then  join  OA,  OB,  OC.    Since  the  triangle 

ABC^  OAJB^  OBC^^  OCA, 

we  have 

A  ^J9C= J{ar'y"-a?"y'  +  «'y"-«'Y'  +  ^Y-«'y'")>    (21) 

^.         /,         1, 
or  =J      af\       y",         1,      .  (22) 

«"',      y"\       1, 

It  is  evident  that  we  get  the  same  result  if  we  take  the 
origin  outside  the  triangle  by  attending  to  the  signs  of  the 
areas  (see  §  2). 

From  this  proposition  it  follows  that  the  geometrical  interpre- 
tation of  the  condition  that  three  points  should  be  collinear  is, 
that  the  area  of  the  triangle  formed  by  them  is  zero. 

9.  The  area  of  any  polygon,  in  terms  of  the  co-ordinates  of  its 
summits,  is 

i  I(ir,y2-a:2yi)  +  (a:ay3-a:3y,)+  .  .  .  (a?„yi -a?iy„)}.     (23) 

For,  let  ABCDEF  be  any  closed  non-intersecting  polygon, 


whatever  may  be  the  point  0,  we  have  area  «  OAB  +  OBC 
+ .  .  .  OFA,  whence  we  get  the  formula  (23). 
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If  it  be  an  intersecting  polygon  (Polygene  6toil6),  by  defini- 
tion its  area  is  OAB  +  OBC  .  .  .  OFA ;  bnt  in  this  case  it  is 


necessary  to  verify  that  the  origin  0  may  be  any  whatever,  we 

have 

OAB  =  (yOA  +  (TAB  +  (XBO, 

OBC^  aoB  ^  (yBc^  aco. . . 

Adding  these  equalities,  and  remarking  that  (yBO^  -  Cy  OB,  &c., 
we  get 

OAB  +  OBC .  .  .  +  OFA  =  CAB  +  CBC .  .  .  +  CFA. 


Find  the  areas  of  the  triangles  '^hose  summits 

1.     (1,2);     (3,4);     (6.2).  2.     (3,4);    (6,3);    (6,2). 

3.     (-  6,  4) ;  (-  6,  6) ;  (6,  2).        4.     (2,  1) ;  (3,  -  2) ;  (-  4,  -  1). 

5.  CV),    (:^,o),      (o,l/). 

Substitute  the  co-ordinates  in  equation  (21),  and  we  get 

i 
2area  =      -  CjA,      0,         1,     i 

0,        -C/^,    1, 

»  CifIB  +  Cy'lA  +  (PjAB  =  C(Ax'  +  By'  +  C)IAB,  (24) 

6.  {at'\  2at),     (ar\  2a<"),     ar"«,  2a^"). 

^n*.  -  a»  (<'  -  O  (<"  -  *'")  (<"'  -  *').     (25) 

7.     {a^-r,  tf(<'+r)};     {o/'Y", a(r  +  o};     l"^"'^  aC'^  +  O} 

^n«.  Half  the  area  of  Ex.  6. 


d 
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8.  (aco8^',  dsin^'),  (aco8«",  bfon^"),  (aco«^'",  hma^'"). 

Am,  2ab  sin  }  (^'  -  ^")  sin  }  (^"  -  ^'")  sin  ^  (^•"  -  ^') .     (26) 

9.  {ktanp,  Arcot^),     (Artan^',  A'cot^'),     (j&tan^",  ilcot^"). 


4*» 


sin  (^  ->')  sin  (^'J-  ^"j  sin  (^"  - 


sin  2p  sin  2^'  sin  2^" 


(27) 


10.  Let  there  be  upon  the  same  right  line  two  £xed  points, 
Af  Bj  and  a  variable  point  C,  the  quotient,     v        A        B        X 

CAjCB is  called  the  ratio  of  section  of  the     ' • 

point  C,  and  is  denoted  by  (-4J?,  C),  When  C  moves  from  A 
to  B  the  ratio  {AB,  C)  is  negative,  and  varies  continuously 
from  0  to  =  00.  When  C  moves  along  BX  we  have  CAj  CB 
^  {^CB\  BA)\CB  =  1  +  BA\CB,  This  ratio  is  +,  and  varies 
from  +  00  to  1.  When  C  moves  upon  -4F  we  have  CAjCB 
=  {CB  -  AB)ICB  =  1  -  ABjCBj  the  ratio  is  +,  and  varies 
from  0  to  1.  From  this  discussion  it  follows — 1°  that  the  ratio 
of  section  {AB,  C)  can  take  all  valties  positive  and  negative,  and  each 
only  once  ;  2^  that  the  point  at  infinity  upon  the  line  corresponds  to 
a  ratio  of  section  equal  to  -^  I,  the  middle  of  AB  to  a  ratio  equal  to 
"  1,  and  the  points  A,  B  to  ratios  equal  to  0  and  oo. 

11.  To  find  the  co-ordinates  of  the  point  which  divides  in  a  given 
ratio  -  Ijm,  the  join  of  two  points^  a/y\  af'y", 

11  Ay  B  be  the  given  points,  let  C  be  the  point  of  divisiony 
xy  its  co-ordinates ;  then,  drawing  parallels,  we  have 


I     CA      C'A'     OA'-OC    x'  -X 
m"  CB"  C'B'  OW  -OC  "'^F^x 


therefore  x  = 


Similarly,  y 


hf*  +  mx'\ 
I  +  fn 

ly"  +  my' 
I  +m    . 


(28) 


O 


A      C       B 
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If  the  join  of  the  two  points  be  cut  externally,  we  get 

m 


Hence 


and 


y  = 


(29) 


Cor.  I. — If  the  ratio  l/m  be  denoted  by  X,  we  have 


a;  OS 


TTT' 


y'  +  Xy" 


(30) 


Hence,  by  varying  X  wc  get  the  co-ordinates  of  any  point  in  the 
line  ABf  in  terms  of  a  single  parameter  X. 

Cw.  2. — If  X  be  eqnal  to  unity,  we  get 


y  = 


y'  +  y" 


(31) 


Hence  we  have  the  following  : — 

BiTLE. — Ilie  eO'Ordinates  of  the  middle  point  of  the  join  of  two 
^ven  points  are  respectively  half  the  iums  of  the  corre^onding  eo- 
ordinatee  of  these  points. 

Def.  I. — Two  points,  C,  2>,  which  divide  AB  internally  and 
externally  in  ratios  which  differ  only  in  sign  are  said  to  he  harmonic 
amjugates  to  A,  B.     Their  co-ordinates  are  of  the  forms 


jr  = 


l+X  ' 
l-X  ' 


y'  +  \y" 

^  =  TTx- 
y'  -  \y" 


(32) 


(33) 


Bef.  II. — Two  points,  C,D,  equidistant  from  the  middle  point  of 
AB,  are  said  to  he  isotomic  conjugates  with  respect  to  AB.     Their 
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co-ordinates  are  of  the  farms 

l+X  ' 


X  = 


X  = 


l+X  ' 


y  = 


y  = 


y^  +  V 

l+X  • 

l+X  • 


(34) 


(36) 


1.  Find  the  co-ordinates  of  the  points  which  bisect  the  joins  of  (8,  12) ; 
(4,  -  6) ;  (-  12,  -  6). 

2.  The  join  of  the  points  (3,  4)  (6,  -  6),  is  divided  1"  into  3,  2"  into  6, 
3°  into  7  equal  parts ;  find,  in  each  case,  the  co-ordinates  of  the  division 
which  is  next  to  the  point  (3,  4). 

3.  The  joins  of  the  middle  points  of  opposite  sides,  and  the  join  of  the 
middle  points  of  the  diagonals  of  a  quadrilateral,  are  concurrent.  For,  if 
^lyif  X2!/2i  ^zj/if  ^4^4  he  the  co-ordinates  of  its  angular  points,  then  the 
co-ordinates  of  the  point  of  bisection  of  the  join  of  the  middle  points  of  its 
diagonals,  or  of  either  pair  of  opposite  sides,  are 

i  (xi  +  a?2  +  a?3  +  a?4),     }  (yi  +  y2  ^  ys  +  yi).  (36) 


Theory  of  the  Meait  Centre. 

12.  Dep. — Let  there  he  given  n  points^  -4i,  A2  .  ,  .  -4„,  and  a 
corresponding  system  of  multiphsy  m^  m^ .  .  ,  m„,  connected  with 
them,  then,  if  a  point  JBi  be  d^fertnined  on  the  join  ofAu  A^j  so 
that  the  ratio  of  section  (A1A2,  Bx)  may  he  eqtial  to  -  m^:  Wj. 
Again,  if  B^  he  a  point  on  the  join  of  Bi,  A^,  so  that  (-ffi-4,,  Bt) 
=  -  m, :  Wi  +  W3,  Sfc, :  lastly y  let  B^i  he  on  the  join  of  B^x^  A^y 
such  that  {B^^Any  B^i)  =  -  w„  :  Wi  +  Wj  .  .  .  iw»-i,  B^i  is  called 
the  mean  centre  of  Ai,  A2  ,  .  .  A^  for  the  system  of  multiphs 
W?!,  Wa  .  .  .  w„. 

It  will  be  seen  that  the  foregoing  construction  is  the  same  as  that  given 
in  statics  for  finding  the  centre  of  gravity  of  masses  mi,  mj,  .  .  .  mn,  at  tlie 
points  A\y  A2,  .  .  .  An\  but  as  Analytical  Geometry  is  altogether  inde- 
pendent of  that  science — although  it  may  employ  some  of  its  terms — we  have 
thought  it  best  to  give  a  purely  geometrical  definition  of  mean  centre. 
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13.  Pbop. — If  Xij/if  Xij/tf  .  .  .   a:^y„  he  the   co-ordinates  of 
Ai,  A2,  . .  .  Aft,  the  co-ordinates  of  the  mean  centre  are 


X  - 


y  = 


S(ffli  yO 


(37) 


In  fact,  from  §  1 1  we  get  the  abscissae  of  the  points  Bi,  B^ 
.  viz., 


1  = ; >      -^2 


JWl  +  »lj  +  Wj 


,  &c., 


similarly  for  the  ordinates. 

Cor.  1. — The  mean  centre  is  independent  of  the  order  in 
which  we  combine  the  given  points. 

Cor,  2. — In  order  to  find  the  mean  centre  of  a  system  of  points 
for  a  system  of  multiples  we  may  divide  them  in  groups ;  find 
the  mean  centre  of  each  group ;  then  find  the  mean  centre  of  their 
mean  centres  for  multiples  equal  to  the  sum  of  the  multiples 
belonging  to  each  group. 

Cor,  3. — If  Wi  +  »h  . . .  +  w«  =  0,  the  mean  centre  is  inde- 
terminate or  at  infinity  on  a  determinate  line. 

Let  B^2  he  the  mean  centre  of  -4i,  A^y  .  . .  A^^i^  then  the 
point  ^M_i  must  satisfy  the  proportion 

(P^i  B^-^  :  {B^i  Aft)  =-  m^ :  iwi  +  iwj . . .  w^i  =  I. 

If  B^%  does  not  coincide  with  A^,  the  point  j5,^i  is  at  infinity 
on  the  lino  B^i  A^y  if  B,^  coincide  with  -4^,  j5^i  may  be  any 
point  whatever  in  the  plane. 

14.  If  M  be  the  mean  centre  of  the  summits  A,  B,  C  of  a 
triangle  for  the  si/stem  of  multiples  a,  /3,  y,  then  a  :  /3 :  y  :  :  the 
triangle  BMC :  CMA  :  AMB, 


/ 
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Dem. — In  order  to  find  the  point  M  wc  diyido  AB  in  C  so 
that  the  ratio  of  section  {AB,  C")  =  -  /3 :  a,  that  is  BC :  CA 


:  :a:  p;  but  BC  :  OA  :  :  triangle  BMC :  CMA.  Hence 
a  :  ^  : :  BMC\  CMA.     Sindlarly  ^  :  y  : :  CMA  :  ^iffl. 

Cor.  If  a  +  /3  +  y  =  0,  but  a,  /3,  y  variable,  the  locus  of  the 
point  if  is  the  line  at  infinity. 

Def. — If  »Wi  =  Wa  =  i»s  . . .  =  w„  the  mean  centre  is  eaUed  the 
centre  of  mean  distances. 


1.  The  medians  of  a  triangle  are  concurrent,  for  each  passes  through  the 
mean  centre  of  the  summits. 

2.  The  orthocentre  of  a  triangle  is  the  mean  centre  of  its  summits  for 
the  multiples  tan  A,  tan  B,  tan  C. 

3.  If  d/y\  ^' V>  ^"W"  ^  ^0  summits  of  a  triangle,  a,  h,  e  the  lengths 
of  its  sides,  the  co-ordinates  of  its  incentre  are 

ax'  +  hx"  -h  ex'"      ay'  -f  hy"  ^  ey'" 

a  +  6  +  tf      *  a  +  6  +  c  ' 

4.  If  B  be  the  centre  of  mean  distance  of  A\,  ^2,  . . .  An,  the  sum  of  the 
projections  of  the  lines  BA\y  BA%f  . . .  BAn  upon  any  axis  whatever  is  =  0. 
Take  B  as  origin,  and  the  axis  of  x  the  line  on  which  the  projections  are 
made. 

5.  Find  the  co-ordinates  of  the  centre  of  mean  position  of  the  points 

{a  cos  a,  &  sin  a),    (a  cos  iS,  6  sin  /3))    {a  cos  7,  b  sin  y), 

{acos(a  +  i9  +  7),    -  J  sin  (a +i8  +  y)}. 

Ant,  X  sa  cos|(a  +  i3)  cosi(i3  +  7)  cosi(y-f  a), 

y  =  *sin4(a  +  i9)8in4(i8  +  7)sinj(y  +  a).  (89) 
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6.  If  ^be  the  mean  centre  of  the  points  A,  B,  C,  , . .  L  ioi  the  multiples 
a,  b,  Cf  . . ,  I,  the  sum  of  the  products  of  the  projections  of  the  lines  SA,  SB, 
. . .  8L  upon  any  line  whatever  by  a,  6,  . . .  /  s  0.    In  fact,  from  (37)  we  get 

"Xaxi  —  xXa  =  0,    or    2a  (j;i  -  x)=0.  (Stbinsb.) 

7.  With  the  same  hypothesis  if  7*  be  any  arbitrary  point, 
aTJ^-frhTB^,.,  ITL^ = aSA^  +  bSB^  + . . .  ISD  +  2  (a) .  T8^.   (Ibid,)     (40) 

If  r,  y  be  the  ooK>rdinates  of  7,  and  8  be  taken  as  oiigin,  we  have 

lfix\  =  0,     2nyi  =  0 ; 

but        a(a)r^«  =  2^{(«-iri)'  +  (y-y,)»}  =  2«(«»  +  y')  +  2a(a?i«  +  yi') 

-  IxlfiXi  -  2y  2ayi  «=  {Xa)  ST*  +  2  {a8A^). 

8.  In  the  nme  case 

-U.SA^^^.^b.AJB^.  {Ibid.)    (41) 

Taking  S  as  oiig^i,    Xaxi  s  0,  2ayi  s  0,    square  and  add  and  we  Lave 

1«*  (*i'  +  yi')  +  22«*  (ari  a-2  +  yi  y2)  =  0, 
or    2a»  (afi»  +  yi')  +  2ab  [xi^  +  yi'  +  fl?2»  +  y2»  -  (xi  -  «a)'  -  (yi  -  yj)» )  =  0, 
or  2fl' .  5u4»  +  2a6  {SA^  +  5^  -  u45»)  =  0. 

Hence  2aA4«  (a  +*+...)  =  Sa*-4JJ». 

SsOnOK   III. — POLAE   GO-OBSIVATBS. 

15.  The  polar  co-ordinates  of  a  point  P  are — 

1®.  Iti  distance  OP  from  a  fixed  point  0,  called  the  origin. 
OP  is  usually  denoted  hy  p,  and  is  called  the  radius 
rector  of  the  point  P, 

2®.  71i^  angle  6,  which  OP  makes  with  a  fixed  line  {called 
the  initial  line),  passing  through  the  origin. 

From  these  definitions  it  is  evident  that  any  equation  in 
Cartesian  co-ordinates  will  be  transformed  into  polar  co-ordi- 
nates if  the  initial  line  coincide  with  the  axis  of  x,  by  the 
substitution  x  =  p  cob6,  y  =  p  sin  ^ ;  or  by  the  substitutiqi^''^ 
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«  =  p  cos  (^  -  a),  y  =  p  sin  {B  -  a),  if  it  make  an  angle  a  with 
the  axis  of  x. 


The  angle  6  has  the  same  meaning  as  in  Trigonometry.  If 
with  0  as  centre  with  a  unit  radius  we  describe  a  circle  meeting 
OP  in  Mf  J£';  $  is  the  arc  AM  or  more  generally  AM -v  2nir, 
In  some  questions  the  radius  rector  OF  is  negative ;  then  $  is 
the  arc  AM\ 


I .  Change  the  following  equations  to  polar  co-ordinates, 
r.     a;»+y«  =  2«r.  3*.    ar»  =  y»  (2a  -  ar). 

2\     «'-y«  =  2ax.  ^»      -' - 


4».     y'  = 


3^(a-\-x) 


a  —  X 


2.  Change  the  following  equations  to  rectangular  co-ordinates : — 

1*.     p'  =  a2coe28.  3\     p«8m2a  =  a«. 

2**.    p*  cos  Ja  =  a*.  4**.    p*  =  a*  cos  ^0. 

3.  What  is  the  condition  that  the  points  p\d\\  ps 9a ;  p3 03  may  be  col- 
linear  ?    Ann.  pi  pa  sin  (01  -  0a)  +  pa  p3  sin  (03  -  03)  +  ps  pi  sin  (0s  -  0i)  =  0. 

4.  Express  the  area  of  any  rectilineal  figure  in  terms  of  the  polar  co- 
ordinates of  its  angular  points. 

16.  In  some  special  questions  we  use  with  advantage  hiradici 
co-ordinates  or  hiangtdar  co-ordinates.  These  are  defined  as 
follows  : — ^Being  given  two  fixed  points  F^  F',  the  biradial  co- 


Transformation  of  Co-ordinates. 


19 


ordinates  of  a  point  P  are  the  distances  PF=  p,  PF' =  p';  to 
every  system  of  values  of  these  radii  vectors  correspond  two 
points  symmetriques  with  respect  to  F^  F\  p,  p'  are  the  biradial 
co-ordinates  of  P,    The  biangalar  co-ordinates  of  P  are 

cot  F'FP  =  X,     cot  FF'P  =  /i. 


Section  III. — Traksfobhation  of  Co-ordinates. 

17.  The  eo-ordinates  of  any  pcnnt  P  with  respect  to  one  system  of 
axes  being  hnown^  to  find  its  co-ordinates  with  respect  to  a  parallel 
system. 

Let  Oar,  Oy  be  the  old  axes,  (yX,  OTthe  new,  so  that  0' 
is  the  new  origin ;  then  let  the  co-ordinates  of  O^,  with  respect 
to  Or,  Oy,  be  ar',  y' — that  is,  let  OL^af^LC/^y'.  Again,  let 
;r,  y  be  the  old  co-ordinates  of  Py  that  is,  let  0M»  x,  MP  =  y. 
Lastly,  let  X,  F  be  the  co-ordinates  with  respect  to  the  new 


y 

Y 

0 

1 

p 

N 

X 

0 

I 

1\ 

I 

X 

axes  ;  then  we  have 

therefore,  since 

OM^OL^aN,    and    IlP^LCy^NP, 

we  have 

a?  =  ar'+X,     and    y  =  y'+ F.  (42) 

Hence,  if  in  any  equation  we  replace  x,  y  by  x'  -\^  X,  y*  ■\-  F,  ice 
hare  it  referred  to  parallel  axes  through  the  point  x'y^ 

g2 
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EXEBOISES. 

1 .  Refer  the  following  equations  to  parallel  axes : — 

1'.    «*  +  y'  -  12*  -  16y  -  44  =  0.    New  origin,  6,  8. 

Ant.  »«  +  y»  -  144  =  0. 

2'.     3«»-4«y +  2y'  + 7a;- 6y- 3  =  0.    New  origin,  1,  1. 

2.  Find  the  co-ordinates  of  a  point,  so  that  when  the  following  equations 
are  referred  to  parallel  axes  passing  through  it  they  may  be  deprived  of 
terms  of  the  first  degree : — 


1*.  3«»  +  Sary  +  y»  -  Ba:  +  2y  +  21  =  0. 
2*.  6a:'  +  2a?y  +  y*  -  10a?  +  2y  +  10  =  0. 
3*.     4a;»  +  4a;y  +  y«  -    8a;  -  6y  -  10  =  0. 


Am.  -  }J,  H. 
Ant.  f,  —  |. 
Ant.  00 ,  00  . 


18.  The  co-ordinates  of  a  point  P  with  reepeet  to  a  reetangtHa^ 
system  Or,  Oy  of  axes  being  known,  to  find  its  co-ordinates  with 
respect  to  another  rectangular  system  OX,  OT,  having  the  same 
origin,  hut  making  an  angle  6  with  the  former. 

Let  OMy  MP,  the  co-ordinates  with  respect  to  the  old  axes, 


be  denoted  hj  x,  y;  and  ON,  NP  the  new  co-ordinates,  by 

X,  Y. 

Let  OP  be  denoted  by  p,  and  the  angle  PON 'by  ff>.     Now 

since 

cos  (^  +  ^)  =  cos  ^  cos  ^  -  sin  B  sin  ^, 


and 


sin  {B  ■{■  4>)-  sill  ^  cos  ^  +  cos  0  sin  <^, 
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(43) 


ranltiplying  each  by  p,  and  substituting,  we  get 

a?  =  Xcos  ^  -  Fsin  6^ 

y  =  Xsin  6  +  Fcos  6 
Car, — If  the  equations  (43)  be  solved,  we  get 

X= ^  cos  0  +  y  sin  0/ 

F=  y  cos  tf 

Ohservaiian. — Those  who  are  acquainted  with  the  Diffe- 
rential Calculus  will  see  that 


+  y  sin  $,\ 
-  xsinO  ) 


(44) 


dy         ,  dx 

The  following  more  general  demonstration  is  due  to  Briot 
et  Bouquet. 

Let  O^be  an  axis  of  projection,  then 


^-^ 


proj.  of  0M=  proj.  of  OF  +  proj.  of  FM 
=  proj.  of  OP' +  proj.  of  P'if. 
Hence  x  cos  ZOX  +  y  cos  ZO  T 

^xfcaBZOX'+y'coBZOr. 
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Supposing  OZ  to  be  successively  perpendicular  to  0  F,  OX,  and 

we  get 

jr  sin  ^  =  ^  sin  (tf  -  a)  +  y'  sin  {$  -  o'),  (45) 


y  sin  ^  =  :]/  sin  a  +  y'  sin  a'. 
If  both  systems  are  rectangular,  we  have 

and  the  equations  are 

a?  =  a:'  cos  a  -  y'  sin  a,     y  =  a?'  sin  o  +  y'  cos  a, 
which  are  the  same  as  equations  (43). 


(46) 


1.  If  we  traoBfonn  from  oblique  co-ordinates  to  rectangular,  retaining 
the  old  axis  of  x ;  prove  Y=  y  sin  »,  X = x  +  y  cos  ». 

2.  li  z,  y ;  x',  y  be  the  co-ordinate  of  a  point  referred  respectively  to 
rectangular  and  oblique  axes  haying  a  common  origin;  prove  that  if  the 
axes  of  the  first  system  bisect  the  angles  between  those  of  the  second, 

«  =  (*'+y')co8j(ii, 
y  =  (a:'  -  y')  sin  }». 

3.  Show  that  both  transformations  are  included  in  the  formulas — 

x  =  \a?  +/iy  +  i', 
y^l^z-^-iLy^if^ 

by  giving  suitable  values  to  the  constants  X,  /a,  &c. 

*4.  If  the  old  axes  be  inclined  at  an  angle  »,  and  the  new  at  an  angle  m\ 
and  if  the  quantic  o^  +  Ihxy  +  6y',  referred  to  the  old  axes,  be  transformed 
to  tf*^  +  2A'Zr+  6'r*,  referred  to  the  new ;  prove— 


r. 


2\ 


ah-h^     a'b'-K^ 


sin'w 


sin^a»' 


a  +  &  -  2A  cos  w     a'-\-h'-2h'  cos  m' 


nn'w 


sinV 


(47) 


(48) 


Traii^hniiKiimn  (>f  Cn-nrddidti  s. 


!'•) 


If  M  be  the  point  xy  referred  to  one  system,  and  il' referred  to  the 
other  system, 

OM^  =  «»  +  y*  +  2jry  C0B»  =  Z^  +  l'»  +  2irco8»'; 

but 

ax^  +  TJixy  +  V  =  «'^^  +  2h'XT  +  h'  Y^  (hyp.). 

Hence  if  X  be  any  multiple 

ax^  -t  2hxy  +  *y>  +  X  (a;*  +  y'  +  2«y  cos  w) 


or 


=  «'  j[«  +  2hfXY-^  A'  r»+ X  (x»  +  r>  +  2xrco8»'), 

(a 4  x)aj>  +  2(A  +  xoo6«)  a?y  +  (*  +  x)y' 

«  («'  -f  A)  X«  +  2  (V+  X  coewO  Xr+  (6'  +  X)  T'. 


Now,  if  the  first  side  of  this  identity  be  a  perfect  square,  the  second  will  be 
a  perfect  square  ;  but  if  the  first  be  a  perfect  square, 

(a  +  X)  (i  +  X)  -  (A  +  X  cos»)'  =  0,  or 

,     a  +  &  -  2A  cos  «      ah  —  h^     ^ 
A>  + r-7i +-T-T-«0; 


sin'w 


sin^w 


and  if  the  second  be  a  perfect  square, 

-     a'  +  y-2A'cos«'     a'V-JC^     ^ 

Knoe  the  same  Talues  of  x  satisfy  both  equations,  the  coeflcimti  omil  be 
equal.    Hence,  fto. 
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♦Skction  IV. — Complex  Vabiables. 

19.  An  expresiion  x  +  ty,  in  which  x,  y  are  the  reetanfftUar 
Cartesian  co-ordinates  of  a  point  F,  and  i  the  imaginary  radical, 
V  -  1  w  called  a  complex  magni- 
tude. If  p^  y/ix^  +  y«  =  OP, 
p  is  called  the  modulus,  and  the 
angle  6,  made  hy  OP  with  the 
axis  of  Xy  the  inclination  or 
argument. 

The  modulus  p  is  always  positive,  the  argument  is  determined 
except  a  multiple  of  2^.  We  say  that  the  imaginary  x  +  yi  is 
represented  hy  the  point  P,  and  also  hy  the  vector  OP. 

Complex  magnitudes  were  introduced  by  Cauchy  in  1825, 
in  a  memoir,  *'  Sur  les  integrals  ddfinies  prises  entre  des  Kmites 
imaginaires  :^^  the  method  of  representing  them  geometrically 
is  due  to  Gauss.  The  introduction  of  these  variables  is  one 
of  the  greatest  strides  ever  made  in  Mathematics.  The  whole 
of  the  modem  theory  of  functions  depends  on  them ;  and  they 
are  so  connected  with  modem  Mathematics,  that  some  know- 
ledge of  them  is  essential  to  the  student.  We  shall  give  only 
their  most  elementary  principles. 

20.  If  the  complex  variables  ^i,  23,83...  s,,  he  represented  hy 
the  vectors  OAi,  OA2,  OA^,  .  .  .  OA^,  the  sum  2(8i)  is  represented 
hy  the  resultant  of  the  vectors. 

First,  to  find  the  sum  of  Si,  s^,  draw 
A1B2  parallel  and  equal  to  OA^,  we 
have  proj.  OB2  =  proj.  OAi  +  proj. 
-4ij5a  =  proj.  0-4i+proj.  OAi,  Hence 
if  the  co-ordinate  axes  OX,  OF  be 
taken  as  axes  of  projection,  we  have 
abcissa  of  B^  ^  Xi  •{■  x^,  ordinate  of 
^s »  yi  +  y2f  and  continuing  thus  draw  PfB^  equal  and  parallel 
to  OAif  BtBi  equal  and  parallel  to  OA^,  &c.,   we  find  the 
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abcissa  of  B^^  =  S(:ri),  ordinate  of  B^  =  S(yi).      Hence  the  pro- 
position is  proved. 

21.  To  conitrtiet  the  vector  which  representi  the  difference 
between  two  complex  variahlee. — If  we  put  Zi-hfh-^i*  we  have 
St  =  Ss  -  2i.  Hence  we  have  the  following  construction  for 
finding  the  vector  and  the  point  which  represent  the  difference 
of  two  complex  magnitudes.  Draw  from  the  origin  a  line  OA2 
equal  and  parallel  to  the  line  AiBt,  joining  the  representative  points, 
^i,  B2  of  Ziy  S) ;  then  OA2  will  he  the  vector,  and  A2  the  point 
required, 

22.  Being  given  the  vectors  OAi,  OA2  of  the  complex  magni- 
tudes S|,  %2  to  construct  the  vectors  y 

0/Zi%2,  £,/!,. 

1°.  Their  product. — Let  Si,  Z2  he 
the  given  points,  pi,  ps  their  mo- 
duli, and  ^1,  $2  their  arguments; 
then  we  have 

«i  =  pi  (cos  ^1  +  t  sin  ^1), 
St  sp2  (cos  $2  +  i  sin  62) ; 
therefore      Si  >> »  pipi  { cos  (^i  +  ^3)  + 1  sin  (^i  +  ^2) } 

=  ps  (cos  tfj  +  ♦  sin  ^3). 

Hence,  if  13  he  the  point  required,  ps  its  modulus,  and  ^3  its 
argument,  we  see  that  the  product  of  two  complex  magnitudes 
is  a  complex  magnitude,  whose  modulus  is  eqtuil  to  the  product  of 
their  moduli,  and  argument  equal  to  the  sum  of  their  arguments. 
Hence,  if  we  make  OA  equal  to  the  linear  unit,  th^  triangle 
AOzi  \&  similar  to  SsOfes,  and  the  method  of  constructing  the 
point  %2  is  known. 

2®.  Their  quotient. — ^This  follows  from  1°.     For  we  have 


r 


Hene€  the  quotient  23  -f  Sj  makes  with  axis  of  x  an  angle  equal  to 
thai  which  s,  makes  with  Sj,  and  the  modulus  is  a  fourth  propor- 
tional to  p2y  Psi  Aiid  1  • 
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1.  Transform  :r  +  ty  to  polar  co-ordinates.  An»,  pt^. 

2.  Find  the  point  which  represents — 

a  1  n  1 


2 


3.  li  z\f  zt,  Z3  be  three  coinitial  complex  variables,  prove  that  if  three 
multiples  I,  tn,  n  can  be  found  satisfying  the  two  equations 

Izi  +  mzt  +  fu^  B  0,        /  +  m  +  ft  B  0, 

the  corresponding  points  are  collinear. 

4.  If  0  be  the  origin,  a,  fi,  y  complex  magnitudes  representing  the 
angular  points  of  the  triangle  ABC,  prove  that  H  la -i-  mfi  +  ny  =  0,  the 
points  A%  B\  C'y  in  which  the  lines  AO,  BO,  CO  meet  the  sides  of  the 
tiiangle,  are  denoted  by  either  of  the  systems 

—  la       ~mfi      -  «7  .       mfi  +  ny      ny -^  la      fa  +  mfi 
m  +  «'     «  +  /'     iTm*         m4  »  •       n  +  /  *       /  +  » 

5.  If  a,  iS,  7,  8  represent  any  four  coplanar  points  A,  B,  C,  D,  and  if 
the  multiples  /,  tn,  n,  p  satisfy  the  two  equations  la  +  mjS  +  »7  +  p5  =  0, 
/  +  m  +  n+j!>  =  0,  prove  that  the  point  of  intersection  of  AB  and  CD  is 

-T ,  of  BC,  AL  IS  -  \  and  of  C^,  BB  is  -; ^. 

6.  If  i  be  the  complex  magnitude  which  represents  the  mean  centre  of 
the  points  %\,  z%  ,  ,  ,Zn,  &c.,  for  the  system  of  multiples  a,  h,  e  ,  ,  ,  I,  prove 

7.  If  £  denote  any  complex  magnitude,  prove  that  the  points  i^,  s^,  ^,  ^, 
&c,  represent  the  summits  of  a  polygon  whose  angles  are  equal,  and  whose 
sides  are  in  OP. 

Dbf. — The  polygon  of  this  Ex,  it  called  a  logarithmie  polygon, 

8.  Prove  that  the  n  values  of  zh  represent  the  summits  of  a  regular 
polygon. 

9.  Between  the  points  z^  and  z,  prove,  that  can  be  described,  n  logarithmic 
polygons  each  of  n  sides. 

10.  If  a  figure  be  given,  the  vectors  of  whose  summits  are  xi,  sj,  s^  ftc., 
prove  that  a  translation  of  the  figure  is  expressed  by  adding  a  complex 
magnitude,  a-k-  fii,  to  the  vector  of  each  summit ;  and  a  rotation  through 
an  angle  ^  about  the  origin  by  multiplying  ti,  ss,  ss,  &o.,  each  by 
cos  ^  -f  i  sin  ^. 
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MISOELIiANEOUS  SXEBOISBS. 

1.  Show  that  the  polar  co-ordinates  (p,  9) ;  (-  p,  v  4  9) ;  (-  p,  9  —  v),  all 
represent  the  same  point. 

2.  Prove  that  the  three  points 

(a,*);  (a  +  28V2,  *  +  28\/2) ;  f  a +^,  A -^j, 
form  a  right-angled  triangle. 

3.  Find  the  perimeter  of  the  quadrilateral  whose  yertices,  taken  in  order, 

(a,  a  v/3)  ;     (-  4  V3,  b)  ;     (-  e,  -ey/z)  i    (rfv^,  -rf). 

4.  If  the  opposite  sides,  AB,  DC  of  a  quadrilateral  be  divided  in  the  same 
ratio  in  the  points  £,  F;  and  the  sides  AD,  BC  in  the  same  ratio  in  the  points 
G,  H\  prove  that  EF^  OH  intersect  in  a  point  /,  so  that 

lO^EA     IF^QA 
IE"  EB'    JF'gB' 

5.  If  the  points  (ab),  (a'  6'),  (a  -  a',  b  —  b')he  coUinear,  prove  oi'  =  a'b. 

6.  If  the  co-ozdinates  (x*  y^),  {x"  y"),  {x'"  y"')  of  three  variable  points 
MtiAfy  the  relations 

{x'  -  X")  =  X  (2r"  -  jf")  -  Ai  (y"  -  y'")» 

where  A  and  /u  are  constants,  prove  that  the  triangle  of  which  these  points 
are  vertices  is  given  in  species. 

7.  If  two  systems  of  co-ordinates  have  the  same  origin  and  the  same  axis 

of  X,  prove  that 

.  sin  («  —  •')  ,  sin  »' 

ip  =  a?  +  y   — ^; \  y^y  - —  . 

amc0  sm« 

8.  For  what  system  of  multiples  is  the  circumcentre  of  a  triangle  the 
mean  centre  of  its  angular  points  ? 

9.  If  ^  be  the  mean  centre  of  the  points  ^,  ^,  C7 .  .  .  X  for  the  multiples 
«,  ^,  e  .  .  .  /,  prove,  if  T  be  any  arbitrary  point,  that 

(2a)  TS^  ^{2a)Xa.  TA^  -  Ifib  .  AB*.  (49) 

Laoramob,  Micanique  Analitique. 

10.  2TA*  =  --XAB^  +  nTS^,  (60) 

n 
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11 .  Prove  that  the  degree  of  any  equation  cannot  be  altered  by  tranafor- 
mation  of  co-ordinates. 

12.  If  A,  B,  Cf  D  be  four  coUinear  points,  prove  that 

AB,CD  +  BC,  AD-hCA.SI>'»0. 

13.  Prove  the  following  formulas  of  transformation  from  oblique  axes  to 

polar  co-ordinates : — 

sin  («  -  9)  sin  9 

x  =  p—±- ,     y-p-. — . 


smw 


sm« 


14.  Prove  that  the  diameter  of  the  circle  passing  through  the  two  pointi 
p'  (^,  p"  e'\  and  the  origin,  is 


Vp'*  +  p"»  -  2p'  p"  cos  {$'  -  «") 


sin  {$'  -  $") 
16.  Find  the  area  of  the  triangle  whose  vertices  are  the  three  pomts 

(a,     e),     (2a,    «  +  ^),        (3fl,    «+y). 

16.  If  if  be  the  centre  of  mean  distances  of  the  points  Au  At  •  •  .  An 
2  {AiAiAzY  =  911,  (BAiAtY'—DwiEii  Andrb.  (61) 

17.  If  ^  be  the  mean  centre  of  A\^  A%,  An  for  the  multiples  mi,  nti  •  •  • 
ffin,  'im\m2mz  {A\AiAif  =  2 (mi)  Imim^  {BA\A%ji^, — (Nbubulo.)     (62) 

Multiplying  the  matrices 

1,        1  ...  1, 


mi, 


i;i2 


•  m«, 


m\X\^    m2X2  .  .  .  m^nt 
mm,    maya  .  .  .  f»«y«, 


Xii 


X2 


yu     y% 


^ 


yn. 


The  product  will  be  i2mifn%mi  (AiAtAzf  (Muni.  Dbt.,  {  72),  and  also 
2  mi,         Imixu        Smiyi, 


2  mia?i,      2  mixi^,       2  miofiyi, 
2  miyi,      2  mia?iyi,     2  miyi*, 


=  2mi 


2mixi\       3mi«iyi, 


if  ^  be  the  origin  of  co-ordinates. 
But  the  last  determinant  is  the  product  of  the  matrices 


mi^i,        flhXt  .  .  .  MnXnf 

miyi,      maya  •  •  •  ffinynf 
which  is  equal  to  42  mimj  (^^i^s)^. 


«1,        Xi,  . 

yi>      ya>  .  .  . 


ym 
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18.  In  the  same  case  if  C^,  C^,  Cs  .  .  .  C»  be  a  second  system  of  n  pointd, 

Smimimj  {AiAuU)  {C\C%C%)  =  2  mi  2  mifm  {BAiAi)  (BCiC%)'^Ihid.)    (63) 

If  (xi'yi')  (xty2)  .  . .  (xnyn)  be  the  co-ordinates  of  Ci,  (^  . . .  CW,  replace 
the  second  matrix  by 

1,        1     ...  1, 

yif     ya' . . .  y'«, 

19.  If  2)  be  the  mean  centre  of  (7i,  Ca  .  .  .  Cm  for  mi,  ma  .  .  .  mn, 

2  mima  (5^i^a)  (-Bt7iCa)  =  2  mima  (i>^i^2)  (DCiCi).— (JJW.)     (64) 

20.  If  the  sides  .<18,  BC,  CD,  &c.,  of  a  polygon  be  each  divided  in  the 
same  ratio,  the  centre  of  mean  distances  of  the  summits  coincide  with  that 
of  the  points  of  division. 

21.  If  Ai,  At,  A%,  A4  be  four  coplanar  points,  and  if  AiAi  be  denoted 
by  12,  &c.,  then. 


0, 
2T, 


1-2% 

0, 

32*, 


ir,     42', 

1,       1, 


iT, 

2?, 

0, 
43», 


14', 
24', 
34', 


0, 
1, 


1, 
1, 
1, 
1, 
0, 


=  0. 


(66) 


i 


CHAPTER  II. 


THE   RIGHT   LINK. 


Section  I. — Oabtssian  Co-OBDDrATK8. 


23.  To  represent  a  right  line  hy  an  equation,  there  are  three 
cases  to  bo  considered. 

1^.   When  the  line  intersects  both  axes,  hut  not  at  the  origin. 

First  method. — Let  the  line  he  SQ,  and  let  it  cut  the  axes 
in  the  points  A,  B;  then  OA,  OB 
are  called  the  intercepts  on  the  axes, 
and  are  usually  denoted  by  a,  h. 
Also  when  the  axes  are  rectangular, 
the  tangent  of  the  angle  which  the 
line  makes  with  the  axis  of  x  on  the 
positive  direction  (viz.  the  angle 
FAX)  is  denoted  by  m,  Now  take 
any  point  F  in  SQ,  and  draw  FM  parallel  to  OF;  then  OH, 
MF  are  the  co-ordinates  of  P;  and  if  the  axes  be  rectangular, 
we  have,  drawing  jST  parallel  to  OX,  since   TF^MF-  OB 

TF 


BT 


=  tanP-4X, 


or 


y  -I 


=  m 


therefore 


y  -mx^h. 


(66) 
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had  taken  any  other  point  in  SQ,  and  called  its 
!B  X  and  ffy  we  should  have  obtained  the  same 
On  tliis  account  y  =  mx  ^^  hi&  called  the  equation  of 
[f  the  axes  were  not  rectangular,  the  equation  would 
the  same  form.  Por  in  that  case  TP-f  BT=  OB  ^  AO 
?  -J-  sin  ABO  =  sin  -4  -^  sin  (o>  -  A)y 


y 


X 


=  sin  u^  4-  sin  (<tf  -  ^)  =  iw ; 


oly  thing  changed  is  the  quantity  represented  by  m. 
y  denote  the  co-ordinates  of  any  point  along  the 
are  called  current  co-ordinates.  They  are  also  called 
)ecau8e  they  vary  as  the  point  which  they  represent 
ig  the  line. 

mtities  m,  h  arc  called  constants,  because  they  retain 
values  while  the  line  remains  in  the  same  position, 
mly  when  the  position  of  the  lino  varies ;  h  is  called 
te  at  the  origin  and  m  the  coefficient  of  direction. 


method. — Let  AB  be  the 
denoting  the  co-ordinates 
nt  P  in  it  by  ar,  y,  and  the 
{seejirst  method)  OA,  OB 
re  have,  from  similar  tri- 


or     PB      :,y    AP 
a^AB^'^H^AB'^ 


ah      '• 


(57) 


bject  to  the  rules  of  signs. 
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Third  method. — Let  -45  be  the  line, 
dicular   OP  from  the  origin ;  and  de- 
noting OP  by  py  and  the  angles  A  OP, 
POB  by  a,  j3,  respectively,  we,  from 
(38),  have 

y 


Let  fall  the  perpen- 


X 

OA 
P 


OB 


=  1; 


y=i>> 


hence         -^x^-^^ 

or  ^  COS  a  +  y  cos  j3  =  fi.  (58) 

In  this  equation  the  positive  direction  of  fi  is  from  the  origin 
towards  the  line,  and  a,  fi  arc  the  angles  which  the  positive 
directions  of  the  axes  make  with  the  positive  direction  of  ^. 
Hence,  if  the  axes  be  rectangular, 

;r  cos  a  -4-  y  sin  a  =  j9.  (59) 

This  form  of  equation,  which  in  many  investigations  is  more 
manageable  than  any  other,  has  been  called  the  itandard  farm. 
See  Hesse,  Vorleeungen  Analytisehe  Oeometrie/ 

Fourth  method. — The  general  equation  Ax  -^  By  ■\-  C*  0,  of  the 
first  degree^  represents  a  right  line, 

Bern. — By  transposition,  and  dividing  by  B^  we  get 

A        C 

y-'n^'B^ 

and  this  (see  first  method),  being  of  the  form  y  ^mx  -i-hf  re- 
presents a  right  line. 

24.  2^.   JFhen  the  line  passes  through  the  origin. 

Let  OA  be  the  line.     Take  any 
point    P    in    it,    and    draw    PM 
parallel  to  OF;  then,  if  the  angle 
POM  be   denoted  by  a,  we  have 
MP:  OM:  :  sin  a  :  sin  (o  -  a), 
or      y :  d? :  :  sin  o  :  sin  (d)  -  a) ; 

therefore 

sin  a 


y  = 


sin  (d)  -  a) 


X. 
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Hence,  patting 


Bin  a 


=  m,  we  get  y  =  mx. 


(60) 


-B 


M 


X 


sin  (cD  —  a) 

This  equation  may  be  inferred  from  (56)  by  putting  J  =  0. 
Hence — If  the  equation  of  a  line  contain  no  dbeokUe  term,  the 
line  paesee  through  the  origin. 

25.  3^.  WTten  the  line  is  parallel  to  one  of  the  axes. 

Let  the  line  AB  be  parallel  to  the  axis  of  x,  and  make  an 
intercept  h  on  the  axis  of  y.  Kow 
take  any  point  P  in  AB^  and  draw 
the  ordinate  MPy  which  is  equal 
to  b  [Euc.  I.  XXXIV.].  Hence  the 
ordinate  of  any  point  P  in  the  line 
AB  is  equal  to  b ;  and  this  state- 
ment is  expressed  algebraically  by  the  equation  y  -h,  which  is 
therefore  the  equation  of  the  line  AB. 

This  result  can  be  obtained  differently,  and  in  a  way  that 
will    connect   it    with   a    fundamental    theorem    of    Modem 

Geometry. 

X     y 
From  equation  (57)  we  have-  +  j  =  1,  where  a  and  h  are  the 

intercepts  on  the  axes.    Kow  if  the  intercept  a  be  infinite, 

that  is,  if  the  line  meet  the  axis  of  x  at  infinity,  the  term  -  will 

y  ^ 

vanish,  and  we  get  ^  =  I,  or  y^h;  but  y^h  denotes  a  line  parallel 

to  the  axis  of  x.  Hence  a  line  which  meets  the  axis  of  x  at 
infinity  is  parallel  to  it ;  and  we  have  the  general  theorem,  that 
lines  which  meet  at  infinity  are  parallel.  In  a  similar  manner 
jT  -  a  denotes  a  line  parallel  to  the  axis  of  y  at  the  distance  a. 
Hence  we  have  the  following  general  proposition : — If  the 
equation  of  a  line  contains  no  x,  it  is  parallel  to  the  axis  of  x;  and 
if  it  contains  no  y,  it  is  parallel  to  the  axis  of  y. 

From  the  discussion  in  the  preceding  §§  23-25  we  infer  the 
following  definition : — 

The  equation  of  a  line  is  such  a  relation  between  the  co-ordinates 
of  a  variable  poitU  that  if  fulfilled  the  point  must  be  on  the  line. 

n 
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1.  What  line  is  represented  by  the  equation  y  s  0  P 

Am.  The  axis  of  x.    For  if  &  a  0  in  the  equation  y  »  6,  we  get  y  »  0. 

2.  Prove  that  if  the  equations  of  two  lines  differ  only  in  their  abtdnte 
terms,  the  lines  are  parallel. 

3.  Find  the  intercepts  which  the  line  Ax  ^By  -^^  C^O  makeB  on  the 
axes.  .  C      C 

4.  If  the  equation  of  a  line  be  multiplied  by  any  constant  it  still  repie- 
sents  the  same  line ;  for  the  intercepts  made  by  x^  +  KBy  +  kC  s  0 
on  the  axes  are  the  same  as  those  made  by  Ax  +  ^y  +  C7=  0. 

5.  Prove  that  the  line  which  divides  two  sides  of  a  triangle  proportion- 
ally is  parallel  to  the  third  side. 

6.  Find  the  locus  of  a  point  which  is  equally  distant  from  the  origin 
and  the  point  {2x%  2y'). 

If  {xy)  be  equally  distant  from  (0,  0)  {2x'f  2y'),  we  have 

fl;a+y2  =  («-2a;')»  +  (y-2/)». 

Hence  a;«' +  yy' =  «'«  +  y'«.  (61) 

And  since  this  contains  x  and  y  in  the  first  degree,  the  locus  is  a  light 
line. 

7.  Find  the  loci  of  points  equally  distant  from  the  following  pairs  of 
points: — 

1^     (a  cos pt  bam^);  {a cos ^',  6  sin  ^'). 

ax  by 


Am, 


-=(a«-6«)cosi(^-^').    (62) 


C08i(4>  +  4>')      sinJ(4>  +  4>') 
2°.  {aco8(o  +  jB),  *8in(a  +  jB)};   {acos(o-jB),  Asin{a-iB)}. 


ax         by 

Am. : —  =  (a'  -  6*)  cos/3. 

cos  a      sin  a 


(63) 


6^ 


Am.  2i;-^  =  A;(l-^)(<+0. 

(fl^,  2at);  (at"^,  'lat'). 

Am.    2(<  +  0^  +  4y  =  a(^  +  0(^+'^  +  *)- 
{a  sec  py  b  tan  ^) ;  (a  sec  p\  b  tan  ^*). 

2ax  2by  a'  +  A^ 

CM^  +  cos^'     aiu(^-l-^')     cos^cos^'* 


(64) 


(66) 


(66) 
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26.  If  the  equations  Ax -^  Bjf+ C^O;  xcoeaA-yeina-p^Oy 
represent  the  same  line,  it  is  required  to  find  the  relations  between 
their  eoeficients, 

1^.   When  the  axes  are  rectangular. 

Dividing  the  first  equation  by  R^  and  equatingjwith  the 

second,  we  get 

A  B      . 


•^  =  cos  a, 


—  =  8in  a. 


Square,  and  add,  and  we  get 
A^^B^ 


£^ 


Hence 


=  1 ;  therefore  B  =  y/A^  +  B*. 
A  B 


sina  = 


2°.  When  the  axes  are  oblique.    It 
is  required  to  compare  the  equations 

Ax^  By  ^  C  =  0, 

and      arcoso  +  y  co8jS-|?  =  0. 

Let  0(2)   OR  be  the  intercepts; 
then  we  have 


Hence 
bat 

Hence 


An 
QR :  OR ::  sin  CD :  sin  Q  or  cos  a. 

A  siaoi 


cos  a 


In  like  manner,        cos  fi 

Cor.  1.— 

B  —  A  cos  (D 


VA*-^B*-2dBro^u) 

BsuKa 
'yJA^^^2AB  cos  ft» 


flina  = 


V^V^-2^^cos(o 


,  sinj3= 


^-j^COS 


0) 


(67) 


V^»+^-2u4i?coB» 


Cor.  2. — ^tan  a 


B  —  A  cos  (I) 


^  sin  CD 


,tan/3 
d2 


^  -  ^  008  » 

^Bino> 
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27.  To  find  the  angle  between  the  lines  Ax -¥  £g  •¥  C^  0  (1)  ; 
and  A'x -^  B'g -\-  C'=0(2). 

1°.  Let  the  axes  he  rectangular.  Then,  if  ^  be  the  angle 
between  (1)  and  (2),  it  is  equal  to  the  difference  of  their 
inclinations  to  the  axis  of  x ;  but  the  tangents  of  these  in- 
clinations are  (see  §  23,  fourth  method), 


A       ^     A' 


^  /A'     A\     (        AA*\ 

Hencetan*«^^-^)^^l  +  ^j 


A'B-AB' 


(70) 


BB'  I     A  A'  +  BB'' 

Cor,  1. — If  the  lines  (1)  and  (2)  be  parallel,  they  make  equal 
angles  with  the  axis  of  x ;  therefore 

A     ^^ 

b"     B'' 
Hence  the  condition  of  parallelism  is 

AB''A'B^{S.  (71) 


.IT 


Cor,  2. — If  ^  ='-,  tan  ^  is  infinite  ;  and  from  (70)  we  infer 

It 

the  condition  of  the  lines,  being  at  right  angles  to  each  other,  is 

AA'->rBB'^^\  (72) 

That  is,  if  two  lines  whose  equations  are  given  he  perpendicular 
to  each  other y  the  sum  of  the  products  of  the  coefficients  of  like 
variables  is  %ero. 

Cor,  3. — If  the  lines  y  =  mj?  +  i,  y  =  m'x  +  h'  be  perpen- 
dicular to  each  other, 

mm'  +  1  =  0.  (78) 

Cor,  4. — The  angle  between  the  lines  y  =  mx  ■\-h,  g^m'x  +  h' 
is  given  by  the  formula 

Cor,  5. — If  the  equations  of  the  given  lines  be  in  the 
standard  form, 

d?  cos  a  +  y  sin  a  -  J?  =  0,    x  cob  jS  ■¥  g  Bm  jS  -p'  =  0, 
we  have  ^  «=  a  -  j3.  (76) 
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2^.  Let  the  axee  he  oblique. 

JlOyff  denote  the  angles  wliich  the  given  lines  make  with 

the  axis  of  x ;  then  (§  26,  2^)  we  have  B  b  a  +  90 ;  therefore 

^  sino)         ,„  ,.      ,_^.  . 

-J =;.     (See  equation  (69).) 


tantf=-coto= 


SimiLarlj, 
Hence 


tan^B 


^' sin  CD 


X       .X     //»   /^/v  M'^  -  ^^1  sill « 

tan  »''tan((?-y)  =  ^^,;^^_  ^^^,;  ^,^^  ^^.    (76) 

Cor.—  If  the  lines  he  perpendicular  to  each  other 

AA*  ^BB  -  {AB*  +  A'B)  cos  co  =  0.  (77) 


1.  Find  the  angle  between  the  linee 

XCOB0  ^  ygin/3     ^^^    gco87  ^  yainy     ^^^ 

^     Va'gin'iB  +  **C08»i8  Va»  8m'»7  +  **  co8«y 

2.  Find  the  angle  between  the  lines  x  -  y  a  0  and 

X  y 


r«-  + 


ir. 


tan^'+tan~^"     cot  ^'  +  cot  ^" 

J  ri  +  tan^'tan^"| 
(l-tan^'tan^'T 


uifM.  tan- 


(78) 


(79) 


^  (^V) 


tan^  tan^' 

Dbf. — 7%*  reeult  of  substituting  the  co-ordinates  of  any  point 
in  the  equation  of  any  line  or  curve  is  called  the  Power  of  that 
point  with  respect  to  the  line  or  curve. 

[Thia  definition,  fint  given  by  Stbineb, 
is  now  employed  by  all  the  French  and 
Oennan  writers.] 

28.  To  find  the  length  oftheperpen- 
dieularfrom  the  point  9f}f  on  the  line 
Ax-^By-^Cr=0. 

1°.  Let  the  axes  he  rectangular. 
Let  the  line  intersect  the  axes  in 
the  points  Q,  i?,  then  the  perpendicular  from  P  is  equal  to 
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twice  the  area  of  the  triangle  FQR  divided  by  the  base  QR ; 
but  the  area  of 


FQR 


C 


2AB 


{Aaf  +  By'  +  C).  (Equation  (24).) 


and 


QR 


AB 


y/A^  +  B*. 


(Equation  (11).). 


(80) 


Therefore  the  length  of  the  perpendicular  is 

Ax^-\-Bi/'+  C 
±  y ALDUS'  ' 

The  area  PQR  changes  sign  when  R  goes  from  one  side  to 
the  other  of  the  line  QR.  Thus  the  formula  (80)  must  hare 
the  sign  +  for  all  points  on  one  side  of  the  line,  the  sign  -  for 
those  on  the  other  side.  We  find  the  proper  sign  by  observing 
that  the  distance  from  0  to  the  line,  viz.  Cj  's/ A}\  &  must  be+. 

Hence  we  have  the  following  rule  for  finding  the  length  of 
the  perpendicular  from  a  given  point  on  a  given  line  : — 

Divide  the  power  of  the  given  point  with  respect  to  the  given  line 
hy  the  square  root  of  the  sum  of  the  squares  of  the  coefficients  of  the 
variables,  and  the  quotient  taken  with  the  proper  sign  will  he  the 
length  required, 

2°,  Let  the  axes  he  ohlique. 

Since  the  axes  are  oblique,  the  area  of  the  triangle  PQR  is 

C  {Ax'  -^^  By' -\^  C)  siniD 
2AB  ' 

and  the  length  of  QR  is 


Cy/A^  +  ^  -  2AB  cosw 


AB 
Therefore  the  perpendicular  is 


.  (Equation  (12).) 


(Ax'  -h  By'  4  C7)  sin  ca 
±y/A^-^B^-2AB  coB^' 


(81) 
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29.  If  the  equation  of  the  line  AB  he  given  in  the  form 


xcoBa-^ffcosfi-p,  we  find  the  length  of  the  perpendicular 
from  the  point  If,  as  follows  : — 

Let  OP  s  x',  FM  s  f^,  and  2£R  the  perpendicular  from  M 
upon  AB  sij/.  Then  the  projection  of  OJR  on  OQ  is  equal  to 
the  projection  of  the  contour  OPMR  on  OQ.    Hence, 

/>  =  «'cosa  +  y'co8j3  +  j/,  .*.  -f?'  =  ar'  cos  o  +  y'  cos  ^  - j?, 

.'.  |/  =  -  the  power  of  the  point  M.  (82) 

We  suppose  that  |/  is  subject  to  the  same  rule  of  signs  as  p ; 
p  is  always  +,  and  the  points  for  which  p'  is  positive  are  on  the 
same  side  of  the  line  as  the  origin  of  co-ordinates. 

Cor. — The  power  of  any  point  on  a  line  with  respect  to  the 
line  is  zero ;  and,  conversely,  if  the  power  of  a  point  with  respect 
to  a  line  be  zero,  the  point  must  he  on  the  line. 

30.  If  S^Ax-^By  ^  C^O,  8' »  A'x  +  ^y  +  C"  =  0,  he 
ike  equations  of  any  two  lines,  and  I,  m  any  two  multiplee  {inelud- 
img  unUy)y  either  positive  or  negative,  then 

18  +  wS' «  0  (83) 

ij  the  equation  of  some  line  passing  through  the  intersection  of  the 
lines  Sand  8^. 

For,  since  8  and  iS'  are  of  the  first  degree  with  respect  to 
X  and  y,  18  +  m8'  =  0  will  also  he  of  the  first  degree,  and  there- 
fore wiU  be  the  equation  of  some  line.  Again,  if  Pbe  the  point 
of  intersection  of  8  and  8\  the  powers  of  P  (§  29,  Cor.)  with 
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respect  to  S,  ^'  are  reBpectively  zero.  Hence  the  power  of  P 
with  respect  to  //S  +  mS'  =  0  is  zero,  and  therefore  the  line 
IS  -^mS'  -0  must  pass  through  P. 

Cor,  1. — ^Tho  line  y-y'-m(«-a/)  =0  passes  through  the 
point  of  y' ;  for  the  power  oia^  y*  with  respect  to  it  is  zero. 

Or  thus  :  y  -  y'  =  0  denotes  (§  25)  a  line  parallel  to  the  axis 
of  X  at  the  distance  y' ;  and  ^  -  ^i/  =  0  a  line  parallel  to  the  axis 
of  y  at  the  distance  af.    Hence, 

y-y'-m(;r-«')f=0  (84) 

denotes  a  line  passing  through  their  intersection,  that  is,  through 
the  point  a/  y'. 

Cor.  2. — In  the  same  manner  it  may  he  shown  that  if 
iS  a  0,  iS'  s  0,  he  the  equations  of  any  two  loci  (such  as  a  line  and 
a  circle,  or  two  circles,  &c.),  18  +  m8*  =  0  will  denote  some  curve 
passing  through  all  the  points  of  intersection  of  8  and  8\ 

31.  To  find  the  equation  of  a  line  paeeing  through  two  pointe 

Take  any  variable  point  xy  on  the  line,  then  the  three  points 
xy^  a/y,  a/'y"  are  coUinear.     Hence  (equation  (18)), 


*, 

y> 

I, 

a^, 

y', 

1, 

*", 

y". 

1, 

=  0, 


(85) 


which  is  the  required  equation. 

It  may  be  otherwise  seen  that  this  is  the  equation  of  a  line 
passing  through  the  two  given  points.  1°.  It  contains  x  and  y 
in  the  first  degree  ;  hence  it  is  the  equation  of  a  right  line. 
2°.  If  we  substitute  ar'y'  for  xy  the  determinant  wiU  have  two 
rows  alike,  and  therefore  will  vanish ;  hence  the  co-ordinates 
x^y^  satisfy  it,  and  the  line  passes  through  s/y'.  Similarly  it 
passes  through  a/'y".     The  determinant  (85)  expanded  gives 


(y'  -  y")a:  -  (ij/  -  O^  +  ^P"  -  ^r'Y  =  0 ;  (86) 
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from  which  we  infer  the  following  practical  role  for  writing 
down  the  equation  of  a  line  passing  through  two  given  points 

Place  the  co-ordinates  of  one  of  the  given  points 
under  those  of  the  other ^  as  in  the  margin  ;  then  the        a/,    yf^ 
difference  of  the  ordinates  of  the  given  points  will        9^\    y"^ 
give  the  coefficient  ofx:  the  corresponding  difference 
of  the  abscissa  with  sign  changed  will  be  the  coefficient  ofy.   Lastly ^ 
the  determinant,  with  two  rows  formed  by  the  given  co-ordinates, 
wiH  be  the  absolute  term. 

Cor.  1. — ^If  the  equation  of  the  line  joining  ar'y',  x"y"  be 
written  in  the  form  Ax  +  By  +  C  =  0,  we  have 

Cor.  2. — Hence  may  be  inferred  the  condition  that  the  points 
j/'y",  ar^'y"'  may  subtend  a  right  angle  at  s^y*. 

For,  let  the  joins  of  the  points 

and  the  join  of  the  points 

^y'y  iP"Y"  be  A'x  +  ^y  +  C"=  0  ; 
and,  since  these  are  the  right  angles  to  each  other, 

AA'  +  J?^  =  0  ; 
and,  substituting,  we  get 

(^  -  O  (4/  -  it"0  +  (y'  -  y")  (y'  -  y"')  =  0.     (Comp.  (14).) 


1.  Find  the  equation  of  the  join  of  (2,  -  4),  (3,  -  5). 

Ana,  Of  +  y  +  2  =  0. 

2.  Find  the  medians  of  the  triangle  whose  vertices  are  x'y\  x'%f\  x"'y"\ 

Ans.  {y"  +  y"'  -  2yT  «  -  («"  +  «'"  -  2*')  y  +  {x"  +  «"')  y' 

-  (y"  +  y'") «'  =  0,  &c.   (87) 
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3.  Find  the  equatioxiB  of  the  join£  of  the  pain  of  points — 
r.  (r  cos 4>\  ran4>);  (r  cos ^",  r  sin  ^"). 
Ant.  cos  i  {4>'  +  4>")  X  +  sin  (  (^  +  ^")  y  s  r  cos  ^  (^'  -  ^'').     (88) 

2^.  (acos^',  3sin^');  (acos^",  3sin^"). 

Ana.  cos  J  (^'  +  <t>l  -  +  sin  J  (^'  +  ^")  ?  =  cos  J  {^'-  ^").      (89) 

3^  {aco8(a  +  i8),  6sin(a  +  i8)};   {a  006(a~  iS),  3  sin(a- /S}}. 


Am,  cosa-  +  sina7soos/3-     (dO) 


4^  (a<*,  2a0  ;  («<'«,  2a<').    ^n#.  2«  -  (<  +  «')  y  +  2«f<'  =  0.     (91) 
6°.  (a  sec  ^,  6  tan  ^) ;  (a  sec  ^',  6  tan  ^'). 

^«j.  cosJ(^-^') --8inl(^  +  ^')  ?  =  cosJ{^  +  ^').     (92) 

a  0 


6\  (A:  tan  ^,  A:  cot  ^) ;  (A:  tan  ^',  A*  cot  ^'). 


Am. 


7  + 


ton  ^  +  tan  ^      cot  ^  +  cot  ^ 


;  =  *.     (W) 


4.  Find  the  equations  of  the  joins  of  the  middle  points  of  the  opposite 
sides,  and  also  of  the  joins  of  the  middle  points  of  the  diagonals  of  the 
quadrilateral  whose  vertices  are  x*y\  x"y*',  «'"y^,  oi*"}/"'  and  show  that 
the  three  lines  thus  found  are  concurrent. 


32.  To  find  the  co-ordinates  of  the  point  of  intersection  of  two 
lines  iohose  equations  are  given. 

Since  the  co-ordinates  of  the  point  of  intersection  most  satisfy 
the  equation  of  each  line,  this  problem  is  identical  with  the 
algebraic  one  of  solving  two  simultaneous  equations  of  the  first 
degree.  Thus  the  co-ordinates  of  the  point  of  intersection  of 
the  lines 

X      y     .    X     y     ^             tnn       mn  . 
—  +  i  =  l    -+£.  =  1    are  ,    

m      n  n     m  m-^n    m+n 
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1.  Find  the  co-ardinates  of  the  points  of  intenection  of  the  following 
pain  of  lines : — 

l"*.  jr  cos  ^  +  y  sin  ^  s  r,    a;  cos  ^'  +  y  sin  ^'  b  r. 


JnM  X    ^<^*(»  +  »0  ^  .  rsini(^  +  ^') 

^'"•'-cosi(^  -  ^r^ "  cos  J  (^  -  4>r   (^*) 


2*.  -  coi^+  ^sin^s  1,  ^  cos  ^' +  r  8U^ ^' ■"  1* 


^fM.  «! 


aco8^(0  +  ^O  ^dnJ(^4V) 

^i(^-^r^"  cos  i(^  -  ^')' 


(96) 


3".  jT  -  ^y  +  a/>  a  0,    *  -  ry  +  a<^  =  0. 

Ant.  X  =  a<f ,    y  =  a  («  +  t^. 


(96) 


2.  If    r-  +  7r7=»l»7r3  +  -rT;=lhe  one  pair  of  opposite  sides  of  a 

quadrilateral,  and  the  co-ordinate  axes  the  other  pair,  find  the  co-ordinates 
of  the  middle  points  of  its  three  diagonals,  and  prove  that  they  are 
odilinear. 

3.  Find  the  co-ordinates  of  a  point  equally  distant  from  the  three  points 

(a  cos ^,  d  sin^) ;  (a cos  ^',  b  sin ^') ;  (a  cos  ^'',  b  sin ^**). 
The  locos  of  a  point  equally  distant  from 

(a  cos  ^,  6  sin  0) ;  and  (a  cos  ^',  6  sin  ^'), 
ax  by 


is  the  line 


Similazlj, 


co«J(^+^')      8inJ(4>  +  4>') 
ax  by 


-  =(a'-*«)cosi(^-^'). 


{a»  -  3«)  cos  J  (^'  -  ^") 


cosj(^'  +  ^'0     sinj(^'+f0 

It  tiie  locus  of  a  point  equally  distant  from 

(a  cos  ^'f  bsm^');  and  (a  cos  ^",  b  sin  ^"). 
Hence,  solving  irom  these  equations,  we  get 

X  =  ^-^  cos  J(^  +  4>')  cosi(^'  +  4>")  cos  i  (^"+^),^ 
ye  — r— ainj(^  +  ^')  sin  J  (^' +  ^")  sin  J  (^"  +  ^) 


(97) 
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*4.  Find  the  co-ordinates  of  a  point  equally  distant  from — 
V.  {afi,  2at) ;  («<'»,  2at') ;  {at*'*,  lat"). 

Ant,  a^  =  ?  (^  +  <'»+  ^"^  +  <^  +  rr  +  <^^  +  4), 

•2\  (a  sec  ^,  3  ton  ^) ;  (a  sec  ^',  6  tan  ^') ;  (a  seo  ^",  3  tan  ^") 

Am.  ^.^^  +  *^cosi(»-»')co8i(^'.»^-)co6t(^"-»)   ^ 
a  cos  ^  cos  ^'  cos  ^"  ' 

6  cos  ^  cos  ^'  cos  ^" 

*3«.  (A;  tan  ^,  At  cot  <^) ;  {ktA  ^',  A;  cot  ^') ;  (k  tan  ^"). 

k  \ 

Am.  x^-z  (cot ^  cot^'  cot ^^  4  tan^  +  tan ^'  +  tan  ^")^ 

M 

y  =5  -  (tan  ^  tan  ^'  tan  ^"  +  cot  ^  +  cot  ^'  +  cot  ^") 

•4'.  (a  cos  a,  &  sin  o) :  {«  cos  (a  +  i8),  ^  sin  (a  +  iS) } ; 
{a  cos  (o  -  i9),  6  sin  (a  ~  iS) } . 

^n#.  XB cos(a~(i9)oosaC06(a+ti3), 


(98) 


(M) 


(100) 


a 


6 


sin(a  ~ii3)  sina  Bin(a+}i3) 


(101) 


33.  To  find  the  equation  of  the  line  through  x'y'y  making  on  angle 
^  tvith  Ax  -\-  £g  +  C  =  0. 

Let  A'z  +  -5'y  +  C"  =  0  be  the  required  line ;  and  since  this 

passes  through  a/y',  we  have  -4V  +  B'g'  +  C  =  0.     Hence 

-4'  (a?  -  a/)  +  ^'  (y  -  y')  =  0  is  the  form  of  the  required  equation. 

A^B  -  AB* 
Again,  we  have    tan^  =  -.-j-^ — ^^.        (Equation  (70).) 

Hence  A'{B  -  ^  tan  <^)  =  B'{A  +  ^  tan<^). 

And  the  required  equation  is — 


B-  A  tan ^     A  +  £  tan ^ 


=  0, 


(102) 
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whicli  may  be  written  in  either  of  tlie  following  forms  : — 


B  cos  ^  ~  ^  sin  0     A  cos  <I>  +  jB  em<l> 


=  0. 


(103) 


^sin^-^cos^,     A  COB  il>+B  an  <fif     0 


^, 


y^ 


1 
1 


=  0.    (104) 


If  the  angle  <^  be  right,  the  equation  becomes 

Hence  the  equation  of  the  line  through  xfy'^  perpendicular  to 
Ax  •¥  By  ■¥  C^  is 

B{x  "  sf)  ^  A{y  -  y').  (105) 

This  may  be  otherwise  proved  as  follows : — 

The  line  Bx  -  Ay  ■¥  C  fulfils  the  condition  (72)  of  being 
perpendicular  to  Ax  ■{  By  ■¥  C;  and  if  it  pass  through  x'y',  we 
get  Bj^  -  Ay'  +  C"  =  0.     Hence  subtracting,  we  get  the  equation 

just  written. 

34.  The  line  through  a/y',  making  an  angle  ^  with  y^mx  +  h, 
is 

-IZJ^.^JLZJL,.  (106) 

1-i-mtan^     m  -  tan  0 

Cor, — The  line  through  x'y'  perpendicular  to  y  -mx  ■\rh  is 


y-yf^  —  {x-^\ 


(107) 


1.  Find  the  line  through  (0,  1),  making  an  angle  of  30',  with  a?  +  y  =  2. 

2.  Prove  that  [the   Hnes    «  +  yV3-6  =  0,    3j:-yV3-4  =  0areat 
nght  anglei  to  each  other. 
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3.  Find  tlie  equations  of  the  perpendiculars  of  the  triangle  wlioae  angnlar 
points  are  x'y',  af'y'\  x"'y"\ 

4.  Find  the  equation  of  the  perpendicular  to  the  line 

a;  cos  o     y  sin  o      ,    ^  ,,        ,  ^  ,  .      ^ 
+  — T —  =  1  at  the  point  (a  cos  a,  sin  a). 

6.  Find  the  perpendicular  to 

jc  -  y  tan  ^  +  a  tan'^  =  0,  at  the  point  (a  tan^^,  2a  tan  ^). 

35.  To  find  the  equation  of  a  line  dividing  either  of  the  angles 
heticeen  the  lines   Ax  +  ^y  +  (7  =  0,   A'x  +  B'y  +  C  =  0,    int4i 

two  parts  whose  sines  have  a  given  ratio  a  :  h. 

Let  LL',  MM*  be  the  given  lines  ;  Oi^  the  required  line. 
From  any  point  XFon  01^ 
let  fall  perpendiculars  on 
the  given  lines :  these  per- 
pendiculars will  be  to  one 
another  in  the  ratio  of  the 
sines  of  the  angles,  and  will 
both  be  of  the  same  sign 
(§  28),  if  the  origin  of  co- 
ordinates lies  in  either  of  the  angular  spaces  LOMj  L'OM*\ 
and  of  different  signs,  if  in  either  of  the  two  remaining  spaces. 
Hence 

Ax^By^C  ^  A'x^B'y^-a  _     a 

^A^  +  IP      '     yA'^  +  JJ'»    ""     *' 

the  choice  of  sign  depending  on  the  position  of  the  origin. 
Hence  the  equations  of  the  lines  dividing  the  angles  between 
Ax  -k-  By  +  (7=0,  A*x  +  J?'y  +  C  =  0  into  parts,  whose  sines 
are  in  the  ratio  a  :  3,  arc 


b{Ax  +  By+C)        a{A'x^-B'y-^  C) 


VA^-k-B' 


^A'^-^B^ 


(108) 


the  sign  +  being  the  proper  one  for  one  of  them,  and  -  for  the 
other. 
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In  this  proof  it  is  assumed  that  the  powers  of  the  origin  with 
respect  to  both  lines  have  like  signs.  If  they  have  unlike  signs, 
the  conclusions  will  be  reversed. 

Cor.  1. — If  we  put 

b 


^A^  +  B* 


-  If  and 


y/A'^+B** 


=  m, 


the  equations  (108)  are  transformed  into 

l{Ax-\-Bif-\-  C)±  m{A'x  +  B'y  +  C)  =  0.        (109) 

Now  if  a  and  h  are  given,  /  and  m  will  be  given.  Hence  we 
have  the  following  important  theorem : — If  the  equations  of 
two  given  lines  he  multiplied  respectively  hy  given  constants,  and 
the  products  either  added  or  subtracted^  the  result  will  be  the 
equation  of  a  line  dividing  one  of  their  angles  into  parts  whose 
sines  have  a  given  ratio. 
Cor.  2. — If  in  the  equation 

l{Ax  +  By-\-  C)  +  m{A'x  ^  By' ^  C)  =  0, 
we  put 

mjl  =  X,  we  get  J[iP  +  ^y  +  C+\{A'x  +  J5'y  +  C")  =  0  ; 

and  giving  all  possible  values  to  A,  we  get  all  possible  lines 
through  the  intersection  of 

^4^  +  J?y  +  C  =  0,   and  -4'iP  +  By  +  C"  =  0 ; 

Compare  §  30,  Cor.  1. 

Cor.  3. — If  the  equations  of  the  given  lines  be  in  the  stan- 
dard form,  the  ratio  of  the  sines  will  be  the  same  as  the  ratio 
of  the  multiples. 

Cor.  4. — Since  the  line  passing  through  a  fixed  point  xfy' 
and  the  intersection  of  the  lines 

-4ar  +  ^y+(7=0,     A'x^-By+C^O 
divides  the  angle  between  the  lines  into  parts  whose  sines 
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are  in  the  ratio  of  the  perpendiculars  on  them  from  afj^^  we 
have 

Hence,  substituting  these  values  in  (108),  we  get 
{Ax  +  J?y  +  (7)(^V  +  ^y'  +  C) 

-  (J['iP+^y+  C)iAx'  +  Bi/+  (7)  =  0.      (110) 

36.  To  find  the  condition  that  three  given  lines  he  eoneurreni^ 
let  the  lines  be 

^iP+J?y+C  =  0,  ^'ar  +  ^y+C  =  0,  ^"«  +  ^'y  +  C' =  0, 

we  see  (§  35,  Cor.  2)  that  the  third  must  be  of  the  form 

l{Ax  +  Bg+  C)  +  m{A'x  +  ^y  +  C). 
And,  comparing  coefficients,  we  get 

lA  +  mA'-A"^0, 
/J?+mJ9'-^'  =  0, 
W  +  mC-  (7"  =  0. 

Hence,  eliminating  /,  m,  the  condition  of  concurrence  h 

A,  A',     A" 

B,  B\    B"      =0. 
(7,     a,    C" 

Cor, — If  the  coefficients  in  the  equations  of  three  lines  he  such 
that  when  the  equations  are  multiplied  hy  any  suitable  eansiants 
they  vanish  identically,  the  lines  are  concurrent. 

For  if 

X{Ax  +  By-^C)  +  fi{A'x-^B'y-\' C)-i-v{A"x  +  B"y '^C')mO^ 

wc  have,  comparing  coefficients, 

\A-^/jlA'-¥vA"=0, 
X^  +  ft5'  +  vJ5"  =  0, 
X(7  +  /LtC"  +  vC"  =  0; 

and  eliminating  X,  /i,  v,  we  get  the  condition  (111)  of  conour- 
rence. 


(Ill) 
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1.  Find  the  lines  which  divide  the  angles  between 

3«  +  4y  -I-  12  s  0,    8x  +  16y  +  16  s  0, 

into  parts  whose  sines  are  in  the  ratio  2  :  3. 

Am.   61(3»  +  4y+12]il0(8«+16y+16)B0. 

2.  Write  the  equations  of  the  bisecton  of  the  angles  between 

jpco8a  +  ysino-p  =  0,    xcoa0-k-yaR0-p'^O, 
in  the  standard  form. 

3.  Form  the  equations  of  the  perpendiculars  of  the  triangle  whose  sides 


-4iJf+Jiy+(7i  =  0,  (1)    -4aar+2?jy+(^=0,  (2)  -4j«+Jty+Ci  =  0,  (3); 

the  perpendicular  on  (1)  must  be  of  the  form  (2)  —  it;  (3) ;  and  the  condition 
of  perpendicularity  giyes 

*  «  {AiAt  +  BiBt)  -T  {AiAi  +  B^Bi). 
Hence  the  perpendicular  is 

(A^Ai  +  BiBi) (AiX  +  ^ly  +  Ci)  -  {AiAt  +  BiBt)  {Atx  +  -P«y  +  (^)  =  0.  (1 12) 

4.  Show  that  the  orthocentre  of  the  triangle  formed  by  the  lines 

is  the  point  -  a,    a  (<  +  ^  +  <"  +  tt't").  (113) 

6.  Find  the  equation  of  the  line  which  passes  through  the  intersection  of 
Aix  +  Bif  +  Ci  =  0,    Atx  +  j5»y  +  (^  -  0, 
and  is  parallel  to  Atx  +  Bty  +  C3  «  0. 

6.  If  the  distances  of  a  certain  point  from  the  lines 
soosa-l-srsina-psO,  ^cosci^  +  ysinci^-^sO,  a;costf"+ysina'-j/'=0 

hedy  (T,  i\  respectiYely,  and  if 

pfore  X sin (o' - o")  +  X' sin (o"- a)  +  X" sin (o -  a)  =  0.  (114) 

7.  Being  given  two  triangles  MxM^Mz^  N\N%Nz^  to  find  the  condition  that 
the  parallels  through  ifi,  Jfs,  M%  to  N%N^,  NH^u  N\N\  may  be  concurrent. 

Let  the  co-ordinates  of  Jfi,  Jft,  Mz  be  a\h\^  a%h%y  os^ ;  and  the  co-ordi- 
nates of  i\ri,  A'a,  N%  be  ri<^i,  e^i^  e^%^  respectively,  then  the  equations  of  the 

(y-*i)(<?i-<Ji)-(jf-«i)(<^-*)  =  0,  &o. 

B 


/" 
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If  these  equations  be  added,  the  coefficients  of  x  and  y  vaniah  identically. 

Hence,  in  order  that  the  lines  may  be  concurrent,  the  sum  of  the  absolute 

terms  must  yanish  in 

2ai(rfa  -  di)  -  S*i(ei  -  «*)  =  0. 
Or 


«1, 

du 

1 

^f 

hu 

1 

fl2» 

d%y 

1 

+ 

<^» 

h, 

1 

«»l 

dz, 

1 

^, 

*., 

1 

(115) 


0. 


(Nbubbbo). 

Cor.  1. — If  parallels  through  the  summits  of  the  first  triangle  to  the  sides 
of  the  second  be  concurrent,  parallels  through  the  summits  of  the  seoond  to 
the  sides  of  the  first  are  concurrent.  {Ikid.) 

Cor.  2. — If  two  triangles  are  such  that  lines  through  the  summits  of  the 
first  making  the  same  angle  a  with  the  sides  ol  the  second  are  conconent, 
the  lines  through  the  summits  of  the  second  making  an  angle  a  with  the 
sides  of  the  first  are  concurrent.  (-^'^O 

8.  To  find  the  condition  that  the  perpendiculars  through  the  summits  of 
MiMiMz  on  the  sides  of  iV^iiV2if3  may  be  concurrent. 
The  equations  of  the  perpendiculars  are 

{x  -  ai)(«2  -  cs)  +  (y  -  *i)(rfa  -  dt)  =  0,  &c. 

And  we  find,  as  in  Ex.  7,  the  condition  of  concurrence 


Or 


«1, 

<?i, 

1 

*i, 

dly 

1 

<hy 

dy 

1 

+ 

h, 

*, 

1 

aj. 

^, 

1 

h, 

dz, 

1 

=  0. 


(116) 


(iW.) 

Cor.  1. — If  the  perpendiculars  from  the  summits  of  MiMtMt  on  the  sides 
of  NiNiNz  are  concurrent,  the  perpendiculars  from  the  summits  of  If\NtN% 
on  the  sides  of  M\M%Mi  are  concurrent.  (Stbinxr.} 

Two  such  triangles  are  said  to  be  orthologique. 

Cor.  2.— If  Jfiifslfs,  NiNiNz  be  orthologique,  and  if  J)\,  A,  Di  diyide 

the  lines  if liVi,  MiN2t  MzNz  in  the  same  ratio,  Dilhlh  is  orthologique  to 

each  of  the  triangles  MiMzMz,  NiNzNz.     For,  if  we  substitute  in  (116)  for 

mai  -\-  nci  mbi  +  ndi  j^       .      x     •« 

cu ,  forai ,  &c.,  the  resulting  deteimmant  will  Tanish. 

m  +  n  m  +  w 

(Nbubb&o.) 
Cor.  3.— If  £ii:2E3  divide  MiNi,  M2N%,  MiNz  in  the  same  ratio,  the 
triangles  DiDzDz,  i^iiSli^s  are  orthologique.  (Ihid.) 
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37.  To  find  when  an  equation  of  the  second  degree  is  the  product 
of  the  equations  of  two  lines. 

1°,  Let  the  equation  contain  only  one  of  the  variables,  such 
as 

a:*  -  (a  +  3)  a?  +  a5. 

Since  this  is  evidently  the  product  of  the  equations 

we  see  that  an  equation  of  the  second  degree,  containing  only  one  of 
the  variahlesy  represents  two  lines  parallel  to  the  axis  of  the  other 
variable. 

2^.  If  the  equation  he  homogeneous  in  both  variables^  it  represents 
two  lines  passing  through  the  origin. 

Por  example, 

«*-5«y+6y*=0  is  the  product  of  (ir-2y)«0,  (d?-3y)=s0. 
3^.  If  the  general  equation 

as^  +  2hxy  +  Jy»  +  2gx  +  2/y  +  c  =  0 
denotes  two  lines,  throwing  it  into  the  form 

(ar  +  ^  +  y)»-{(A»-a3)y»  +  2(yA-a/)y  +  (y»-a(?)}=0, 

we  see  that  the  second  member  must  be  a  perfect  square. 

Hence  (A«  -ab){g^'ac) -{gh-  aff  =  0, 

or  abc-\-2fgh-ap-hf'-ch^^Q.  (117) 

This  important  function  of  the  coefficients  of  the  general 
equation  of  the  second  degree  is  called  its  discriminant.  It  may 
be  written  in  determinant  form  as  follows : 

«i        K       g 
A,        h       f 

Or  thus,  let 

+  2  Aofy  +  ^'  +  2^4?  +  2/y  +  <?  ■  ( fe  +  iwy  +  n)  ( /'j?  +  m'y  +  »') . 

s2 


0.  (118) 
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Hence,  comparing  coefficients,  we  get 

a  s  IV ^    h  s  mm'f    e  m  nn\ 
2/«  mn'  +  w'w,     2y  =  ni'  +  n%     2h  « Im'  +  Vm. 
Now  the  product  of  the  matrices 


h    V 

f,  ^ 

m,  m' 

>c 

w',  m 

n,   n' 

n',   n 

Hence 


2/^,         i 

Em'+^ifi, 

In'+Vn 

= 

hn'  +  /m',      2mift', 

mn'  +  m'j 

/»'  +  /'n,    mW^-m'tij 

2nn' 

«, 

A,        y 

A, 

^        / 

=  0. 

^> 

/,        ^ 

The  student  should  carefully  commit  each  of  the  foimuls 
(117),  (118)  to  memory.  The  minors  of  the  determinant  (118) 
will  be  denoted  by  the  corresponding  capital  letters.     Thus, 

Amhe-f*y    B^ca-f,     Cmah-h\     Fi^gh^af^ 

O  m  hf-  hgy    E^fg  -  eh. 

38.  If  the  general  equation  represent  two  lines,  it  ii  re^u^§d  to 
find  the  co-ordinates  of  their  point  of  intersection. 
Let 

a**  +  2Ary  +  5y'+ 2^4;  + 2/y  +  <^B(fe  +  wy +  »)(/'«+ m'y  +  »'), 
2/=  wn'+  m'»,     2g  =  11/'+  n7,     2h  =  lm'+  I'm ; 
and  solving  for  z  and  y  from  the  equations 

/ar  +  my  +  n  =  0,     I'z  +  mfy  +  »'  «=  0, 

we  get  ar :  y  :  1,  :  :  mn*  -  m'n :  nV-n'l :  /w'  -  /'w ; 

Hence  a? :  y  :  1  : :  -4* :  i/* :  C7*, 

which  are  the  required  values. 
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<ff 

I 


Cor.  1. — If  the  general  equation  represent  two  perpendicular 

lines, 

a  +  3  =  0  for  rectangular  axes.  (1^9) 

a  +  &  -  2A  cos  Q>  =  0  for  oblique  axes.  (^^O) 

Cor.  2. — ^If  the  general  equation  represent  two  lines  making 
an  angle  ^,  we  have  for  oblique  axes, 


2  v/^-ai.  Binw 

tan  6  =  — ^ — — ^ . 

«+ 6 -2a  cos  ft) 

Hence,  if  A'  -  oi  »  0,  the  lines  are  parallel. 


(121) 


1.  What  lines  are  represented  by  d^  -  y'  »  0  P 

2.  What  lines  are  represented  by  «*  -  2d^  see  0  +  y'  =»  0? 

3.  ProTe  that  the  two  lines  az^  +  Ihxy  +  6^  s  0  are  respectively  at  right 
angles  to  the  lines  hsfi  -  2hxy  +  ay*  =  0. 

4.  Find  the  angle  between  the  lines  az^  +  2hxy  +  ^'  «=  0.    If  the 
equation  represent  the  two  lines  y  —  m^t  «  0,  y  -  m'x  =  0,  we  get 


b 


m' 


(122) 


.    .                 ^            m  -  m'         ^       ^             2V^A«-a6 
and  smee  tan  s  s= ; -„  we  have  tan  a  = r — • 

6.  The  angle  between  the  lines. 

(^  +  y*)(cos*0  8in*a  +  sin^)  -  (jc  tan  a  -  y  sin  0)^  is  a. 

6.  Find  the  bisectors  of  the  angles  made  by  the  lines  <M^+ 2Ad^.+ ^  as  0. 
The  bisectors  of  the  angles  between  the  lines  y  -  mx  «  0,  y  -  ma^  s  o, 


y  "  mx     y  —  mx 

+  «  0, 


y  —  ifi«     y  —  mx 


0. 


Vl  +  m»     Vl+m'*        '  Vl+m*     Vl+m^ 

Henoe^  oniltqilying  and  restoring  values,  we  get 

A  («*  -  y»)  -  («  -  *)  «y  =  0.  (128) 

7.  The  Hnes  «*  +  2«y  sec2a  +  y*  s  0  are  equally  inclined  to  a;  +  y  »  0. 
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8.  The  di£Eerence  of  the  tangents  which  the  lines 

x^  (tan»e  +  cos'e)  -  2a?y  tan  «  +  y«  sin'e  =  0 
make  with  the  axis  of  a;  is  2. 

9.  If  A  denote  the  diBoriminant  (118),  proTe  the  following  relationfl— 

a^^BC-F^,    bA^CA-CP,    d  A  = -4  J  -  JSP.       (124) 


10.  When  A  =  0,  prove    A:  B:  C:  :  -=:  —  :   ■=. 

jf*     ff*     £» 


(126) 


11.  If  ax^  +  2hxy  +  by^  +  2gx  +  2^  +  tf  =  0  represent  two  linee,  pnrre 
that  the  lines  ax^  +  Ihxy  +  ^  s  0  are  parallel  to  them. 

12.  Find  the  discriminant  of 

{eu^  +  Ihxy  +  iy«  +  2^*  +  2/y  +  r)  +  X  (a?'  +  y*  +  2jpy  C08«). 

13.  Proye  that  if  in  the  result  (123)  we  change  x^  y  into 


A\ 


Bi 


we  get  the  equations  of  the  hisectors  of  the  angles  made  hy 

{aa^  +  2hxy  +  V  +  2^*  +  2/y  +  ^)  =  0, 
when  it  denotes  lines. 

*14.  If  the  sum  of  the  angles  ^,  ^',  0",  ^'"  he  2ir,  prove  Hiat  the 
points 

(acos^,  dsin^);  (acos^',  ^sin^');  (a  cos  ^",  d  sin  ^'') ;  (a  cos  ^'",  &  nn^'^) 

are  concyclic. 

By  hypothesis  i  (^  +  4>')  =  »  -  i  {<p"  +  ^'")>  and  J  (^  +  O  ^ 
^  -  i  (^'+  ^'")  making  these  suhstitutions  in  (97)  we  infer  that  the  point 
which  is  equidistant  from  the  let,  2nd,  3rd  of  the  given  points  is  equidistent 
from  the  2nd,  3rd,  4th.    Hence  the  four  points  are  concydio. 

•16.  If  «+<'  +  <"  +  t'"  =  0,  prove  that  the  points 

(a<»,  2at) ;  {(W^,  2af) ;  (a<»",  2a<") ;  (a<"^,  2«n 
are  concyclic    This  follows  from  equations  (98). 

•16.  lix,  y  denote  the  mean  centre  of  the  points  in  Ex.  14,  prove  that 
the  co-ordinates  of  the  circumcentre  are 


«»-*« 


X7 


^»  -  a«  - 


*» 


y- 


(126) 


Compare  the  co-ordinates  of  the  mean  centre  (39)  and  of  the  oiroumoentre 
(97). 
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*17.  The  points 

(*tan4>,  ifeoot^);  (Artan^',  ifccot^');  (*tan^",  Acot^"); 
(it  cot  ^ .  cot  ^'.  cot  ^",  it  tan  ^ .  tan  ^'.  tan  ^'% 

are  concydic.    Make  nae  of  equations  ( 1 00) . 

Thsobt  of  Anharmokic  Eatio. 

39.  Dbp. — The  anharmonie  ratio  of  four  eollinear  points 
Ay  By  C,  D  is  the  quotient  of  the  ratios  of  section  of  the  two 
last  with  respect  to  the  two  firsty  and  is  denoted  hy  {ABCD), 

^  /  ^T»^T.N      OA    DA      CA.DB  „^^, 

Th«8      UBCD)  -cs-m'  cb:da  '        (''^) 

Cor.  1. — ^The  anharmonie  ratio  is  inverted  by  inverting  either 
pair  of  points.     For 

Hence  {ABCD)  =  l/f^ABDC).  (128) 

Similarly  (ABCD)  =  Xj^BACD).  (129) 

Car,  2. — ^The  anharmonie  ratio  remains  unaltered  if  any  two 
of  the  four  points  be  inverted,  and  at  the  same  time  the  two 

remaining  points.    Thus 

{ABCD)  =  {BADC)  =  {CDAB)  =  {DCBA).     (130) 

40.  To  express  (ABCD)  in    terms   of  the    co-ordinates    of 

Ay    By      Cy    D. 

Let  OXy  OF  be  the  axes,  and  let  parallels  to  OF,  OX  through 
Ay  By  Cy  D  ffieet  the  axes  in  A'y  Fy  Cy  D ;  A",  B*y  0",  D" ; 
and  putting  OA'  =  «',  OB  =  Vy  &c.    Then,  evidently, 

{ABCD)^{A!BaD)^  -^.^^^-^-^.y—^.    (§1) 
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Hence 


(ABCD) 


Similarly       (ABCD) 


(131) 


41.  lb  express  (ABCD)  in  terms  of  the  ratios  of  section  mat 
hy  the  points  A,  3,  C,  D  on  a  given  segment  PQ. 


B 


(; 


D 


Q 


Let  APjAQ  =  a  . .  .  From  APjAQ^  a  we  hare-iP  =  aA^ 
therefore 

QP-^QA^aAQ,    Hence  QA  =  QP/(1  -  a). 


Similarly 
but 


QB  -  QP/(1  -  h\  &c. ; 
{ABCD)  =  ^  ZTqcoB-^QD' 


and  substituting  for  Q^,  Q^,  &c.,  we  get 


(132) 


DjsF.—If  {ABCD)  =  -  1,  ^,  ^,  C,  2>  ard  ^joOm^  a  har 
monic  system  of  points^  and  (7,  D  are  said  to  he  harmonic  com 
jugates  to  A,  B.    In  this  case  we  have 

CA        DA 
CB  "^ LB' 

which  agrees  with  §  11,  Def.  i. 

42.  If  Af  B,  Cy  D  he  a  harmonic  system  of  points^  and  M  th* 
middle  of  AB — 

1^  MB"  «MC,MD.         2°.  21  AB  ^{IIAC+  l/AB). 

MC     AC*      BC* 


3°. 


MB  "  AJD^      BI^ 


(133) 


Cartesian  Co-ordinateB, 


57 


i,  f ,  (^  be  the  absciss®  of  A^  B,  C,  D  with  respect  to 
0  upon  A3.    Then 

—  =  -  ^^    or    2{ab  +  ed)^{a  +  b){e  +  d)  (1). 

0  be  the  middle  point  of  AB  we  have  a^-h,  and  (1) 

0  coincide  with  ^  or  a  -  0,  (1)  becomes  2ed  =  i  ((^  -f  iQ^ 
ing  by  &tf(^,  we  get 

2      11 
,b"  e^  d' 

t>  is  at  IT,  we  have 

AC     e  "  a     e  ^  V cd       v^ 
AID     d^  a     d^  v^ed        y/d 

A(P     0     MC 
AU^"  d"  MB' 

— ^If  i\r  be  the  middle  point  of  CID,  the  relation  (1) 

OA.OB+  OC.  OB  =  20M.  ON,  (134) 

im  of  the  powers  of  0  with  respect  to  two  harmonic 
is  doable  the  power  of  0  with  respect  to  their  middle 

— If  the  abscissffi  of  the  points  ^,  ^  be  given  by  the 

cLc*  +  2Px  +  y  =  0,  and  those  of  C,  B  by  aV  +  2j3'a? 

Kre  have  ab  s  y/a,  a  +  &  »  -  2)3/a,  &c.,  and  substituting 

eget 

o/ +  o'y  -  2)8)8'.  (186) 

le  same,  if  the  points  A,  B,  C,  B  are  defined  by  their 
section  (§  41). 

F. — The  anharmonie  ratio  of  four  rays  a,  by  e,  d  of  a 
he  quotient  of  the  ratios  of  section  of  c  and  d  reksHm  to 
md  is  denoted  by  (abed). 
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Ji  Pyj/;  g,  q'  he  the  perpendicnlan  from  two  points  Cj  D  of 
c  and  d  upon  a  and  b,  we  have 

sin 0^   an  ad     Bin ac.smbd 


(a*«^  =  |,:|, 


em  be'  an  hd     sin  ad,  son  be 


(186) 


The  sign  of  {abed)  is  independent  of  any  particular  conyention 
of  signs.     For  if  the  rays  e,  d  both  pass  between  a  and  6,  tiie 

ratios  —,  and  ^  have  the  same  sign,  and  {abed)  is  positiye. 


It  will  be  the  same  if  e  and  d  divide  the  supplementary  angle 
{a*b);  but  if  one  divide  the  angle  {ab)  and  the  other  {t^b), 
{abed)  is  negative. 

44.  ^  the  peneil  of  four  rays  a,  J,  <?,  d  be  cut  by  any  irani- 
versal  in  the  points  A,  B^  C,  2),  then  both  in  magnitude  and  iiyn 
{abed)  =  {ABCD). 

Dem. — Both  in  magnitude  and  sign 

BC 

Hence 


9^ 


AC    / 
Alf    ^ 
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45.  1/  S  ••  0,  S"  •aO  be  any  two  Untt,  the  anharmonic  ratio  of 
tlu/in4rliHMS  +  aS'  =  0,  S-t-hS'^O,  S  +  eS'-O,  8  +  41^=0 
iteqwUto 


Dem.— Let  S  -  ^«  +  Jy  +  C  =  0,  5'  -  ^'«  +  5'y  +  C  -  0  ; 
snd  cutting  the  pencil  by  ttie  axia  of  x,  the  abscisse  of  tho 
points  of  intereection  of  the  four  rays  are 


' 

A^aA' 

*t 

" 

A 

TiZ' 

ud 

rabstitntdng, 

we  get 

^ 

-Xi     X,- 
-Xi'  Xt- 

-x^      a 

Zl 

Cor. — The  anharaionic  ratio  of  the  four  lines  8,  8', 
?  +  hS  is  equul  to  a  :  i. 


Dkp. — A  pencil  of  four  rayt  {«,  i,  e,  d)  it 
toHie  toAm  (oinf)  >  -  I. 


mples 


taid  to  ba  har- 


1°.  An  angle  and  Its  internal  and  external  bisectors. 
2°.  The  fddeB  AB,  BC  ai  a  triangle,  the  median  AM,  and  \ 
a  parallel  through  AtoBC. 

EXXBOISBS. 


I.  Vith  a  giTen ruige  of  four  poinU  A,  B,  0,  D  there  can 
tax  diffnant  aiibaniioiik  rttiiM. 

For  with  four  letten  oan  be  fomed  24  diSenat  pcrmutatioas, 
oonndend  m  uhannonic  tsUoi  bn  «qiul  4  bj  4.     (§  SB,  Ctr.  2). 

The  lix  dUtinct  aDbaimonici  ue  {ABCB},  {ABDC),  {ACBB), 
{ADBC),  {ADCB) ;  ud  the  and,  itb,  «h  «»  raciprac^  of  Ii 
(f  3B,  a>r.  1). 


60 


The  Right  Line. 


2.  Prorethat 


(ABCL)  +  {ACBL)  -  1, 
(ABDC)  +  {ADBC)  =  1, 
{A  CDB)  +  (ADCB)  =  1 .  (1 8s>) 

3.  If  ABCD  B  X,  prove  that  the  yalues  of  the  other  five  anhannanics  are 

1/X,     (l-X),     1/(1 -X),     X/(X-1),     (X-l)/X.  (140) 

4.  If  through  the  point  0  (see  fig.,  §  43)  we  draw  a  line  EOF  parallel  to 
Sdy  and  cutting  Sa^  8b  in  the  points  E,  F,  show  that  the  six  anhannonie 
ratios  of  the  pencil  {8 .  abed)  can  he  expressed  in  terms  of  the  three  seg- 
ments EC\  CF,  FE. 

5.  If  (ABCD)  -=  -  ly  prove  that  (ACBB)  -  2,  and  AODB  -  \, 

6.  If  circles  described  on  AB^  CD  as  diameters  intersect  in  an  angle  0, 
the  values  of  the  six  anharmonic  ratios  are* 

9  9  9  9  9  ^9 

-tan»-,     see*-,     sin*^;    -cot«-,     cos'-,    coeec«-.       (141) 

7.  If  two  different  transrersals  cut  the  same  pencil,  their  anhannonic 
ratios  are  equal. 

8.  If  two  equal  anharmonic  pencils  have  a  common  ray,  the  intersections 
of  the  remaining  three  homologous  pairs  are  collinear. 

9.  If  three  sides  of  a  variable  triangle  pass  through  three  coUinear  points, 
and  two  of  its  vertices  move  on  fixed  lines,  the  locus  of  the  third  vertex  is 
a  right  line. 

10.  If  ^,  Bf  C;  A\  B\  C  be  two  triads  of  points  on  two  lines  inter- 
secting in  (?,  and  if  [OABC)  =  {OA'B'C),  the  lines  AA\  BB*,  CCT  are 
concurrent. 


Section  II. — Systems  of  Tubee  Co-ordinatss. 

46.  Def.  I. — A  fundamental  triangle  ABC,  whose  side*  are 
given  in  position,  and  whieh  is  used  for  the  purpose  of  defining 
the  position  of  any  figure  in  its  plane,  is  called  the  triangle  of 
reference,  and  its  sides  the  lines  of  reference, 

*  This  theorem  was  first  published  in  the  Fhihtophical  TnmsaeHcm  in 
the  Author's  *^  Cyclides  and  Sphere  Quartics." 


Systems  of  Three  Co-ordinates. 
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Def.  n. — If  the  perpendiculars  from  any  point  P  to  the  sides 
of  the  triangle  he  denoted  by  a,  )3,  y ;  a,  )3,  y 
are  called  the  tbiukeab  or  kormal  co-oedi- 
9  AXES  of  P. 

If  the  point  P  be  on.  the  side  £C,  the 
peipeodicnlar  from  it  on  BC  will  vanish. 
Hence  in  trilinear  co-ordinates  the  equation 
of  ^C  is  a  -  0.  Similarly  the  equations  of  B 
CAy  AB  are  )8  =  0,  y  =  0,  respectively.  In  order  to  pass  from 
tiiHnear  to  Cartesian  co-ordinates  (a  problem  of  frequent  recur- 
rence) it  is  necessary  to  express  the  equations  of  ABy  BC,  CA 
m  X,  y  co-ordinates.  For  this  purpose  the  most  convenient  are 
the  standard  forms 

df  coso  +  y  sina-j^  =  0,     a: cos )8  +  y  sin )8  - 1?' =  0, 
4?  cosy  +  y  sin y  - f/'  =  0 ; 

the  origin  being  in  the  interior  of  the  triangle.  From  this  it 
follows  that  the  normal  co-ordinate  of  any  point  P  correspond- 
ing to  any  line  of  reference  is  positive  or  negative,  according  as 
P  and  the  opposite  summit  of  the  triangle  are  on  the  same  or  on 
different  sides  of  that  Hue. 

Cor.  1. — ^The  normal  co-ordinates  of  any  point  -Pin  the  in-      2. 
terior  of  the  triangle  of  reference  arc  all  positive,  and  for  any 
exterior  point  two  are  positive  and  one  negative,  ov  *vxv-f  ^^-^-l^    i  '^"-^ 

Cor.  2. — If  a,  j3,  y  be  the  trilinear  co-ordinates  of  a  point  P, 
X,  y  its  Cartesian  co-ordinates, 

a  »  jrcosa  +  y  sina-j^,     )8  a  4?  cos  )8  +  y  sin  j3  - 1?', 


y  B  arcosy  +  y  smy  - p 


ft 


Obsenration. — In  these  identitieB  it  will  be  seen  that  a,  /3,  7  are  used 
with  different  significationB ;  but  after  a  little  practice  thii  causes  no 
inooQvenienoe. 
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Cor,  3. — If  ayh^  ehe  the  lengths  of  the  sides  of  the  triangle  of 

reference,  A  its  area,  a,  p^  y  the  normal  co-ordinates  of  any  point 

in  its  plane, 

aa  +  3j3  +  cy  =  2A.  (142) 

Cor.  4. — If  R  be  the  circnmradius  of  the  triangle  of  reference, 

asin-4  +  )Ssin^  +  ysinC=  A/^.  (148) 


1.  Find  the  equations  of  the  bisectora  of  the  angle  (7  of  the  triangle  of 
reference.  The  equation  of  any  line  through  Cis  of  the  form  a^kfi^  when 
k  denotes  the  ratio  of  the  sines  of  the  angles  into  vhich  (7  is  diyided.  Hence 
the  internal  bisector  is  a  -  /3  «  0,  and  the  external  a  +  /3  s  0.  Both  are 
included  in  the  equation  a  i  j3  =  0.  (144) 

2.  Find  the  equation  of  the  median  that  bisects  A3. 

If  D  be  the  point  of  bisection  of  AB,  we  have  BD  =  DA.  Hence  the 
ratio  of  section  of  the  angle  C7  is  sin  BjanA  =  k,  and  the  equation  of  CD  ib 

aanA-fianB  =  0.  (146) 

3.  Find  the  equation  of  the  perpendicular  from  C  on  AB. 

Here  the  ratio  of  section  is  cos  BJcoa  A.    Hence  the  perpendicular  is 

aoO8^-/3cosj9  =  0.  (146) 

Observation. — ^The  equations  of  the  internal  bisectors  of  the  angles  of 
the  triangle  of  reference,  viz., 

a-j3  =  0,     /8-7  =  0,     7-a=0, 

may  be  written  in  the  form  a  =  /3  =  7,  where,  hy  omitting  any  letter,  we 
have  the  equation  of  the  hiscctor  of  the  angle  between  the  sides  denoted  by 
the  remaining  letters.    Similarly  the  three  medians  are 

a  sin  ^  =  /3  sin  i?  =  7  sin  t7y 
and  the  perpendiculars 

a  cos  ^  »  /3  cos  i?  =  7  cos  C 

4.  Three  Unes  whose  equations  are  in  the  form  la  =  m$  s  117,  are  con- 
current. 

For  these  equations  are  equivalent  to 

la  —  mfi  =  0,     mfi  -  »7  =  0,     ny  —  la'^  0; 

and  these,  when  added,  vanish  identically.  Or  thus,  the  co-ordinates  1//. 
1/m,  1/n  satisfy  the  three  equations. 


Sf/stfi/is  of'  T/n'ce  Co-or/Jitiaf'  s.  Go 

47.  The  lines  la  -  m/3  =  0,  a/ 1  -  (S/m  =  0  are  equally  inclined 

A 
to  the  bisector  of{aP), 

For  the  ratio  of  section  of  the  first  is  Ijlillm;  that  is,  as 
m  :  I,  and  the  ratio  of  section  of  the  second  I :  m.  Hence  one 
makes  the  same  angle  with  a  which  the  other  makes  with  p. 

Cor.  1. — If  three  lines  through  the  summits  of  a  triangle  he 
concurrent,  the  lines  equally  inclined  to  the  hisectors  of  its 
angles  are  concurrent.  For  if  the  three  first  he  ^  =  mfi  =  ny, 
the  others  are  a/l  -  Pfm  =  y/». 

Def.  I. — Two  points  P,  -P,  which  are  such  that  lines  draum 
from  them  to  the  summits  of  the  triangle  of  reference  are  equally 
inclined  to  the  hisectors  of  its  angles  are  called  isogonal  conjugates 
with  respect  to  the  triangle. 

Cor.  2. — If  o,  ^,  y,  o'/S'y'  he  the  normal  co-ordinates  of  -P,  Py 

aa' =  jSjS' =  yy.  (147) 

For  ao'  =  CPmiBCP.  CF  sinBCP 

=  CFanPCA.CPsiaPCA^pp', 

« 

Def.  n. — ITic  isogonal  conjugate  of  the  centroid  of  the  triangle 
of  reference  is  called  its  symmedian  pointy  and  the  lines  from  the 
angles  to  the  symmedian  point  the  symmedian  lines  of  the  triangle. 
Their  equations  are 

a/sin  A  =  )S/sin  B  =  y/sin  C.  (148) 

48.  If  the  lines  -a  =  -jS  =  tY  ^^^  *^  ^>  ^^^  if^'  ^^  ^^  **^* 

e       a        0 

gonal  eonfugate  ofQ,  the  angles  ClAB,  QBCy  ClCA,  OIBA,  Q'CB, 
Of  A  C  are  all  equal. 

Jkm. — ^Let  QAB  be  denoted  by  co,  then  CAQ  =  ^  -  oi ;  and 
since  the  equation  of  AQ  is 

-  )3  »  7  y,  we  have  -  sin  (-4  -  «)  =  -r  sin  «. 
a        0  '  a       ^  '     h 

Hence,  by  an  easy  reduction, 

QOto)  (that  is  cotOu^^)  a  cot^  +  cot^  +  cot  C; 
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and  it  may  bo  shown  that  the  cotangents  of  tUBC,  OCA,  Ac, 
have  the  same  value. 

Def. — The  points  O,  O'  we  eaUed  the  Brocard  poiiUe^  and  » the 
Broeard  angle  of  the  triangle, 

49.  The  ratios  of  the  normal  co-ordinates  of  a  point  are 
sufficient  to  determine  its  position.  For  all  the  points  of  a 
given  line  drawn  through  A  are  such  that  ^ :  y  is  constant. 

The  following  Table  contains  the  normal  co-ordinates  of  some 
special  points : — 

If  hy  h\  W  denote  the  altitudes  of  the  triangle  of  referenced  J?  C, 
the  co-ordinates  of-- 

^  are  A,  0,  0 ;    -5  are  0,  A',  0 ;     (7  are  0,  0,  h"  ; 

centroid  JA,  \h\  JA";   or  simply   1/a,  1/3,  l/«; 

the  symmedian  point  a^h^  e\ 

incentre  r^r<^r\  or  1,  1,  1 ; 

excentre  -  r^,  r«,  Ta,  &c. ;  or  -  1,  1,  1,  &c. ; 

circumcentre  cos^,  cos^,  cos  C; 

orthoccntre     sec^,  sec^,  sec  C7; 

Q  elhy  aje,  bja; 

O'  h/e,  c/a,  ajh. 

Certain  points  related  to  the  triangle  have  been  named 
after  the  Geometers  Steincr,  Tarry,  Nagel,  and  others.  These 
will  occur  in  the  course  of  the  work. 

Cor, — The  orthocentre  is  the  isogonal  conjugate  of  the 
circumcentre. 

Babtcentbic  Co-okdinates. 

50.  The  areal  co-ordinates  of  a  point  M  are  the  areae  of  the 
triangles  BMC^  CMA^  AMB^  formed  hy  joining  Mto  the  tummite 
of  ABC,  Since  Mis  the  centre  of  gravity  (§  14)  q/"  masses  pro^ 
portionul  to  the  areas  BMC,  CMAy  AMB,  placed  at  the  paints 
A,  Bf  Cy  the  areal  co-ordinates  are  called  by  French  and  German 
Geometers  Babtcektiug  Co-obdixates. 
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If  the  areas  BMCy  CMA,  AMB  be  divided  by  ABC,  the 
quotients  are  called  the  absolute  Barycentric  co-ordinates  of  M, 
Hence  if  these  be  denoted  by 


oi,  A>  yi,    01  + A  +  ri  =  1- 


(149) 


Cor.  1. — If  a,  ^,  y  be  the  normal,  and  ai,  )8i,  yi  the  Bary- 
centric co-ordinates  of  a  point  3f,  then 


<h  ^  A  _  yi 
aa      hp      ey' 


(160) 


Citr,  2. — If  (a,  )8,  y),  (a',  jS*,  y)  be  the  absolute  normal,  and 
(ai,  P\f  yi)>  (a/,  )3/,  yi')  the  absolute  Barycentric  co-ordinates  of 
two  points  My  IT,  then  the  co-ordimates  of  a  point  P  such  that 
MP :  MP : :  -  /  :  m  acre  respectively 


la!  -^^  ma 
l-k-m 


lax  +  max 


,  &c.,  and    — = ,  &c. 


(151) 


51.  The  lines  ^  -  m)3  »  0,  a/l-  fi/m  »  0  m^^  the  side  AB  of 
the  triangle  of  reference  in  points  equally  distant  from  its  middle. 
For  if  /a  -  mp=  0  meet  AB  in  D,  we  have  BDC .  I  =  (7Z>^ .  m. 
Hence  ^i) :  DA  : :  m :  /;  therefore  (Z  +  m)  DA  s  m^^.  Simi- 
larly if  ajl  -film  meet  AB  in  2^,  we  have  {I  +  m)  ^2^  »  mBA. 
Hence  BD^  «  i)^ ;  therefore  D,  D  are  equally  distant  from  the 
middle  point  of  AB, 

DsF. — Two  points  P,  P*  which  are  such  that  pairs  of  lines  eon- 
neeting  them  with  any  angle  of  the  triangle  meet  the  opposite  side 
equidistant  from  its  middle  are  eaUed  isotomio  conjugates  with 
respect  to  the  triangle. 

Cor. — ^If  (a,  Py  y),  (a',  ^,  y')  be  the  Barycentric  co-ordinates 
of  isotomio  points  with  respect  to  the  triangle,  then 


F 


(162) 
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52.  The  following  are  the  Barycentric  co-ordinates  of  some 
special  points : — 

The  Lemoine  or  symmedian  point,     a*,  3*,  0*. 

Ill       111 


The  Brocard  points  Q,  O', 
The  third  Brocard  point, 


The  centroid,    .     . 
The  circumcentre, 
The  orthocentre,    . 
The  incentre,    .     . 
The  excentres, 

Steiner's  point, 


V'  c»'  a> '  ?  a**  i«* 

L    1    1 
a»'  ^'  c»' 

1,    1,    1. 

sin 2Aj  sin  2^,  sin  2(7. 

tan  A,  tan  B^  tan  C. 

sin  ^,  gin  B^  sin  C. 

-sin^,  sin^,  sin  C,  &c. 

1  1  1 

^«-^>'  c»-a»'  «»-*•' 


Barycentric  co-ordinates  are  for  many  investigations  simpler 
than  the  normal,  but  not  always.  Whenever  we  employ  them 
we  shall  state  it  explicitly. 

53.  To  find  the  equation  of  the  join  of  the  pointe  a'^y,  a"fi^'y. 
The  determinant 


0. 

/*. 

y 

a'. 

P'. 

i 

a", 

fi", 

i' 

=  0, 


(158) 


or  say  Zo  +  i/jS  +  Ny  =  0  is  evidently  the  required  equation,  for 
it  contains  a,  ^,  y  in  the  first  degree,  and  is  therefore  a  right 
line.  Again,  if  for  a,  ^,  y  be  substituted  the  co-ordinates  of 
cither  point,  the  determinant  will  have  two  rows  alike,  and 
therefore  vanishes  identically.  Hence  the  line  (153)  passes 
through  the  given  points.  The  foregoing  will  be  the  form  of 
the  equation  whether  the  co-ordinates  are  normal  or  Barycentric. 
If  they  arc  normal,  Z,  My  N  are  respectively  twice  the  areas  of 
the  triangles  formed  by  a'^y,  oL*pf*y'%  and  the  summits  of  the 
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triangle  of  refereDce  multiplied  respectively  by  sin^,  sin^, 
flin  C,  Sut  these  triangles  having  a  common  base  are  propor- 
tional to  the  perpendiculars  on  it  from  the  points  A^  B,  C. 
Therefore,  if  these  perpendiculars  be  denoted  by  X,  fi,  v,  the 
equation  (153)  may  be  written 

(X8LD-4)a+(/i8in^))S+(vsin  C)y  =  0,  or  Xxia+  fA^P  +  voy^O. 

That  is  in  Barycentric  co-ordinates  Xa+  /x^  +  vy  =  0.  Simee  when 
the  equation  of  a  line  is  written  in  Barycentrie  eo-ordinatea  the 
coefficients  k^  /if  v  are  proportional  to  the  perpendiculars  on  it  from 
the  summits  of  the  triangle  of  reference — a  result  which  is  other- 
wise evident. 


1.  Find  the  equations  of  the  joins  of  the  four  points  a^  ±fi,  ±  y. 

^iM.  a/a' ±  ^/iT  =  0,     ^//3'±7/y=0,     7/y±«/a'=0.         (164) 

Hence  they  mtenect  in  pairs  at  the  summits  of  the  triangle  of  reference. 

b,        e 


2.  The  determinant 


=  2A(a'-a"). 


(166) 


For 


Jf,     N 


1 
e 


0,     -r,      0 
a,       fi\     2 A 
a",      /8",     2A 


Jf,       N 
0,     -r,      * 

«»     fif    y 

a  »      fi  f    7 

3.  Find  the  equations  of  the  joins  of  the  following  pairs  of  points : — 

1**.  Orthocentre  and  centroid. 
Am.  aan2Aaji(B-C)+fiBm2B9m(C''A)  +  y9m2CBm{A-B)^0. 
This  is  called  the  line  of  JBuier,  (166) 

2*.  The  circumcentre  and  symmedian  point  {diamiter  o/Braeard). 
Am.  a8in(.B-(7)  +  ^8in(C-^)-h7sin{^--B)  =  0.     (167) 

3*.  The  Biocard  points  a,  a'  {ihs  Broeard  Urn). 

Am.  («*-*M)-+  (A*-«»a«)^-|-  (<T*-a>4>)3^.     (168) 

ti  0  e 

4*.  The  oentxoid  and  symmedian  point. 

Am,  (4»-«»)«a+(<»»-a«)*j3+(a«-P)ry«0.     (169) 

t2 
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TKiLmEAB  Poles  akd  Polaes. 

54.  CoTEs's  Theobeh. — If  on  each  radius  vector  through  ajhnd 
point  Of  and  meeting  the  sides  of  the  triangle  of  reference  in  the 
points  Bi,  E^y  B9,  there  be  taken  a  point  R  so  that 

SI  OR  =  1/0^1  +  l/Oi?,+  l/OR^. 

The  locus  of  R  is  a  right  line. 

Dem.— Let  0  be  taken  as  origin  of  Cartesian  co-ordinates,  and 
the  equations  of  the  sides  of  ARC  be  given  in  their  standard 
forms  «  cos  a  +  y  sin  a  -  jp  »  0,  &c.  Then,  if  OR  make  an 
angle  $  with  the  axis  of  x,  we  have 

Oi2i=i?7cos(e-a),  Oi2,  =  i?7cos(fl-i8),  Oi?,=i>"7co8(tf-y). 

Hence  denoting  OR  by  p,  we  get 

3      cos  (g  -  a)      cos  (g  -  )8)      cos(g-y) 


,w 


or 


p  p  p  p 

cos(«-a)      1      cos(g-j3)      1      cos(fl-y)      1 


p'  p 


jf 


-  -  + 
P 


P 


fff 


0; 

P 


«coso+y8ino-y     «co8  jS  +  y  sin/S-j*" 

4?  COS  y  +  y  sin  y  -  jp"' 


/// 


P 

or  as  it  may  be  written 

a/it?'  +  PIP"  +  y/i?"'  =  0.  (160) 

Def. — The  line  (160)  is  called  the  polar  line  of  0  with  ret^ 
to  the  triangle,  and  0  is  called  the  pole  of  the  line  (Salxok,  M^i^ 
Curves),  or  for  shortness,  trilinear  pole  and  polar  (Mathxeu). 

Cor.  1. — The  polar  line  of  the  point  a',  ^',  y 

is  a/a' +  )S//8' +  y/y  =  0.  (161) 

Cor.  2. — The  trilinear  polar  of  a  point  has  the  same  fom  i& 
normal  and  Barycentric  co-ordinates. 
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Car,  3. — If  la  =  mfi  =  ny  be  three  concurrent  lines,  the  tri- 
linear  polar  of  their  common  point  is 


la  +  mfi  -^  ny  -  0, 


(162) 


Car,  4. — The  line  connecting  a  point  0  with  any  summit  of 
the  triangle  of  reference  and  the  trilinear  polar  of  0  meet  the 
opposite  side  in  points  that  are  harmonic  conjugates  with  respect 
to  the  remaining  vertices.  For  makingy^O  in /a  +  m)8  +  ny  =  0, 
we  get  la  +  mfi  =  0,  which  is  the  harmonic  conjugate  of  ^  -  mfi 
s  0  with  respect  to  a  and  fi. 

ThEOBT   of  THK   CoiCPLEIE   QvAnBIIATEBAL   OB   QtJADRANOLE. 

55.  Dbp.  I. — The  figure  formed  hy  four  lines  a,  J,  c,  d  produced 
indefinitely  y  no  three  of  which  are 
coneurrenty  is  called  a  complete 
quadrilateral.  The  lines  are 
called  the  sides  of  the  quadri- 
lateral,  Ihe  intersection  of 
the  sides  its  summits.  There 
are  six  summits,  which  consist 
of  three  cauples.  Ay  A';  By  B^', 
Cy  C  of  opposite  summits.  The 
joins  of  opposite  summitSy  viz. 
AA\  BFy  CC'y  are  called  the 
iiegonals.  The  triangle  formed  hy  them  is  called  the  diagonal 
triangle  of  the  quadrilateral.  (Steineb.) 

Dbp.  n. — The  figure  formed  hy  four  points  A,  B,  Cy  D  and 
Mr  joins  is  called  a  complete  quadrangle.  The  points  are  called 
iU  ntmmits ;  and  the  joins  of  the  summits  are  called  its  sides.  There 
we  iix  sides  which  consist  of  three  pairs  of  opposite  couples y  AB  and 
CD,  BC  and  AD,  CA  and  BD.  The  point  of  intersection  of  two 
^ppmte  sides  is  called  a  diagonal  point.  There  are  three  of  these 
fom^.  The  triangle  formed  hy  them  is  called  the  diagonal  triangle 
«/  (he  quadrangle.  (Stkikbb.  ) 
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Dkf.  m. — A  quadrilateral  whose  three  diaganaU  are  the  sides 
of  the  triangle  of  reference  is  called  a  standard  quadrilateral ;  and  a 
quadrangle  whose  diagonal  points  are  the  summits  of  the  triangle  of 
reference  is  called  a  standard  quadrangle. 

56.  The  equations  of  any  four  lines  F  »  f^  +/jy  +  /j  =  0, 

no  three  of  which  are  concurrent,  are  connected  by  an  identical 
relation  of  the  form 

fF+gO  +  hM+kKmO  (168) 

where  f  g,  h,  k  are  constants. 

Dem. — Such  an  identity  requires  that  jj^l + ^^i  +  AAi  +  liiti  ■  0, 
#i+yya  +  A^  +  ^^=0,  #,  +  y^8  +  ^  +  ^"0.  Hence (Salmok, 
Modem  Algebra,  page  4),  the  values  of/,  g,  h,  h  are  proporfaoiud 
to  the  minors  of  the  matrix 

fu    giy     hu     hi 

f\y    g%%    h%,    hi 

fly     gzf      hzi      k^ 

These  minors  each  differ  from  zero,  since  no  three  of  the  lines 
are  concurrent.  This  proposition  may  he  stated  and  proved 
differently  as  follows : — 

If  a,  P,  y  be  any  three  lines  forming  a  triangle  ABC,  Ai 
equation  of  any  fourth  line  BF  is  of 
the  form  la  +  m^  +  »y  =  0. 

Dem. — ^Now  since  CB  passes 
through  the  intersection  of  a  and  P  its 
equation  is  of  the  form  la,  +  m^  a  0, 
§  30,  and  since  BF  passes  through 
the  intersection  of  la,  -f  m^  =  0,  and 
y  =  0,  its  equation  is  the  form 

la  +  mfi  -I-  My  =  0. 

57.  In  every  complete  quadrilateral  each  diagonal  ie 
harmonically  by  the  two  others. 
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Dem.— It  resnlta  from  (163)  that  fF+  gO»-  ikH+  kK). 
Therefore  the  equations /^-!-;$=iO,  hS-\-kK=  0  represent  the 


same  line.  This  line  passes  throagh  the  point  of  concotirse  of 
F  and  O,  and  throngh  that  of  H  and  K.  It  is  therefore  th(i 
diagonal  M,  from  vhicli  it  foUoTS  that  tlie  equations  of  the 
diagonals  are 

Jf-/P+  gO--  {hE+  kK)  -  0, 
ilT -/F  + A^- -  (yfl  +  iJT)  -  0, 
P  ~fF+kK^  -  igO  +  AJ7)  =  0. 
Hence  IF  -  F  m  (hS  -  iS) ;  but  iV  -  P  =  0  represents  the 
line  passing  throngh  7,  and  /tff-  ifthe  line  passing  through  4. 
Hence  the  equation  of  the  line  47  is  kS-  iK  =  0  ;  it  is  there- 
fore the  harmonic  conjugate  of  M^  hS+  kS=  0  with  respect 
to  the  lines     S=  0,     ^  =  0  ;    .-.  (2578)  =  -  I. 

Cor.  In  every  complete  quadrangle  any  two  diagonal  points  arc  ■ 
separated  harmonically  by  the  pair  of  opposite  sides  passing 
through  the  third  diagonal  point. 

For,  if  the  complete  quadrangle  be  2356  the  diagonal  points 
are  I,  4,  7,  and  the  line  17  is  divided  harmonically  by  the  lines 
35,  26.  This  follows  from  the  tact  that  the  pencil  (4-2578)  is 
harmonic. 
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58.  The  quadrilateral  whose  sides  are  ^  +  mfi  +  ny  a  0(1), 
/a  +  m)8-ny  =  0(2),  /a-m)8  +  ny-0(3),  -/a+ m)8  +  ny«»0(4), 
or  say  the  four  lines  la  ±  mfi  t  ny  =  0  is  a  standard  quadrilateraL 

For  (1)  ~  (2)  s  2ny  =  0,  (3)+(4)  a  2ny  =  0.  Hence  y  =  0  is  a 
diagonal. 

59.  Def. — Two  triangles  which  are  such  that  the  lines  joinmg 
corresponding  summits  are  concurrent  are  said  to  he  in  perttpeetive^ 
the  point  of  concurrence  is  called  the  centre  of  perspective. 

Prop. — Two  triangles  whose  corresponding  sides  intersect  in 
collinear  points  are  in  perspective. 

Dam. — Let  one  be  the  triangle  of  reference,  and  let  the  line 
of  coUinearity  he  la  +  mft  +  ny  =  0.  Then  evidently  the  equa- 
tions of  the  sides  of  the  other  triangle  are  Va,  +  mp  +  iiy  »  0, 
la-s-  m'P  +  ny  =  0,  la  +  mfi  +  »'y  =  0  ;  and  taking  the  differences 
of  these  in  pairs  we  get  the  concurrent  lines  (/-/')a=  {m-m')P 
=(n-n')y,  which  arc  evidently  the  joins  of  corresponding  vertices. 

Def. — The  line  of  coUinearity  of  the  points  of  intersection  of 
the  corresponding  sides  of  triangles  in  perspective  is  called  their 
axis  of  perspective. 

EXEBGISES. 

1 .  The pointe  (a',  $',  y) ;  (- a',  $\  -/) ;  {a\ -$',-/);  {a,  fi\  - y*)  aw  the 
summits  of  a  standard  quadrangle. 

For  the  pairs  of  opposite  sides  are 

ala'  ±$lfi=0  fil0  t  7/y  =  0  7/7'  ±  aja  =  0, 
equation  (154),  and  each  pair  intersect  in  a  summit  of  the  triangle. 

2.  The  triangle  formed  by  any  three  sides  of  a  standard  quadrilateral  is  in 
perspectiye  with  the  triangle  of  reference,  the  axis  of  perapeotiye  being  the 
fourth  side  of  the  quadrilateral,  and  the  triangle  formed  by  any  three  summits 
of  a  standard  quadrangle  is  in  perspective  with  the  triangle  of  reference,  the 
centre  of  perspective  being  the  remaining  summit  of  the  quadrangle. 

3.  The  trilinear  polars  of  the  four  summits  of  a  standard  quadrangle  form 
the  sides  of  a  standard  quadrilateral. 

4.  The  centres  of  perspective  of  the  triangle  of  reference  and  each  of  the 
four  triangles  formed  by  the  sides  of  a.standard  quadrilateral  form  the  summits 
of  a  standard  quadrangle,  and  the  axes  of  perspective  of  the  triangle  of 
reference  and  each  of  the  four  triangles  formed  by  the  summits  of  a  standard 
quadrangle  form  a  standard  quadrilateral. 
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6.  If  the  lines  la^-m^  +  ny  s  0,  all  +  film  +  yjn  s  0,  meet  the  sides 
BCj  CAy  ABf  of  the  triangle  of  reference  in  the  points  A',  B*,  C\  Ai,  Bi,  Ci, 
respeetiyelyy  then  the  pain  of  lines  AA',  AA\ ;  BB,  BB\ ;  CC,  CC\,  are 
isogonal  or  isotomic  conjugates  according  as  the  co-ordinates  are  normal  or 
Barycentiic. 

6.  If  two  points  be  isogonal  conjugates,  their  trilinear  polars  are  isogonal 
transrersals ;  and  if  they  be  isotomic  conjugates,  the  polars  are  isotomic 
transTersala. 

60.  To  find  the  length  of  the  perpendicular  from  the  point 
a%  P',  y  on  the  line  la  +  mfi  +  ny  =  0. 
This  equation  in  Cartesian  co-ordinates  is 

2/  («  cos  a  +  y  sin  a  - 1?)  =  0 ; 
and  the  distance  of  the  point  d/y'  from  this  line  is 

S^(^cosa  +  y' sin  a -J?) 
^/pTcos  af  -f  (2/  sm^' 


or    {XloT^I^/P  +  w'  +  «•  -  2mn  cos  A  -  2nl  cos  JB  -  2lm  cos  C ; 

pntting    ^yi^+tn^+n*  -  2mn  cos  A  -  2nl  coaJB  -  2lm  cos  C=0. 

The  perpendicular  distance  of  a'yff'-/  from  (/a  +  mfi  +  ny)  is 

{la'-^m^+nY)lO.  (164) 

61.  To  find  the  angle  hetween  the  lines 

/a  +  m)8  +  ny  a  0,     ^a  -I-  m'fi  +  n  y  =  0, 

let  V  denote  the  angle  hetween  the  lines.      Then  if  when 
transformed  into  Cartesian  co-ordinates  they  hecome 

AB'-A'B 


we  have 


8inr= 


or 


The  numerator  of  this  fraction  is 

A,     B 

A',    W 
I  coBa+m  co8^  +  n  cosy, 

/'  cos  a+  m'cos  ^  +  n'  cos  y, 


/  sina+w  sin^  +  n  siny 
^sina+m'  sin^  +  n'siny 


A 
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» 

The  Eight 

Line. 

That  iB  the  product  of 

/,     m,     n 

cos  a,     C08)9,     cosy 

V,    m\    »' 

sin  a,     sinjS,     siny 

Hence  the  numerator  is 

/,           m, 

n 

V,          m', 

n! 

f 

ojiA 

,     sin^, 

sin  C 

(165) 


and  the  denominator  is  evidently  DO'.     See  §  60. 

Car.  1. — The  vanishing  of  the  determinant  (165)  is  the  con- 
dition of  parallelism  of  the  lines 

/a  +  m)8  +  ny  =  0,     I'a  +  m'P  +  n'y  =  0. 

Cor.  2. — The  equation  of  the  line  at  infinity  is 

asin^  +  )3sinj9  +  ysinC»0,  (166) 

for  the  determinant  (165)  is  the  condition  that  the  lines 

la-\-  m^  +  ny  =  0,     Va+  mffi  +  n'y  =  0 

should  intersect  on  that  line. 

Car.  3.— If  Ax-\-  Bf/+  C^O,  A'z  +  -B'y  +  C'=  0  be  per- 
pendicular, AA'  +  BB! »  0,  §  27.  Hence  the  condition  that 
hk  +  m)8  +  ny  =  0  may  be  perpendicular  to  ^a  +  m'^  +  n  y  =  0  is 

(S/  cos  a)  (2/'  cos  a)  +  2(/  sin  a)  2(/'  sin  a)  «  0, 
or        V! + mwl  +  nrt!  -  {mn'  +  m'n)  cos  A  -  (n/'  +  n't)  cos  -5 

-(/»»'  + /'w)  cos  C  =  0.  (167) 

Car.  4. — ^Every  line  is  parallel  to  the  line  at  infinity,  and 
every  line  is  perpendicular  to  the  line  at  infinity.  The  first 
follows  from  (165)  by  substituting  sin  ^,  sin  ^,  sin  C  for  ^,  m\  W 
and  the  second  from  (167). 

Car.  5. — The  condition  that  la  +  mp  +  »y  =  0  may  be  perpen- 
dicular to  y  is    n  s  m  cos  ^  +  /  cos  j9.  (1^^) 

Car.  6. — ^The  angles  which  la  +  mp  +  ny  =  0  makes  with  a,  ^,  y 
are 
sin  F'a  =  (nsinj5-jn8in  C)/0,  sin  F^  =  (/  sin  C7- n  AaA)IQ, 
sin  ry=(msin^  -/sin-5)/0.  (169) 
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CXCLIC  POIKTS — ISOTBOPIC  LiNES. 

62.  The  fanction  denoted  by  O',  §  60,  being  the  sum  of  two 
aquares  breaks  up  into  the  two  imaginary  factors 

(5/  cos  a)  ±  V^-  1  (2/  sin  a), 
or  fo^  +  mt^  +  n^Y     and    1$-^  +  rne^  +  n^v. 

The  quantities  d*«,  d^,  «•>,  and  er^^e^^  ff^y  are  the  co-ordi- 
nates of  two  imaginary  points,  say  the  points  /,  J,  which  are 
called  cyclic  points.  They  are  at  infinity,  for  if  we  form  the 
equation  of  their  join  we  get  a  sin  ^-i-)8  sin  JB+y  sinC=0,  which 
is  the  line  at  infinity,  and  we  shall  see  in  Chapter  m.  that  every 
circle  passes  through  them. 

63.  Dkf. — The  join  of  any  real  point  to  either  lor  J  is  called  an 
isotropic  line. 

The  join  of  a'^S'/  and  /is 

a%       P,        i       =0. 

e^,      e^j       &>i     \ 

or  J&-+  Te^-^-Ze^y  =  0,  where  X-  03/-  p!y),  &c. 

the  join  of  o'^/  and  J\&  Xe^  +  Ye'^  +  Ztr^y  =  0. 

product  of  the  equations  of  the  two  isotropic  lines  from  a'P'-/  to 

jn+r»  +  Z"-2XFcosC-2Z2'cos^-2ZXcos-5  =  0.     (170) 

64.  If  Zj>  Lj  denote  the  powers  of  the  points  /,  •/'with  respect 
to  the  line  Z  «  ^  +  mp  +  ny  =  0.  Then  the  condition  ( 1 67)  that 
the  lines  Z  ■  ^  +  mjS  +  ny  «  0,  Z's  Va  +  m'P  +n'y  =  0  may  be 
at  right  angles,  can  be  written  LjL'j  +  L'jLj  =  0.  Now  let  M 
be  the  finite  point  of  intersection  of  Z,  Z',  and  if  Z  pass  through 
/,  the  condition  just  written  proves  that  Z'  passes  through  /; 
therefore  L'  coincides  with  Z.  Hence  a  line  which  passes  through 
either  cyclic  point  is  perpendicular  to  itself. 


Similarly 
Hence  the 
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The  Right  Line. 


EXEBGISES. 

1.  Find  the  equation  of  the  perpendicular  to  the  side  y  of  the  triangle  of 
reference  at  its  middle  point. 

Am.  a  sinu^  -  i3  Bin3  +  7  Bin  (^  -  ^)  b  0.     (171) 

2.  Find  the  condition  /a  +  miS  + 117  «  0  maj  be  pexpendicolar  to  itself. 

Ans.  a  »  0. 

3.  Find  the  equation  of  the  line  a'fi'y  parallel  to  2a  -I-  m/B  +  ii7< 

Let  I'a  +  m'fi  +  n'7  =  0  be  the  required  parallel;  then  since  it  passes 
through  a'pfyy  we  haye  Va  +  m'pf  +  fiV  =  0  ;  and  the  condition  (166)  of 
parallelism  may  be  written 

r  (m  sin  C  -  fi  sin  P)  +  m'  (n  sin  ^  -  /  sin  (7)  +  n'  (/  sin  ^  -  m  ain  A), 

Hence  eliminating  T,  m\  n',  we  get 

a,         a\        m  zmC  "  n  sin  B 

P,        fi\       nanA-loRC     •  (172) 

y,        y,        I  ^£-  man  A 


4.  Prove  that 
tanr§61 


(fnn'  -  m'n)  sin  ^  +  (wf  -  ft'/)  sin  J  +  (InC  -  I'm)  sin  C 
W'+mm'+««'-(m»'+m'ft)coB-4  -  (nl* +«'/)  cos -B-(/m'+rm)  cos  C' 

(173) 
6.  Find  the  equation  of  the  perpendicular  to  /a  +  m$  +  ny  through  a'/B'y. 

6.  If  8a,  9bf  9c  be  the  distances  of  A,  S,  C  from  the  line  /a+  miS  + 117  b  0 

prove  that 

4A>  i=  Xa^Ba^  -  2  2abBa  9b  GOB  C,  (174) 

Leti?,  q,  r  be  the  altitudes  of  ABC,  we  have  Ba  =  (p/Xl»  St  »  m^/X^ 

Bt  =  nrfCi.    Hence  /  =  fi  .  Bafp,    m  =  Q.  Bbig,    n  s  fi .  Se/r, 

but 

a^^P-k-m^-^n^-  2lm  cos  C-  2  mn  cos-4  -  2#i/  cos  -»  (J60) 

therefore 

1      ^'•*     o*  Ba.BbCOsC  ,    .  2A   . 

1  =  2  -r  -  2  2 ;  but  j>  =  — ,  «c. 

P  P'9  « 

Hence  the  proposition  is  evident. 

7.  Prove  that  the  parallel  through  a'^y  to  the  join  of  a"i8V'.  a^'^''^ 
is 

«»  i8.  7 


»// 


ff,  y' 

a-,i",     tl'-H",     i'-t'" 


=  0. 


(176) 
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8.  ProTe  that  the  join  of  the  orthocentre  and  centroid  is  perpendicular  to 
a  co«^+  iScoe^-f  7CO8C=0. 

Ds7. — A  line  BB  cutting  the  tidet  CA,  CB  of  the  triangle  of  reference  to 
that  the  triangle  ODB  ie  inwrtelg  similar  to  CBA  it  called  an  antiparallel  to 
the  bate. 

9.  II    2a  +  mi3+»7beantiparallelt0  7,  proye  that 

/sin^-msin3-ftsin(^-^)  =  0.  (176) 

10.  ProTethat 

4A«  =  2a»  (8a  -  9b)[9a  -  »•).    See  ex.  6.  (177) 

11.  Jila-¥mfi  ■¥  ny  =  0  be  the  equation  of  a  line  in  absolute  Barycentric 
GO-oidinatea,  proTe  that  the  distance  of  the  point  a,  jS',  7'  from  it  is 

U' +  m$' ■\- ny\  (178) 

12.  If  i2  be  the  circumradius  of  the  triangle  of  reference,  proye  that  the 
perpendiculars  from  its  summits  on  Euler's  line,  equation  (166),  are 


2i2cosu^sin(B-  C7)/Vl  ~8cos^  cosBcoaC,  &c. 


(179) 


13.  Proye  that  the  locus  of  the  centres  of  mean  distances  of  the  points  in 
which  parallels  to  /a  +  m/B  + 117  =  0  meet  the  sides  of  the  triangle  of  reference 
i»f 

a/(ii8in^-msin(7)+i3/(/sin(7-itsin^)  +  7/(msin^-;sinP)=0.     (180) 

[Hake  use  of  equations  (169).] 

14.  If  the  points  e^fi'y,  a'fi"y'  subtend  a  right  angle  at  0J87,  proye  that 
aa»{i8'i8"  +  7-7"+  (fiY+0'y')  cos ^}  -  2aB{air'-^a"^  + 

(7V'  +  7 'a')  cos  ^  -f  (i8'7"  +  fi"y)  cos  -B  -  27'  7"  cos  C7}  =  0.      (181) 

15.  If  the  equation  oa'  +  6)9^  +  <?7>  +  2hafi  +  2ffiy  +  2gya  =  0  ropresent 
two  perpendicular  lines,  proye  that 

a  +  *  +  c-2/cos^-2^cos5-2Acos(7=0.  (182) 

16.  If  the  same  equation  ropresent  two  parallel  lines,  proye  that 

a,  h,  g,  sin  A 

hf  b^  ff  tin  B 

g,  /,  Cf  sin  C 

■in  ^,  iin  ^y  sin  0,  0 


0. 


(183) 
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DiSTAKCE  BETWEEN  TwO  PonTTS. 

65.  To  find  the  distance  S  between  two  points  aijSiyi,  a^iYf 
From  the  given  points  draw  perpendiculars  to  the  aides  AB^ 

AC  of  the  triangle,  and  from  (hPtyt  draw  parallels  to  AB^  A C. 

Then  denoting  iOThy  I,  we  have 

s«8in«-4  =  /»=(A-)80'+(yi-r0*+2(i8i-A)(ri-r0co6^, 

hut      {pi  -  P2)  -  {cL  -  fliV^)/2A,  yi  -  y.  =  {oM-  5Z)/2A  ; 
therefore  (155) 

4A»S»8in»-4  =  (<?Z  -  fliVO'  +  {oM-  hZy  +  2  (<?Z  -  aN){aM 

-  JZ)  cos  -4 

=  fl«(Z»  +iP  +iV^  -  2ifiV^co8^  -  2iVZ  cos^  -  2Zitf^cos  C], 

Kence 

R 
S  =  t-a/Z»  +  iP  +  iV»  -  2JO'co8^  - 2iV^Z  CO8.&-  2Zlf  cos  C. 

(184) 


^0.0) 


{p,(J,0) 


(0,0,7JC 


Cor, — The  quantity  under  the  radical  is  the  power  of  either 
of  the  given  points  with  respect  to  the  pair  of  isotropic  lines 
drawn  from  the  other  to  the  cyclic  points. 


EXEBGISES. 


1.  Prove  that 


,,      1  (ai  -  a2)'  sin  2A  +  (jSi  ~  fit)^ ain  2fi  -\-  (71  -  72)' sin  20}       ,,^^^ 

2  sin  ^  8IQ  ^  8m  C/  ^ 

This  may  be  reduced  to  (184)  by  substituting  for  (ai  -  at),  &c.,  their 
values  from  equation  (165). 
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2.  ProTethat 


abc 

»'  -  -  ^a« (i8i  -  /J»)  (71  -  7«)- 


(186) 


3.  The  distances  of  aiiSiTs  from  the  summits  d  the  triangle  of  refe- 
rence are 

V(c^+i8»  +  2«iBco8  (7)/8in  (7,  &c.  (187) 

4.  FroTC  that  the  distance  hetween  the  points  of  intersection  of 

ia  •¥  mb  -\' ny  ss  0 

with  the  lines    l\a  +  mip  +  niy  s  0,     lta  +  majS  +  nry  =  0, 

is  A  (/,  mu  ff3)/{(/,  Ml,  sin  (7)(/,  ma,  sin  C7)}.  (188) 

where  (/,  mi,  H2)  denotes  the  determinant 

/,      m,      It 

/i,    mi,    If 

/],    mif    111 


Abea  op  T&ianole. 
66.  To  find  the  area  of  the  triangle  whose  summits  are  ai)3iyi, 

If  the  axes  be  oblique,  the  area  of  the  triangle  whose  sum- 
mits are  a?iyi,  x^^,  a?^,  (§  8),  is— 


sin  CD 


1,      1,      1 

But  taking  as  axes  the  lines  a  =  0,  )9  =  0,  we  have 

sin  <u  =  sin  C7,     a?isin  <u  -  ai,     yjsin  co  =  ^1,     &c. ; 
therefore 


A' 


cosec  C 


1,      1,      1 


cosec  C 
2T 


r,    r,    r 


Now,  taking  J'Ea8in-4  +  )88in^  +  y8inC7=  A/i2,  we  get, 
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A'.^ 
2A 


2A 


(189) 


diminishing  the  last  row  by  the  sum  of  the  first  multiplied 
by  sin  ^  and  the  second  by  sinj9, 

Pit     Pit    Pi 

Or  thus : — ^Writing  the  equations  ai  b  0,  &o.,  in  Cartesian 

co-ordinates, 

a?  cos  ai  +  y  sin  a  -  |?i  e  0,  &c. 

By  multiplication  of  determinants,  we  have 


^1,     <ht  "a 

Pit    Pit  Pz 

yii     r»»  73 
therefore 


^It 

Vlt 

1 

X%y 

yit 

1 

X 

«J, 

Vit 

1 

cos  a,  Bin  a,  "Px 
cosPf  sin)9,  —  j^t 
cosy,  siny,  — /^ 


2AT^ 


A'  =  (a,j3,y8)/2r=  i2(oiAy,)/2A. 

Cor.  1. — If  ai,  Pif  yi,  &c.,  be  not  the  actual  lengtlis  of  the 
co-ordinates,  let  them  be 

(mitti,  miPi,  Wiy,) ;    (mjo,,  iw^j,  »hy,) ;    (iWjo.,  m,/8»  m,y,), 
and  we  get  ^i  -  Emimimt(aiPty^)l2^.  (1^0) 

Cor.  2. — To  find  the  factors  mi,  m^,  nts,  we  have  evidently 
Witti  sin  -4  +  WijSj  sin  j9  +  wiiyi sin  C  =  T=  A/^ ; 
or  nhTi  =  A/i2 ; 

therefore  m'  =  A/i?7\.  (191) 

Cor.  3.—  Ai  =  A'(aij9ay,)/(2^r, ^,7;).  (192) 

EXEBOISES. 

1.  Find  the  factors  m  of  proportionality  for  the  following  points— 

1".  The  symmedian  point ;  2".  The  oircumoentre ;  3*.  The  orthocentre. 

2.  Prove  that  the  area  of  the  triangle  formed  byorcoaa  +  yaina^i?  and 
the  line  pair  tu^  +  2hxy  +  ^'  =  0  is 

p^  VA'  -  abl{a  sin*a  -  2A  sin  a  cos  a  4  6  0OB*a).  (193) 
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3.  Find  the  area  of  the  triangle  formed  hy  the  lines 

iia  4  mifi  +  niy  =  0,     fea  +  mtfi  +  nry  =  0,     fea  +  msB  +  n^  «=  0. 
SolYing  hetween  the  second  and  third,  we  get  the  co-ordinates  of  their 
point  of  intersection  proportional  to  the  minors  Xi,  Jfi,  Ni  of  the  determi- 
nant (/iffttMs)*    Hence,  in  this  case, 

Ti^  ZiorA  +  Ifi  sin  J7  +  i^Ti  sin  (7,  &c. ; 
and  snbstituting  in  equation  (191),  we  get  the  area. 

4.  If  (Ai,  /ii,  ¥i) ;  (X2,  /A2,  yi) ;  (As,  /«»  n)  be  the  absolute  barycentric 
Go-ordinates  of  three  points,  proye  that  the  area  of  the  triangle  whose  sum- 
mits they  are  is  A  (Aifitrs)* 

COMPLEVSNTAKY   PonTTB  AND  ElGTTBES. 

67.  Let  A\  W,  C  he  the  middle  points  of  the  sides  BC,  CA, 
AB  of  the  triangle  of  reference.  TTien,  if  M,  M*  be  homologous 
"points  with  respect  to  ABC,  A!B'(Jy  M'  is  called  the  complemen- 
tary of  M^  and  M  the  anti-complementary  of  JIT, 

If  ^  be  the  centroid  of  ABC,  then  it  is  also  the  pentroid  of 
A'B'C;  that  is,  it  is  their  double  point.  Hence  G  divides 
MM'  in  the  ratio  2:1.  Hence  if  (a)8y),  (a'^S'/)  be  the 
absolute  barycentric  co-ordinates  of  Jf,  JT,  the  co-ordinates  of 

^  ar®—  g-f  2a^      p  +  2^'  ^  7  +  2/  ^  1 

8       '       3       "       3       *"  3' 

Hence  aJ-^,    ^  =  Il-«.    y'  =  4^,  (194) 

a  =  /3'+/-a',     )8«a'-i3'  +  /,     y^a'  +  yS'-'/.     (196) 
If  the  point  Jf  describe  any  figure  F,  M'  will  describe  a 
figure  -P.    ^  is  called  the  complementary  of  F,   and  F  the 
anti-complementary  of  F*. 


1.  If  three  concurrent  lines  be  drawn  through  the  middle  points  of  the 
sides  of  a  triangle,  parallels  to  them  through  the  summits  are  concurrent. 

2.  If  A\B\C\  be  the  triangle  formed  by  parallels  to  BC,  CA,  AB  through 
A  J  Bf  C,  the  triangles  AiB\Ci,  ABC  have  M,  M'  as  homologous  points. 

8.  In  nonnal  co-ordinates,  the  complementary  of  the  point  afiy  is  the  point 

— - — *,  -~r — ,  — ;  the  anti-complementary,  thepomt , 

2tf  26  2^  a 

Ac  (196) 

4.  Ccsitre  of  circle  ABC  is  complementary  of  orthocentre. 

e 
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StrPPLElCENTABr  PonTTS. 

68.  If  a^  Pj  y  he  the  normal  eo-ordinatee  of  a  point  M,  the 
point  JT,  whoee  eo-ordinates  or^^  +  y,  y  +  a,  a  +  fi  is  called 
the  supplementary  of  M. 

By  definition,  -^ =  — ^  =     ^     - 

)8  +  y      y  +  a      a-l-/8 

Hence,  if  we  seek  whether  if,  M'  can  coincide,  we  mast  have 

g P_  _  __y a  +  )3  +  y 

)8  +  y  ^  y  +  a  "  a  +  )8  "  2  (o  +  ^  +  y)  "  ** 

These  will  be  satisfied  either  by  a  « )3  =  y ;  that  b,  by  the 

incentre  of  the  triangle  of  reference,  or  by  the  points  of  the 

line  a  +  )8  +  y  =  0,  which  is  the  trilinear  polar  of  the  incentre. 

EXEBGISES. 

1 .  Any  point  and  ita  supplementary  are  collinear  with  the  incentre. 

2.  If  M  describe  the  line  la  4  m$  +  ny  =  0,  prove  that  if  deaciibes 

(/  +  i»  +  »i)(a  -f  iS  +  7)  -  2(/o  +  m/B  +  fiy)  =  0.  (197) 

3.  The  points  supplementary  to  the  summits  of  the  triangle  of  reference 
are  the  points  A\  B\  C^  where  the  internal  bisectors  meet  the  opposite  sides. 

For,  putting  n  =  0  in  (197),  we  see  that  the  supplementary  of  any  line 
^  +  miS  =  0  passing  through  C  is  the  line  (/  —  iirC){a  -  iS)  —  (/  +  m)  y  passing 
through  C . 

4.  The  supplementary  of  the  triangle  whose  summits  are  tbe  centres  of 
the  escribed  circles  is  the  triangle  of  reference. 

Tbiakglbs  in  Mttltiple  Psbspeciite. 

69.  Wc  have  given,  in  §  59,  the  fundamental  property  of 
triangles  in  perspective ;  but  here  we  shall  enter  into  more 
detail. 

To  find  the  condition  that  the  triangle  of  reference  may  he  in 
perspective  with  one  whose  summits  have  the  co-ordinates  ai^S^yi, 
os^Ssya,  oaj^syi,  or  whose  sides  have  the  equations 

lia-^miP  +  fijy  =  0,    ka-k-m^fi  +  n^y  =  0,    /^a  +  m^  +  nys  »  0. 

1^.  The  equations  of  the  joins  of  corresponding  summits  are 
easily  found  to  be  ^/)8,  =  y/yi ;  y/y,  =  a/oj ;  a/a,  =  )8/)8,.  Hence, 
eliminating,  the  condition  of  concurrence  is 

fiiyifh  -  yifhPv  (198) 
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Or  thus — 

Let  la  +  mfi  +  ny  s  0,  the  axis  of  perspective.  The  lines 
/ia  -I-  »ii/3  +  niy=  0  . . .  meet  BC,  CA,  AB  in  the  same  points  as 
-  ^  -  tn     fn\  n     n2    I      l^  ., 

'^       '  n      ni    I      I2    fn     th 

2^.  If  the  minors  of  the  determinant  {l\fJHn^  he  as  in  §  66, 
Ex.  3,  Zi,  Ifj,  Ni^  &c.,  the  summits  of  the  triangle  whose  sides 
are  /lO  4  iWijS  +  niy  =■  0,  &c.,  will  he  these  minors.  Hence,  from 
(198),  the  required  condition  is 

MiN^L,  =  N^InM^.  (199) 

70.  If  ABC,  AiBiCi  be  such  that  the  lines  AA,,  BBi,  CCi 
tare  concurrent  in  a  given  point,  say  (1,  1,  1),  the  co-ordinates 
of  Ai,  Biy  C|  are  of  the  following  forms  (mi,  1,  1),  (1,  m^,  1), 
(1,  1,  HI,),  and  the  triangle  ABC  can  be  in  six  different  wags 
in  perspective  with  AiBiCi — 

1«.  ABC,AiBiCrr  2°.  ABC,  B,C,A,\   3^  ABC,  C.AiBr, 

4^  ABC,  A^C^B^',  5^.  ABC,  C^BUi]  6°.  ABC,  B^AiC^. 

The  equation  (198)  gives  for  these  different  cases  the  follow- 
ing conditions,  viz.,  for 

2°  and  3°.  mim,m3«l;   4°.  m^^nh;  5°.   ms  -  mj ;   6°.  mi  =  mi, 

71.^  The  quantities  nii,  m,,  mj  denote  anharmonic  ratios, 

A 


For  let  P  be  the  point  (1,  1,  1),  the  equations  of  BP  and 

g2 
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BAi  are  a  »  y  and  a  »  my.     Hence  itii  is  equal  to  the  anliar- 
monio  ratio  {AA'PAi).     Similarly, 

From  §  70  we  have  the  following  cases  of  multiple  per- 
spectives : — 

(a)  If  m,  =  ffta,  ABC  is  in  perspective  with  AiBiCi  and  with 
'^iCiBij  and  the  triangles  are  biperspective ;  the  second  centre 
of  perspective  is  on  the  line  AAi,    Similar  results  follow  from 

ITIf  =  Ml    or   lfl|  ^  flt%, 

(b)  If  mxm%mi  ■>  1,  there  is  triple  perspective,  viz.  ABC  with 
^1^1  ^11  and  with  Bi  CiAi  and  CiAiBi. 

(r)  If  mi  .  w,  =  m, ;  that  is,  if  (AA'FAi)  -  {BBPBi) 
=  {CC'PCi\  there  is  quadruple  perspective. 


In  order  to  construct  ^i^i  Ci  in  quadruple  perspective  with 
ABC  J  being  given  ABC  and  P. 

Let  AP,  BP,  CP  meet  BC,  CA,  AB  in  ^',  B*,  C,  respec- 
tively. Join  B'Cf  cuttm^  B'C  in  A" y  and  drawing  any  line 
through  A",  cutting  BP  in  Bi  and  CP  in  Ci.  Again,  let 
C"  be  the  point  of  intersection  of  A'B*  with  AB,    Join  C'^i, 
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cutting  AB  in  Ai.    Then  AiBiCi  has  quadmple  perspective 
with  AJBC. 

For,   join  A"F,   C"F,  and    it    is    evident  that  {AA'PA^) 

(rf)  The  triangles  ABC^  AiBiCi  will  have  quadmple  per- 
spective if  mi  s  m,  a  l/y/m^. 

(#)  If  mi  =  ma  B  m,  is  equal  to  an  imaginary  cube  root  of 
unity,  there  will  be  a  sixfold  perspective,  but  then  the  triangle 
AiBiCi  is  imaginaxy. 


1.  If  in  the  txiangle  ABC  we  inscribe  A'B*C  in  pertpeetiye  with  ABC\ 
snd  in  A'VC,  A"B"C'  in  perspective  with  A'B'C,  then  A"B"C"  is  in 
penpective  with  AiBC. 

2.  If  A'VC  he  the  orthique  triangle  of  ABC  (that  is,  formed  hy  the 
feet  of  perpendiouhirs)  and  A"B^'C"  the  orthique  of  A'B'Cy  show  that 
the  normal  co-ordinates  of  the  centre  of  perspective  of  ABC  and  A"B"C" 
are  sec  u^  cos  2 A,  &c.,  and  that  it  is  a  point  on  Eulbr's  line. 

3.  In  the  same  case,  if  A"\  B^'\  C"  be  the  summits  of  the  triangle  formed 
hj  tangents  m  Ay  B^  C7  to  the  circle  ABCy  the  normal  co-ordinatee  of  the 
centre  of  perspective  of  A'BC,  A'"B'"C'"  ai^— 

sin  A  tan  A,    sin  P  tan  B,    sin  (7  tan  C, 

and  it  is  a  point  on  Extlbr's  line.  (Gob.) 

4.  Prove  that  the  isogonal  conjugate  of  the  centre  of  perspective  in  Ex.  3 
is  the  isotomic  conjugate  of  the  orthocentre  of  the  triangle  ABC,  and  also 
the  anti-complementary  of  its  symmedian  point. 

Dkf. — Thret  pfnntt,  whose  haryeentrie  eo-ordinatee  are  {a$'y'),  (jS'y'o'), 
{y'a'0'),  U  ealUd  an  itobarye  group  of  poinU, 

6.  The  triangle  fonned  by  an  isobaryc  group  is  triply  in  perspective  with 
the  triangle  of  reference. 

6.  If  the  triangle  ABC  is  in  perspective  with  AiBiCi,  the  sides  of 
A\BiC\  have  equations  of  form  * 

/i«  +  my  +  M<  =  0,     to  +  ifiiy  +  ns  s  0,     to  +  my  +  ftis  «  0. 

Bednee  from  these  equations  the  conditions  of  multiple  perspective. 
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Section  III. — Compabmon  op  Ponrr  and  Line 

CO-OBSINATES. 

72.  Dep. — The  coefficients  in  the  equation  of  a  line  aie  called 
line  co-ordinates.   Because,  if  the  coefficients  bo  known,  the  pod- 

tion  of  the  line  is  fixed.     Thus,  let  -  +  7  ~  1  ^  0  be  the  eqna- 

ad  ^ 

tion  of  a  line  ;  then,  putting  —  =1*,     ^  ^  ''^f  '^^  g®* 

a  0 


an*  +  y»  +  1  =  0, 


(200) 


In  this  equation  m,  v  are  called  line  eo-ordinates^  and  x,  y 
point  co-ordinates.  Ji  x,  yhe  fixed,  and  m,  v  variable,  we  shall 
have  different  lines,  but  each  shall  pass  through  the  fixed 
point  (ory).  Thus,  if  xy  be  the  point  {ab) ;  then,  in  Modem 
Geometry,  the  equation 


au  +  ip  +  1  «  0 


(201) 


is  called  the  equation  of  the  point  (ab),  and  the  variablea  «,  9 
arc  the  co-ordinates  of  any  line  passing  through  it.  Hence  we 
have  the  following  general  definition  : — The  equation  of  a  point 
is  such  a  relation  between  the  co-ordinates  of  a  variable  line  whiehy 
if  fulfilled,  the  line  must  pass  through  the  point;  thus,  if  the  point 
co-ordinates  00  satisfy  the  equation  of  a  Une,  it  must  pass  through 
the  origin ;  and  if  the  line  co-ordinates  00  satisfy  the  equation 
of  a  point,  it  must  be  at  infinity. 

73.  The  following  examples  will  illustrate  the  reciprocity 
between  both  systems  of  co-ordinates : — 


EXEBGI8ES. 


r.  Take  tHe  general  equation : — 
Equation  of  the  line, 
-4«  +  jBy  +  (7  =  0. 


Equation  of  the  point, 
Au-k^  Bv-¥  C=0. 
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We  shall  have — 


For  the  line  co-ordinates, 


""c'  '"c- 


For  the  point  co-ordinates, 


X  = 


c'  "-c- 


Cfr. — ux  +  vy  =  0  denotes  either  a  line  passing  through  the  origin  or  a 
point  at  infinity. 
2°.  Let  there  be  given 


Two  points, 
(x'y'),    l^y-). 


Two  lines, 


"We  shall  have— 


For  the  equation  of  their  line  con- 
fi^Y^nn^  called  ths  Join  of  the  two 
paints^ 


«,     y*     h 


=  0. 


For  the  equation  of  their  point  of 
intersection. 


r,      1, 
^\     1, 


« *>      .J* 


=  0. 


The  results  and  the  operations  which  lead  to  them  are  the  same  in  both 
The  significations  of  the  variables  only  are  different  since  the  deter- 
TwiT>Mni«  ifill  be  satisfied  if  we  put 


jf  =  te*  +  mx"y 
1  «  ;  +  m. 


I?  =  ^'  +  mr", 
1  s  /  +  m. 


For,  in  fact,  they  are  the  results  of  eliminating  /,  m,  1.    Between  these 


two  systems  of  equations,  we  shall  have,  putting  A-—  T) 


«=  -z , 

l  +  \ 

/  +  xy" 

^="iTX- 

Supposing  \  variable,  these  two 
equations  represent  the  co-ordinates 
of  any  point  of  a  row  by  means  of 
two  special  ones.  It  it  the  mott 
ftnermi  repreutUation  of  a  line  at 
the  heue  of  a  row  of  pointt.  Com- 
pare i  11,  Oor.  1. 


u'  4  Ku" 
1+X   ' 


V  = 


v'  ^K9 


t* 


1  +  X 


Supposing  X  variable,  these  two 
equations  represent  the  co-ordinates 
of  any  ray  of  a  pencil  by  means  of 
two  special  rays.  It  it  the  most 
general  repretentation  of  a  point  at 
the  vertex  of  a  pencil  of  ray t.  Com- 
pare §  85,  Oor,  2. 


88  The  Right  Line, 

74.  The  equation  (198)  can  be  rendered  homogeneous  b^ 

taking  - ,  -  for  point  co-ordinates,  and  -,  —  for  line  co-oidinatesy 

then  (198)  becomes 

dTtf  +  yv  +  xir  B  0.  (202) 

Cot, — V)  =  0  is  the  equation  of  the  origin. 


Tbbee-point  Line  Co-OBDnrATES. 

75.  If  a,  )9,  y  be  the  barycentric  co-ordinates  of  a  point  with 
respect  to  the  lines  of  reference  BC^  CA,  AB,  and  if  tia  +  v/S 
+  try  =  0  be  the  equation  of  a  line,  u,  r,  w  the  co-ordinates  of 
this  line  (§  53)  are  proportional  to  the  perpendiculars  from 
A,  Bf  C  on  the  line.  Hence  we  have  the  following  defini- 
tion : — The  absolute  co-ordinates  of  a  line  are  its  distances  8.,  8|, 
S«  from  the  summits  A,  B,  C  of  the  triangle  of  reference,  and  an 
of  the  same  or  different  signs  according  as  the  summits  are  on  the 
same  or  on  different  sides  of  the  line. 

76.  The  equations  (200)  and  (202)  express  the  union  of  the 
positions  of  the  point  and  the  line ;  in  other  words,  they  denote 
that  the  point  is  found  on  the  line,  or  what  is  the  same  thing, 
that  the  line  passes  through  the  point.  And  since  it  does  not 
vary,  if  we  interchange  u,  r,  w  with  x,  y,  x  we  have  the  follow- 
ing important  result : — In  the  equation  which  expresses  the  union 
of  the  positions  of  a  point  and  line,  point  and  line  eo-ordinates 
enter  symmetrically.  The  point  therefore  enjoys  in  the  geometry 
of  the  line  the  same  r6le  which  the  line  does  in  the  geometry  of 
the  point. 

77.  The  equation 

^.2(i'y-22^^^*cosC?=.0,  (208) 

denotes  the  cyclic  points. 

For,  if  a,  /8,  y  be  the  angles  which  the  lines  BC,  CA,  AB 
make  with  any  line  whatever,  the  equation  may  be  written 


2,  —  cos  a 
\     P 


)\(s^8inay=0, 
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[2  — [cosa  +  isina  jl  JS  — (  cosa- isina  j|  =  0, 

that 

\P  q  r       )\p  q  r       I 

wUch  proves  the  proposition. 


1.  If  the  coefficients  in  the  equations  of  a  given  line  be  connected  by  a 
given  linear  relation  it  passes  through  a  given  point. 

2.  If  the  vertical  angle  of  a  triangle  be  given  in  magnitude  and  position, 
and  I  times  the  reciprocal  of  one  side  plus  m  times  the  reciprocal  of  the 
other  be  given,  the  base  passes  through  a  given  point. 

3.  If  a  variable  triangle  ABC  have  its  vertices  on  three  concurrent  line» 
OAf  OB,  OCTwhich  are  given  in  position,  and  if  two  of  its  sides  pass  through 
fixed  points,  the  third  side  will  pass  through  a  fixed  point. 

For,  if  the  reciprocals  of  OA,  OB,  OChe  u,  v,  w  the  conditions  of  the 
question  give  ati  +  ^  +  1  =  0,  a'v  +  b'w  +1  =  0.  Hence,  eliminating  v 
we  get  a  linear  relation  between  u  and  w,  which  is  the  equation  of  the  point 
through  which  the  third  side  passes. 

4.  If  (if,  V,  w),  {u\  v\  w')  be  the  co-ordinates  of  two  lines,  prove  {iu  +  inu\ 
h  -¥  fltv'y  Uo  +  mw*)  are  the  co-ordinates  of  a  concurrent  line. 

6.  If  («,  V,  u),  {u',  v\  ««^  be  the  co-ordinates  of  §  72,  prove  that  the  line 
(/a*  -f  mt^,  h  +  mv'y  Iw  +  mw')  divides  the  angle  between  them  in  the  ratio 
of  section  / :  m. 

6.  The  anharmonic  ratio  of  four  lines  corresponding  to  the  values  (/i,  mi), 
(fe,  "H),  (/j,  «»3)i  (ki  W4)  is  equal  to 

7.  IfifsO,  9aO,  tr  =  0  in  the  equations  of  the  three  summits  of  the 
triangle  of  reference,  prove  that  the  equations  of  the  middle  points  of  the 

iideaare 

fi  +  i;  =  0,     v  +  ir=0,    «^  +  f#=0.  (206) 

8.  In  the  same  case  prove  that  the  points  at  infinity  on  the  sides  are 

tf-«sO,    »-ir  =  0,    ir-f#  =  0.  (206) 

9.  If  M  s  Oy  V  a  0,  tr  as  0  be  the  equations  of  three  points,  prove  that  they 
are  ooJIxnear  if  for  any  system  of  multiples  /,  m,  fi,  lu  +  mv-¥nwm  0. 


/ 
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MISOSLI.ANBOTTS  BXE&0I8ES. 

1 .  Find  the  equation  of  the  join  of  the  oiigin  to  the  inteneoticni  of 

2.  Prove  that  2gi? -^  Zxy  ~  2y*  -  8x  +  4y  s  0  denotes  two  lines  at  right 
angles. 

3.  The  opposite  sides  of  a  parallelogram  are 

«»  -  6«  +  6  =  0,    y«  -  13y  +  40  »  0, 
find  the  equations  of  its  diagonals. 

4.  If  X  =  0,  Z'  =  0  be  two  parallel  lines,  prove  that  X  -i-  X'  «  0  is  mid- 
way between  them. 

0.  Find  the  locus  of  the  intersection  of  the  diagonals  of  the  quadxilatenl 
formed  by  the  axes  and  the  lines 

-  +  ^-1  =  0,  — +4-i  =  o»*^  ▼«»y- 

ah  \a      Kb  ' 

6.  Find  the  equation  of  the  line  which  joins  the  intersections  of  the 
transverse  and  direct  joins  of  the  point-pair  a^  +  2;y« +0  s^O  with  the  point- 
pair  y'  +  2/y  +  tf  =  0. 

7.  Prove  that  the  lines  represented  by«'-ay-6y*  +  2«-y  +  l«0art 
inclined  at  an  angle  of  45'*. 

8.  If  AiBi,  A2B2 .  .  .  AnBn ;  CxDi,  Ctlh  .  .  .  C^n  be  two  systems  d 
segments  in  the  same  plane,  such  that  A\Bi  :  CiD\  <=  A%Bt :  CtJh  •  •  • 
=  AnBn :  CnDn  =  k\  and  if 

(^1^1,  CiLx)  =  {A2B2,  CM}  .  .  .  =  (^iJ5«),  CnDn)  =  a, 

the  resultants  of  these  systems  have  the  same  ratio  k^  and  are  i«ftli««^  at 
angle  a. 

The  proof  is  easily  inferred  from  §  3. 

9-14.  If  on  the  sides  BC,  AC,  AB  of  a  triangle  there  be  constructed 
externally  three  squares  BCEB,  ACFG,  ABKH,  and  if  ^%  IT,  (T  be  the 
centres  of  the  squares,  then 

1**.  The  middle  points  a,  b,  e  of  BC,  CA,  AB  are  the  centres  of  Bqnaies 
constructed  externally  on  the  sides  of  the  triangle  A*B'C,      (Kxubbho.) 
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For  Cc  =  and  perpendicular  to  ab,  ea^  and  perpendicular  to  bB' ;  there- 
fore the  resultant  of  Cc  and  ea  *=■  and  perpendicular  to  the  resultant  of  ab 
and  hB^ ;  that  is,  (Ta  «=  and  perpendicular  to  aB',  Hence  a  is  the  centre  of 
the  square  described  (m  B'C 

T.  The  quadrilaterals  BCOH,  GFBK,  HKCF  are  each  equal  to  B'C**. 

{Ibid.) 
For  it  is  easj  to  see  that  EC  s  and  perpendicular  to  BQ  ;  therefore  area 

BCOH=\HCBG^\HC*,    Again,  HA^CA'y/l  and  AC^AB"^', 

therefore  resultant  of  KA^  AC -^2  times  the  resultant  of  CA^  AB' ; 

that  is,  JTC  =  ^2  •  CB\    Hence  BCOH  =  JT  CT*. 

T.  The  lines  AA\  BB'^  CC  are  equal  and  perpendicular  to  the  sides  of 
the  triangle  JT  CA' .  (Ibid,) 

4\  The  lines  AA\  BO,  KF,  CH  are  concurrent.  (Ibid.) 

Let  F  he  the  intersection  of  BG,  CUy  then  in  the  cyclic  quadrilateral 
AFCO  the  angle  AVG  ^ACO=  ir/4.  In  the  same  manner,  in  the  quadri- 
lateral B  VCA'  the  angle  B  VA'  =  BCA'  =  ir/4.  Hence  AV,  A'V  are  the 
bisectors  of  the  angles  HVG,  B  VC.  The  demonstration  is  the  same  for  KF. 

5".  The  quadrilaterals  DEGH,  FGKD,  HKEF  are  each  equal  to 
^A'B-C.  {Ibid,) 

For  BO  =  and  parallel  to  2A'B\  and  EH  =  and  parallel  to  2A'C, 

S'*.  The  quadrilaterals  BCOKy  BCFH,  CAKE  are  each  equal  to  2A'B'C\ 

{Ibid,) 

15.  Find  the  locus  of  a  point,  the  sum  of  whose  distances  from  the  sides 
of  a  given  polygon  is  constant. 

16.  If  a  =  0,  iS  =  0,  7  =  0,  8  =  0  be  equations  of  the  four  sides  of  a 
quadrilateral  in  standard  form,  and  a,  b,  c,  d  their  lengths,  prove  that 
the  line  aa  — b^  •\'  ey  —  dS  ^  0  bisects  the  diagonals. 

D>p. — TKb  line  tohieh  biseett  the  diagonaU  of  a  quadrilateral  is  called  the 
Newtonian  of  the  quadrilateral, 

17.  The  Newtonians  of  the  five  quadrilaterals  formed  by  five  given  lines 
«i>  «S9  HSf  ««»  Ksy  taken  4  by  4,  are  concurrent. 

For,  taking  t/4,-ti5  as  axes  of  co-ordinates,  the  equations  of  «i,  ut,  tig, 

—  4-  Y^  -1  =  0,  &c.,  the  Newtonians  of  the  quadrilateral  uiuaum^  passes 
through  the  points  (Jai,  J&a),  (Jaa,  J^i).    Hence  its  equation  is 

(*i  -  A2) »  +  (ai  -  ««)  y  -  J  (ai*i  -  fl2*j)  =  0. 

Adding  this  to  the  equations  for  the  quadrilaterals  usUsWiMst   hsMi  ««•<&> 
the  sum  vanishes  identically.    Hence,  &c 
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18.  If  on  the  three  rides  of  the  triangle  of  leference  ABC  three  nmiltt 
isoecelee  triangles  BOA',  CAB>^  ABC  be  described,  prore  that  the  Unci 
AA\  BB\  CC  are  concurrent ;  that  is,  the  trian^^  ABC,  A'B'C  are  m 
perspective. 

If  the  triangles  be  described  externally,  and  if  the  base  angles  be  I,  the 
normal  co-ordinates  of  the  common  point  are  l/sin  (^  +  9),  l/sin  (/3  +  #)f 
l/sin(C+0). 

19.  In  the  same  case,  prove  that  the  equation  of  the  azia  of  per- 
spective is  a/(8in^  sin  (7+ sin^  sin  20)  +  i3/(sin(78in^  +  8ini?8ia29) 
+  7/  (sin ^  sin ^  +  sin  C  sin  2B)  -  0. 

20.  Find  the  equations  of  the  perpendiculars  to  the  rides  of  a  triangle  at 
their  middle  points.        Am,  a  sin  ^  —  iS  sin  ^  +  7  sin  (.^  —  ^)  s  0,  Ac 

21.  Prove  by  the  properties  of  a  harmonic  pencil  that  7  ia  parallel  to 
a  rin  ^  +  /3  sin  ^. 

22.  Prove  that  the  equations  of  the  lines  joining  the  middle  points  of  the 
rides  of  the  triangle  of  reference  are  /3  sin  ^  +  7  sin  C  -  a  sin  ^  e  0,  ftc. 

23.  Prove  that  the  line  at  infinity  is  the  trilinear  polar  of  the  centzoid 
of  the  triangle  of  reference. 

24.  Find  the  equation  of  the  line  through  0/3*7'  perpendicular  to 
/o  +  miS  +  W7  =  0. 

Ant,         a,         a ,         l—m cos  C  —  n cos B, 

m  ^  ncoaA^  IcoB  C,       =0. 
n-  I  cos  B  —  m  COB  A 

25.  Prove  that  the  perpendicular  to  Euler's  line,  which  bisects  the  dis- 
tance between  the  circumcentre  and  orthocentre,  is 

arin  3^  +  /Ssin  3^  +  7  sin  3C=  0.  (208) 

26.  Find  the  area  of  the  triangle  formed  by  the  lines 


/3, 


(207) 


X  cos  a      y  rin  a  d;  cos  iS      y  sin  /S 


d;oo6  7     y8m7 


1«0. 


a  b  'ah 

Am,  a3tani(a-/3)  tani(/3-7)tan|(7-a).     (209) 

27-29.  If  A\  B\  C  be  the  feet  of  the  altitudes  of  the  trian^e  ABC, 
prove  that  the  normal  co-ordinates — 

V,    Of  the  centroid  of  A'B'C,  are 

sin*^  cos  (B-C)y    rin'J?  cos  (C  -  A),    sin'C cos  (^  -  B).    (210) 

Of  the  orthocentre  of  A'B'C,  are 

cos  7,A  cos  (B-C),  008 2P  cos  (C-A),  cos  2Ccob{A  -B).    (211) 

Of  the  symmedian  point  of  A'B^C, 

XxaAcfM^B-C),  tuiBcoB(C-A),  tan C cos  (^  -  ^).       (212) 
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30.  If  a  tranBTenal  make  with  the  sides  of  the  triangle  ABC  angles 
A\  ^,  (T,  all  measured  in  the  same  direction,  and  if  »  be  any  integer, 
prore  that 

sin  fi^  *  sin  nA'  +  sin  iti?  sin  nB'  +  sin  nC '  sin  nC  =  0.      (M'Cat.) 

(213) 

31.  If  A^B,  Che  three  points  of  a  line  m,  and  A\  B\  C*  three  points  of  a 
line  9  ;  show  that  the  points  of  intersection  of  AB'  and  A'B^  BC  and^'C, 
CA'  and  C*A,  are  coUinear. 

32.  If  V  be  the  line  at  infinity,  show  that  the  Newtonian  of  the  quadri- 
lateral ofirft  in  barycentric  co-ordinates  is 

(/B  +  7  -  a)//  +  (7  +  a  -  /3)/  m  +  (o  +  i3  -  y)ln  =  0.       (214) 

33.  ProTe  that  the  join  of  (1,  1,  1)  and  (cos  {B  -  C),  cos  (C  -  A), 
COS  [A  -  B))  is  perpendicular  to  aa/(ft  -  t)  +  bfij  (c  -  «)  +  eyi (a  -  3)  =  0. 

34.  Show  that  Cotes'  theorem,  §  54,  may  be  extended  to  any  number  of 
biies. 

35.  Prove  that  the  ratio  in  which  the  join  of  xfj/',  x"y"  is  diyided  by 

Ax\By^C^^  is  -  (^Ic"  +  ^y"  +  C) :  (^;r' +  ^'y  +  C7). 

36.  If  a  transversal  cut  the  sides  of  a  polygon  of  n  sides,  the  ratio  of  one 
set  of  alternate  segments  of  tbe  sides  to  the  product  of  the  remaining  seg- 
ments is  (-  1)**. 

37.  Prove  that  the  triangle  whose  sides  are 

a  +  n/B  +  7/m  ■  0,     fi-^ly^ajn-O,     7+mo  +  /3//  =  0 

it  inscribed  in  the  triangle  of  reference. 

38-40.  If  X,  fi,  y  denote  the  sines  of  the  angles  which  la  -i- mfi  i- ny  =  0 
mikes  with  a,  fi,  7,  respectively,  prove  that 

1*.  m'  +  »*  +  2/iy  cos  ^  =  sin»-4,  &c.  (216) 

2^.  X*8in2^  +  AA'sin2fi+  1^  sin  2 C=  2  sin ^  sin  ^  sin  (7.       (216) 

3".  8in^/X  +  8ini?//i  +  sin(7/y  +  Bin^8in^sin(7/AAiy  =  0.        (217) 

41.  If  ^  be  the  mean  centre  of  the  points  A\f  At,  . . ,  An  for  the  mul- 
^Im  Ml,  «•«,...  Mn,  and  if  .^r  describe  a  right  line  ArBr,  prove  that  A 
^Mcnbes  a  parallel  line  whose  length  »  mrArBrl2{m).  (Nbubbro. ) 
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42.  If  ^  be  the  mean  centre  of  the  points  A^  A2,  . . .  An  for  the  mul- 
tiples m\f  ms,  .  ,,  mn,  and  £  the  mean  centre  of  Bi,  B%,  , ..  Bmior  the  same 
multiples,  prove  that  A£  is  the  resultant  of  segments  parallel  to  AiBg,  AtBt 
. . .  AnBn  multiplied  respectively  by  mi/^tn,     ifH/2m»  &c.     (NBUBsao.) 

43.  If  tDTO  polygons  A\A2  ...  AnAu  BiBt  ...  BnBi  haye  the  same 
centre  of  mean  distances,  the  resultant  of  the  lines  AiBi,  AtBt  —  AmB^  is 
zero.  l^^*^') 

44.  If  on  the  sides  of  a  polygon  AiAi  . . .  AnAi  triangles  directly  similar 
A\BiA2,  AiBzAiy  &c.,  be  described,  the  summits  ^i,  Bt . . ,  Bnoi  these 
triangles  have  the  same  centre  of  mean  distances  as  the  original  polygon. 

(LAianrr.) 

45.  Being  given  two  triangles  ABC,  A'B'C  in  the  same  plane  to  find 
multiples  mi,  m2,  ms  for  which  the  summits  of  both  triangles  have  the  sane 
mean  centre.  (Nsubibo.) 

46.  If  the  summits  of  the  triangles  ABC,  A'B'C  have  the  same  metn 
centre  for  the  multiples  mi,  ms,  ms,  and  if  the  triangles  AA'A",  BB'B", 
CC'C"  bo  directly  similar,  the  triangle  A"B^'&'  has  the  same  mean  oentie 
for  the  same  multiples.  {1^*^-) 

47.  If  on  the  altitudes  AA\  BBf,  CC  be  taken  portions  AA\,  BBi,  CCu 
respectively  proportional  U>  BC,  CA,  AB,  the  centre  of  mean  distances  of 
AiB\Ci  coincides  with  that  of  ABC,  (Jhii,) 

48.  If  A\B\C\,  A2B2C%,  . . .  AnBnCn  be  a  system  of  n  triangles  directly 
similar,  and  if  a,  iS,  7  be  the  mean  centres  of  the  A  summits,  the  B  sum- 
luits,  and  the  C  summits  respectively  for  any  common  system  of  multiples, 
the  triangle  a$y  is  similar  to  ABC,  (Latsaiit.) 

49.  If  for  each  of  the  triangles  formed  by  four  lines,  a  line  be  drawn 
bisecting  perpendicularly  the  distance  from  circumcentre  to  orthocentre  the 
four  bisecting  lines  are  concurrent.  (Hbrtby.) 

«50.  If  the  joins  of  corresponding  vertices  of  two  triangles  be  concurrent 
the  intersections  of  corresponding  sides  are  collinear. 

For,  if  the  joins  be  the  lines  a  =  iS  =  7,  the  sides  of  the  triangle  will  be 

o  +  /3  +  8  =  0,  i3  +  7+8  =  0,  7+0  +  8=0;     o+/3+«'  =  0,  iB  +  7  +  8'  =  0, 

7  +  o  +  8'  =  0, 

and  each  pair  of  corresponding  sides  intersect  on  8  —  8'  =  0. 

1>EV.—A  lifte  BE  eutting  the  aides  CA,  CB  of  the  triangle  of  reference  in 
the  points  I),  E  so  that  the  triangle  CLE  is  inversely  similar  to  CBA  is  called 
an  anti-parallel  to  the  base  A  B. 
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51 .  Find  the  condition  that  Xa+fifi-h  py=sO  maj  be  anti-parallel  to.  7. 

^M.  /sin^-msin^-tt  8in(^-^)  =  0.        (218) 

52.  Find  the  equation  of  the  line  through  the  symmedian  point  of  a  tri- 
angle anti-paiallel  to  the  base. 

^»«.  acot^  sin^+iScot^sin^  =7.  (219) 

53.  The  summits  £,  C  of  a  triangle  move  on  a  fixed  line,  the  summit  A 
is  fixed;  proye  that  the  locus  of  the  trilinear  pole  of  a  given  line  with 
nepect  to  the  triangle  ABC  is  a  right  line.  (Hbbmes,  Crelle*8  Journal, 
Tol.  56,  page  207.) 

54.  Find  the  co-ordinates  of  the  points  anti-complementary  to  the  four 
points  a,  b,  e;  —Hf  b,  e;  a,  ^b,  e;  0,  b,  —  e. 

AnM.  cot^/2,  oot^/2,  cot  (7/2;  -  cot^/2,  tan  J9/2,  tanC/2;  tan^/2, 
-  oot  ^/2,  tan  (7/  2 ;  tan  ^/2,  tan  Bj  2,  -  cot  C/  2.  These  are  called  Naobl's 
pmmU^  and  ar$  denoted  by  ¥^  wa^  n,  v'cy  retpeetivefy.  Their  iaotomie  eonfu- 
fmU$  are  called  the  Obroonnb  poinity  and  are  denoted  by  r,  Ta,  r»,  Fe, 
retpeetivefy. 

55.  The  diagonal  triangle  of  the  quadrangle  whose  summits  are  the  Nagel 
points  is  the  anti-complementary  of  ABC. 

56.  The  triangle  ABC  is  in  perspective  with  each  of  the  four  triangles 
formed  by  the  Geigonne  points,  the  centres  of  perspective  being  the  Nagel 
points.  It  Ib  also  in  perspective  with  each  of  the  triangles  formed  by  the 
Nagel  poiats,  the  centres  of  perspective  being  the  Gergonne  points. 
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78.  To  find  the  general  equation  of  a  eirele. 

Let  {ab)  be  the  centre,  {xy)  any 
point  F  in  the  circumference ;  then, 
if  the  radius  OF  be  denoted  by  r, 
we  have  (Art.  1), 

(a:-«)'  +  (y-J)»  =  r»;        (220) 

or 
«»  +  y»-2aa?-2Jy  +  a*  +  ft»-r*  =  0,       _ 

which  is  the  required  equation. 

The  following  observations  on  this  equation  are  very  import 

tant : — 

1^.  It  is  of  the  second  degree.  2°.  The  coefficients  of  j^  and 
y  are  equal.  3^.  It  does  not  contain  the  product  xff.  Hence 
we  have  the  following  general  theorem : — JEverff  equation  oftk^ 
second  degree  which  does  not  contain  the  product  of  the  variaiiUsj 
and  in  which  the  coefficients  of  their  second  powers  are  eqyuA^  repre- 
sefits  a  circle. 

The  following  are  special  cases  : — 

1°.  If  the  centre  be  origin,  the  equation  is  «*  +  y*=  r*,  which 
is  the  standard  form.  (2^21) 

2^.  If  the  origin  be  on  the  circumference,  ^  +  y*  -  2ax 
-  2hy  =  0.  (222) 
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le  axis  of  x  pass  through  the  centre,  and  the  origin 
ircnmference,  ^  +  y'  »  2ax,  (223) 

le  axis  of  y  pass  through  the  centre,  and  the  origin 
ircnmference,  a^  -¥  y*^  2by.  (224) 

ion. — The  criterion  that  the  product  xy  must  not 
9d  in  the  equation  is  true  only  when  the  axes  are 
r ;   for  if  they  were  ohlique  the  equation  would 

ay  +  (y  -  5)»  +  2(a?  -  a){y  -  3)  cos«  =  r».     (225) 

he  equation  of  a  circle  be  given^  we  can  eonstruet  it. 
equation  be  fl«*  +  ay'  +  2yx  +  2fy  +  ip  =  0.     Dividing 
iompleting  squares,  we  get 


{"?)M 


^/y.^li^. 


this  with  the  fundamental  equation  (220),  we  see 
M)rdinates  of  the  centre  are 


-■^ ;  and  that  the  radius  is  "^j/LlJ—^,     (226) 
a  a  ^       ' 


circle  can  be  described.  We  have  the  following 
adder :  if  y'  +/*  be  greater  than  ac,  the  circle  is  real, 
5  constructed ;  if  ^  +/*  be  equal  to  ae,  the  radius  is 
he  circle  is  indefinitely  small,  that  is,  it  is  a  point ;  if 
ess  than  ac,  the  radius  is  imaginary  :  there  is  no  real 
38ponding  to  the  equation ;  in  other  words,  aa^  +  ay^ 
f  -^  c  ^  0  represents  in  this  case  an  imaginary  circle. 

ince  the  co-ordinates  of  the    centre  of  the   circle 

2yx  +  2fy  +  <;  >  0  do  not  contain  e,  it  follows  that 

whoee  equatiant  differ  only  in  their  absolute  terms  are 
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80.  Geometrical  Bepresentation  of  thb  Power  of  a.  Ponrr 

WITH   RESPECT   TO   A   OlBCLB. 

The  power  of  a  point  with  reepeet  to  a  circle  (§  27)  ic  poniife, 
zeroy  or  negative,  according  as  the  point  is  ouiside^  ofi,  or  inside  the 
circumference. 

R  Let(«-a)»  +  (y-J)»-r»  =  0 
be  the  circle  x'y'  on  external 
point ;  then  the  power  of  «'y' 
with  respect  to  the  circle  is 

that  is  (§  5)  OP*  -  r»,  or  ^,  since 
OCFiB  a  right  angle.    ITence  the 
power  of  an  external  point  with  re- 
spect to  a  circle  is  equal  to  the  square  of  the  tangent  drawn  from 
that  point  to  the  circle, 

2°.  When  the  point  is  on  the  circle  its  power  is  evidently 
zero. 

3^.  Let  afg'  be  an  internal  point ;  then 
denoting  OP  by  S,  the  power  of  OP  with 
respect  to  the  circle  is 

8>-r>,  or -(r  +  8)(r- 8); 

that  is  =  -  AP .  Pjff,  a  negative  quan- 
tity. ^ 

Cor. — If  for  shortness  the  equation  of  a  circle  be  denoted 
by  iS^  =  0,  the  power  of  any  point  afy*  with  respect  to  8  will 
be  denoted  by  8*,  for  this  is  the  result  of  substituting  the 
co-ordinates  xfy'  in  place  of  xy. 


1 .  If  the  equation  of  a  line  be  added  to  the  equation  of  a  oirole,  the  nun  i^ 
the  equation  of  a  circle. 

2.  The  sum  of  the  equations  of  any  numberofcirdee  is  the  equation,  of  teinte  • 

3.  Construct  the  circles — 

1*.  ««  +  y»  -  4*  -  8y  =  16 :     2*.  3a»  +  3y«  +  7*  +  9y  +  I  «  0. 
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4.  Find  the  equation  of  a  circle,  passing  through  the  point  (2,  4)  through 
the  origin,  and  having  its  centre  on  the  axis  of  z. 

5.  Find  the  locus  of  the  vertex  of  a  triangle,  being  given  the  base  and 
the  sum  of  the  squares  of  the  sides. 

6.  Find  the  locus  of  the  vertex  of  a  triangle,  being  given  the  base  and 
m  squares  of  one  side  +  n  squares  of  the  other. 

7.  If  6^1  s  0,  ^3  =  0,  Si  =  0,  ius.,  be  the  equations  of  any  number 
of  circles,  prove  that  the  centre  of  I8i  +  mSt  +  nSt  +  &c.  -  0  is  the 
mean  centre  of  the  centres  of  Si,  St,  S^,  kc,  for  the  system  of  multiples 

/,  IN,  M,  ice, 

8.  Find  the  equation  of  the  circle  whose  diameter  is  the  join  of  the 
points  x'y,  x'Y, 

Ans,  (jr  -«)(«-«")+  (y  -  Sf')(y  -  y")  =  0.        (227) 

9.  Given  the  base  of  a  triangle  and  the  vertical  angle,  prove  that  the 
locus  of  its  vertex  is  the  circle  iS  +  Z  cot  C  =  0  where  S  ^  0,  denotes  the 
circle  described  on  the  base  as  diameter,  and  X  =  0  the  equation  of  the  base. 

(228) 

10.  Given  the  base  of  a  triangle  and  the  vertical  angle,  prove  that  the 
locna  of  the  orthocentre  is  the  circle 

5-XcotC»0.  (229) 

11.  Find  the  locus  of  a  point  at  which  two  given  circles  subtend  equal 
anglea. 

12.  If  a  line  of  given  length  slide  between  two  fixed  Hues,  the  locus  of 
the  centre  of  instantaneous  rotation  is  a  circle. 

13.  Given  the  base  of  a  triangle  and  the  ratio  of  the  tangent  of  the  ver- 
tical angle  of  the  tangent  of  one  of  the  base  angles,  prove  that  the  locus  of 
the  vertex  is  a  circle. 

14.  If  the  sum  of  the  squares  of  the  distances  of  a  point  from  the  sides 
«l  an  equilateral  triangle  or  of  a  square  be  given,  the  locus  of  the  point  is 
toircile. 

15.  If  the  sum  of  the  squares  of  the  distances  from  a  variable  point  to 
my  number  of  fixed  points,  each  multiplied  by  a  given  constant,  be  given, 
tbe  locus  of  the  point  is  a  circle. 

16.  If  the  base  c  of  a  triangle  be  given  both  in  magnitude  and  position, 
Uid  ci  on  (C  -  a),  where  a  is  a  given  angle,  be  given  in  magnitude,  the 
^  of  the  vertex  Ciaa  circle.  (M'Cat)  . 
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81.  The  equations  of  a  line  and  a  eirde  being  given,  it  is 
required  to  find  the  equation  of  the  circle  whose  diameter  is  the 
interest  which  the  latter  makes  on  the  former. 

Let  the  equations  be — 

a?co8o  +  y  Bino-i>  =  0,     (1)      «*  +  y«-r*-0.     (2) 

Eliminating  y  and  x  in  succession,  we  get 

«*  -  2px  cos  a  +  /I*  -  r*  sin'o  =  0 ;     (3) 
y*  -  2py  sin  a  +  ^  -  r*  cos'o  =  0.      (4) 

Equation  (3),  being  a  quadratic  in  x,  denotes  (§  87)  two 
lines  parallel  to  the  axis  of  y  through  the  points  of  intersection 
of  (1)  and  (2).  Similarly,  equation  (4)  denotes  two  lines 
through  the  same  points  parallel  to  the  axis  of  x.  Hence,  by 
addition,  we  get 

«»  +  y»  -  2^  («  cos  a  +  y  sin  a  -|>)  -  r*  B  0,      (230) 

which  is  evidently  a  circle  passing  through  the  four  points  in 

which  the  pair  of  lines  (3)  intersect  the  pair  (4).  Hence  it 

has  for  diameter  the  intercept  made  by  (2)  on  (1).  See  §  30, 
Cor.  2. 

BZEB0ISB8. 

1.  Find  the  equation  of  the  circle  whose  diameter  is  the  intercept  which 
the  circle  a?'  +y»  - 66  =  0  makes  on  3a;4  y  -  25  =  0. 

Am.  «*  +  y*  -  l&r  »  6y  <f  60. 

2.  Find  the  condition  that  the  intercept  which  o^  +  y'  —  r'  m  0  makes  on 
xcoBa-^ya.na—p  =  0  suhtends  a  right  angle  at  x'p'. 

Ant.  The  circle  (230)  must  pass  through  x*y  ,    Hence  the  reqnind 
condition  is  a:'-  +  y''  -  2p  (x'  cos  a  +  y'  sin  a  -  /))  - 1^  =  0.     (231) 

3.  Find  the  condition  that  the  intercept  which  x  coe  a  +  ysina  —  j»eO 
makes  on  x^  +  y'  +  2g»  +  2/y  +  (;  =  0  suhtends  a  right  angle  at  the  origin. 
Eliminating  x  and  y  in  succession  between  these  equations,  and  adding, 
we  got  a  circle  whose  diameter  is  the  intercept ;  and  hy  the  given  condi- 
tion this  must  pass  through  the  origin ;  therefore  the  absolute  tetm  most 

Tanish.    Hencv 

2/?'  +  2p (y  cos o  +/sin  a)  +  «  =  0.  (232) 
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4.  If  a  yaiiable  chord  of  a  circle  subtend  a  right  angle  at  a  fixed  point 
s^l^y  find  the  locus  of  the  middle  point  of  the  chord. 

Tb.«  middle  point  of  the  chord  is  evidently  the  centre  of  the  circle  (230) 
which  has  the  chord  for  diameter.  If,  therefore,  JiCF  be  the  oo-ordinatee  of 
the  middle  point,  we  have 

X=pcoea,     r=/?  sin  o;  therefore  X'+ 7*= p*; 
and  substituting  in  the  equation  (231),  we  get 

(X-.jf')»  +  (r-y')«  +  X»+r'-r»  =  0.  (233) 

82.  To  find  the  equation  of  the  tangent    to  a  given  circle 


sQ^; 


{x  -  a)*  +  (ff  -  by  ^  r*  at  a  given 
jnnni  C*'/). 

Fint  method, — Let  0  be  the 
centre,  Q  any  point  xy  in  the 
tangent.  Join  0Q\  then,  since 
the  points  {xy\  {ab)  subtend  a 
right  angle  at  (^y'),  we  have 
equation  (14),  {af  -  x){3^  -  a)  — 
+  (y  -  y)(y'  -  3)  =  0 ;  also,  since 
the  point  ^y'is  on  the  circle,  we  have 

(a?'-a)»+(y'-J)»  =  r>. 
Hence,  bj  subtraction, 

(*-aX*'-«)+(y -*)(/- >)-»-, 

which  is  the  required  equation. 

Car, — If  the  equation  of  the  circle  be  given  in  the  standard 
form  x*  4  y*  =  r',  the  equation  of  the  tangent  is 

xitf  Vlyy'  =  r».  (236) 

Saeond  method. — Taking  the  standard  form  of  the  equation  of 
the  circle,  if  ar'y',  a?"y"  be  two  points  on  its  circumference,  then 
the  equations  of  the  circle  described  on  the  join  of  x'y',  x"y"  as 
diameter  is  («  -  x^^x  -  a?")  +  (y  -  f/){g  -  y")  -  0,  equation  ( 14) ; 
and  9  subtracting  this  from  the  equation  of  the  circle,  we  get 

«»+y»-r»-{(«-^)(«-0+(y-y')(y-y'0)-o» 


(234) 
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which  (§  30,  Car,  2)  is  the  equation  of  the  secant  through  the 
two  points  x^y\  x^y\  Now  suppose  the  points  sfy\  j/'y"  to 
hecome  consecutive,  the  secant  hecomes  a  tangent,  and  this 
equation  (236)  reduces  to 

Third  method, — The  polar  co-ordinates  of  a/y',  x^'y^'  are 
(r  cos  ^,  r  sin  ^) ;  (r  cos  6^\  r  sin  ^') ;  and  the  equation  of  the 
join  of  these  points  is  (§  31,  Ex.  3), 

X  cosi(^+  r)  +  y  sini(tf'+  r)  =  r  cosi(tf'-^'); 
and  if  the  points  he  consecutive,  this  reduces  to 

a:  cos  ^  +  y  Bin  ^  =  r,  (287) 

which  is  another  form  of  the  equation  of  the  tangent. 

83.  From  any  paint  Qdc)  can  he  drawn  to  a  circle  two  tangenitj 
which  are  either  real  and  distinct,  coincident,  or  imaginary, 

YoT  if  xfy*  be  the  point  of  contact  of  a  tangent  from  {kk)  we 
get,  substituting  AX*  for  xy  in  (235),  hx'  +  ky'  ^  r*.  Also,  since 
x'y'  is  on  the  circle,  x^  +  y'*  =  r*.     Eliminating  /,  we  get 

(A»  +  ifc»)  ic^  -  2r» A^  +  r*  -  AV  =  0,     (i.) 

the  discriminant  of  which  is  r*A*  (A'  +  A*  -  r*) ;  and  according 
as  this  is  positive,  zero,  or  negative,  the  equation  (i.)  will 
be  the  product  of  two  real  and  unequal,  two  equal,  or  two 
imaginary  factors.     Hence  the  proposition  is  proved. 

84.  If  we  omit  the  accents  in  equation  (i.),  we  get 

(A»  +  !•»)  a:*  -  2r»A^  +  r*  -  A»r»  =  0,     (ii.) 

which  represents  two  lines  parallel  to  the  axis  of  y,  passing 
through  the  points  of  contact  of  tangents  from  hk  to  the  circle. 
In  like  manner, 

(A»  +  Ai»)y»-2r»)&y  +  r*-it»r»=-4     (in.) 

represents  two  parallels  to  the  axis  of  x  passing  through  the 
same  points.     Hence,  by  addition,  we  get 

(A»  +  ;&»)(«»  +  y«  -  r»)  -  2r*  (A«  +  Ay  -  r»)  =  0,        (288) 
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which  is  the  equation  of  the  eircle  whose  diameter  is  the  chord  of 
contact  of  tangents  from  hktox^-¥f/^-r*  =  0. 

Cor. — If  we  multiply  the  equation  «*  +  y"  -  r*  =  0  by  A"  +  it", 
and  subtract  (238)  from  it,  we  get  hx  ■\'  ky  -  r'*  =  0,  which  is  the 
common  chord  of  the  two  circles  (§  30,  Cor,  2).     Hence 

hz  +  ky-r^  =  0  (239) 

is  the  equation  of  the  chord  of  contact  of  tangents  from  (A^). 
This  can  be  shown  otherwise.  From  the  demonstration,  §  83, 
we  have  Aar'  +  ^'  -  r*  =  0.  In  like  manner,  if  a/'y"  be  the 
second  point  of  contact,  we  have  hx'^  +  ifey"  -  r*  =  0.  Hence  the 
line  Ax  +  ^-r'aOis  satisfied  by  the  co-ordinates  of  each  point 
of  contact. 

86.  To  find  the  equation  of  the  pair  of  tangents  from  {hk)  to  the 
eircle.  On  either  of  the  tangents  from  {hk)  to  the  circle  take  a 
point  {xy) ;  then  twice  the  area  of  the  triangle  formed  by  the 
origin  and  the  two  points  xy^  hk,  is  hz  -  Ay,  and  twice  the  same 
area  is  equal  to  the  distance  between  the  points  multiplied  by 
the  radius  of  the  circle.     Hence 

(Ajr-Ay)»=|(^-A)«  +  (y-A)«)r»; 

or,  reducing, 

(*•  +  y»  -  r*)  (A»  +  A»  -  r»)  =  (Aar  +  Ay  -  r»)».     (240) 

86.  Jf{x-ay+{y-  hy  =  r»,  («  -  off  +  (y  -  hj  =  r"  he  the 
equations  of  two  circles^  it  is  required  to  find  the  equations  of  the 
chords  of  contact  ofeommon  tangents. 

Let  x'y'  be  the  point  of  contact  on  the  first  circle,  then 
(j?  -  a)  (y  -  a)  +  (y  -  5)  (y'  -  3)  -  r"  =  0  is  the  tangent ;  and 
since  this  touches  the  second  circle,  the  perpendicular  on  it  from 
the  centre  of  the  second  circle  must  be  =  ±  /.  Hence,  remem- 
bering that  V^(ar'  -  of  +  (y'  -  hy  =  r,  we  get 

(a/  -  fl)  (a'  -  fl)  +  (y  -  5)  (A'  -  5)  -  r»  T  rr^  =  0, 
the  choice  of  sign  depending  on  whether  the  common  tangent 
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direct  or  transverse.    Hence  the  chords  of  contact  are  on — 

1st  circle, 
(a?-a)(fl'-fl)  +  (y-3)(3'-3)-r»TrK«0;      (241) 

2nd  circle, 

{x  -  a')  (fl  -  a')  +  (y  -  V)  {h  -  h')  -  f^  ^  rf"  r.  {i.      (242) 


1.  Find  the  equation,  and  the  length  of  the  common  chord,  of  the 

two  circles — 

(af-a)»+(y-*)»-f»,     («-.*)«  + (y -•)»  =  r«. 

2.  Find  the  conditions  that  the  lines  axthy^H  may  touch  the  circle 
(«  -  af  +  (y  -  bf  =  »^. 

S.  If  tangents  be  drawn  tOJP^  +  y'-HsO  from  hk^  the  ai6ft  of  tlie 
triangle  formed  by  the  tangents  and  chord  of  contact  is 

4.  Two  circles  whose  radii  are  r,  r'  intersect  at  an  angle  B ;  find  the  length 
of  their  common  chord. 

5.  Find  the  equation  of  the  diameter  ofjr'  +  y*-6«  —  2y  +  8«0  ptMUig 
through  the  origin. 

6.  Prove  that  the  tangent  to  x^  +  y^  +  2gx  +  2/y  s  0  at  the  origin  is 
9X  ^-fy  =  0. 

7.  Prove  that  if  tangents  be  drawn  from  the  origin  to  je'  +  y*  +  2fx 
+  2/y  +  f  =  0,  the  chord  of  contact  is  gx  •\-fy  +  «  =  0. 

8.  If  the  chord  of  contact  of  tangents  from  a  variable  point  hk  sahtend  a 
right  angle  at  a  iixed  point  x'y',  the  locus  of  hk  is  the  circle 

(««  +  y*)  (^  +  y'*  -  r»)  -  2r>  {xx'  +  yy'  -  r*) «  0.  (244) 

9.  If  jR  denote  the  radius  of  the  circle  in  £x.  8,  8  the  distaaee  of  it« 
centre  from  the  origin,  prove 

1 


1  1 

+ 


(246) 


10.  PA  J  FB  are  two  tangents  to  a  circle  whose  centre  \b  0\  Q  mf 
point  in  AP;    QR  a  perpendicular  on  the  chord  of  Contact  AB  ;  prove 
AP,AQ=  QB  ,  OP,  and  thence  infer  the  equation  of  the  pair  of  tangents 
from  B, 

87.  Def.  I. — If  0  he  the  centre  of  the  circle  9^  •\^y*  -f^=  O, 
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Py  Q  twop<nnt»  eoUinear  with  0,  such  that  the  rectangle  OP.  OQ 
^r^  ;  P  and  Q  are  called  inverse  points  with  retpeet  to  the  circle. 

Def.  II. — Two  lines  are  inverse  to  each  other  with  respect  to  a 
eireU  if  the  inverse  of  each  point  of  one  lie  upon  the  other, 

Dbf.  III. — A  perpendicular  at  either  of  two  inverse  points  to  the 
Une  joining  it  to  the  centre  is  called  the  polar  of  the  other. 

88.  The  co-ordinates  sfy*  of  a  point  P  being  given,  it  is 
required  to  find  the  co-ordinates  of  the  point  inverse  to  it 
with  respect  to  the  circle  «*  +  y"  -  r'  =  0. 

Using  polar  co-ordinates,  we]  have  af  ^  p'  cos  ^,  ^  =  p'  sin  ^, 
«"  =  p"  cos B'f  y"  ts  p"  an.B' ;  and  by  the  condition  of  inversion, 


p>''  =  r».     Hence    -7='^  = 

or      p 


ar"      p"      p'p^'  r» 


ji 


Hence 


ar"  = 


p-       ar^  +  y^' 


(246) 


In  like  manner 


x^  +  y'»' 

^' = ^-  <^^^) 

89.  The  polar  of  the  point  ar'y'  is  ara/  +  yy'  -  r*  5=  0. 
For  the  equation  of  the  perpendicular  through  x^'y"  to  the 
join  of  x'y  to  the  centre  is,  §  34,  Cor.  1, 

«'(;r-a?")  +  y'(y-y")  =  0; 
and  substituting  the  values  (246),  (247)  for  «"y",  we  get 

ara:'  +  y/  -  r»  =  0.  (248) 

Cor.  1. — The  polar  of  any  point  on  the  circumference  of  the 
aide  is  the  tangent  at  that  point. 

Cor.  2. — The  polsu*  of  any  external  point  is  the  chord  of  con- 
tact of  tangents  drawn  from  that  point. 


.^ 


1.  Find  the  equation  of  the  iiiTerae  of  the  line  Ax  +  ^y  +  C  =  0  with 
i«^  to«*+y*-r»»0.  Substituting  for  a?,  y  the  co-ordinates  (246)^ 
W)t  and  omittiDg  accents  we  get 

C  («»  +  y«)  +  Ar^x  +  Br^y  =  0.  (249) 

2.  f  md  the  invene  of  the  circle  a?'  +  y'  +  2ffX  +2/y  +  c  =  0,  with  respect 
tofteeiicle«»  +  y«-r»  =  0. 

Am.  The  circle  *(«»  +  y«)  +  2yr««  +  2yr»  y  +  r*  =  0.     (260) 
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3.  Find  the  equation  to  the  pair  of  tangents  from  the  origin  to 

«»  +  y»  +  2^«  +  2/y  +  tf  =  0. 

If  the  line  y  =  mj;  he  a  tangent  to  x*  +  y*  +  2^x  +  %fy  +  0  s  0,  suhstitutiiif 
mx  for  y,  the  resulting  equation,  yiz.  ar'  (1  +  nt*)  +  2  (^  +  mf)  «  +  0  »  0,  must 

have  equal  roots.    Hence  (1  +  m') «  =  (y  +  m/)'  ;  hut  m^~\  therefore 

e  {sfi  +  y»)  =  (yjr  +^)»,  (261) 

which  is  the  pair  of  tangents  required. 

We  got  the  same  pair  of  tangents  for  the  inverse  circle  0  (if*  +  y*)  +  SIfr'j 
+  2fr^y  +  r*  B  0.  Hence  the  pair  of  direct  common  tangents  dxmwntot 
circle  and  to  its  inverse  passes  through  the  centre  of  inversion. 

4.  Find  the  length  of  the  direct  common  tangent  drawn  to  the  circles 

x»  +  y*  +  2^«  +  2/y  +  c  =  0,     «»  +  y»  +  2y'x  +  2fy  +  0*  «  0. 
Ant.  li  Ry  R'  denote  the  radii  of  the  circles,  the  length  of  their  direct 
common  tangent 

=  V(?  +  (?'  -  2gg'  -Vr  -^  ^^'  (252) 

5.  The  ratio  of  the  square  of  the  common  tangent  of  two  circlet  to  tht 
rectangle  contained  by  their  radii  remains  unaltered  by  inversion. 

6.  If  Ay  B  be  any  two  points,  A'y  B^y  their  inverses  with  reepeet  to 
x^  +  y^  -  f*  =  0  ;  prove  that  if  i?,  /»'  he  the  perpendicular  distancfts  of  the 
origin  from  ABy  A'B'  respectively,  p\  p'  w  ABy  A'B\ 

7.  If  two  points  ^,  ^  he  so  related  that  the  polar  of  A  passes  through  By 
the  polar  of  B  passes  through  A,  For  if  the  co-ordinates  of  ^  be  (ss*), 
and  of  B  {hb')^  the  polar  of  ^  is  ax  +  a'y  =  r>,  and  the  condition  that  this 
should  pass  through  ^  is  oa'  +  &&'  =  r^i  which,  being  symmetrical  with 
respect  to  the  co-ordinates  of  A  and  By  is  also  the  condition  that  the  polsr 
of  B  should  pass  through  A, 

Def. — Two  pointi  so  related  that  the  polar  of  either  poMmt  throMfh  the 
other  are  called  conjugate  pointt,  and  their  polars  eot^'ugate  lineg. 

8.  If  a  variable  point  moves  along  a  fixed  line,  its  poUr  tarns  round  a 
fixed  point. 

9.  The  join  of  any  two  points  ia  the  polar  of  the  point  of  intersection  of 
their  polars. 

10.  Two  triangles  which  are  such  that  the  angular  points  of  one  are  the 
poles  of  the  sides  of  the  other  are  in  perspective. 

11.  The  anharmonic  ratio  of  four  collinear  points  is  equal  to  the  anhar- 
monic  ratio  of  the  pencil  formed  by  their  four  polars.  For,  let  x'y%  x"y"  be 
two  points,  and  P*,  P"  their  polars :  then  if  the  join  of  «'y',  x'*y"  be  divided 
in  two  points  in  the  ratios  k:  I,  A' :  1,  the  anharmonic  ratio  of  the  four 
points  iak-rk';  and  since  the  polars  of  the  point  of  division  are  kP"  +  P*  =  0, 
k'F"  +  P'  =  0,  the  anharmonic  ratio  of  their  four  polars  iBk-r  k'. 
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90.   To  find  the  angle  of  intersection  of  two  given  circles. 

DxF. — The  angle  between  the  tangents  to  any  two  curves  at  a 
point  of  intersection  is  called  the  angle  of  intersection  of  the  curves 
at  that  point. 

Let  r,  r'  be  the  radii  of  the  given  circles,  8  the  distance  be- 
tween their  centres,  <f>  their  angle  of  intersection ;  then,  since 
radii  drawn  to  the  point  of  intersection  are  perpendicular  to  the 
tangents  at  that  point,  the  angle  between  the  radii  is  ^. 

Hence  8*  =  r"  +  r^  -  2rr'  cos  <f>. 

Now,  if  the  circles  be 

«*  +  y'  +  2^«  +  2/y  +  <?  =  0, 
and  aj*  +  y»  +  2/ar+  2/y+  (?'=  0, 

we  have 

Hence,  by  substitution,  we  get 

<?  +  (?'  +  21^  cos  <^  -  2gg'  -  2/^  =  0,  (253) 

which  determines  the  angle  <f>. 

Cor.  1. — If  the  circles  cut  orthogonally, 

2gg'  +  2ff'-e-(/  =  0.  (254) 

Cor.  2. — If  the  circles  touch, 

e'  ±2rr'-2gf  -2f  +  e  =  0;  (255) 

the  choice  of  sign  being  determined  by  the  species  of  contact. 

Cor.  3. — If  a  circle  8  cut  three  circles  S',  S",  8"'  orthogonally , 
it  cuts  orthogonally  any  circle  X,8'  +  fi8"  +  v8'"  expressed  linearly 
in  terms  of  8',  S",  8"'. 

This  is  proved  by  writing  the  equations  8'y  &c.,  in  full,  and 
applying  the  condition  (254). 

91.  Def. — The  mutual  power  of  two  circles  is  the  square  of  the 
distance  between  their  centres  minus  the  sum  of  the  squares  of  their 
radii. 

If  the  circles  be 

5,  a  it*  +  y»  +  2gxX  +  2/iy  +  <?i  =  0, 
5,  s  ««  +  y»  +  2^2^?  +  2/ay  +  <?a  =  0, 
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and  the  mutual  power  of  8i,  8%  be  denoted  by  «-ii,  ' 
find  «•!,  =  <?,  +  <?,-  2^,y,  -  2/i/,. 

Cor.  1. — If  the  radii  of  the  circles  be  ri,  rt,  and  ^  tl 
of  intersection,  tu  =  -  2rira  cos  ^. 

CW".  2. — The  mutual  power  oi  Si^O  and  «•  +  y»  ■= 
may  be  denoted  by  ttq,,  is  ^i. 

92.  If  S%  become  infinity  large,  that  is,  open  out  ii 
and  denoting  the  infinite  radius  by  JR^  and  the  perp 
on  it  from  the  centre  of  8i  hj  Pf  we  have  the  muti 
s  -  2pR.  Similarly,  if  8if  82  become  lines,  intersecl 
angle  <f>,  the  mutual  power  =  -  2i?  cos  <f>.  In  all  the  ap 
of  mutual  power  that  will  occur  in  this  treatise,  ti 
will  be  inferred  from  a  symmetrical  determinant  ( 
from  which  the  factors  -  222,  -  2i?  may  be  omitted 
we  may  define  the  mutual  power  of  a  line  and  a  cii 
perpendicular  on  the  line  from  the  centre  of  the  c 
the  mutual  power  of  two  lines  as  the  cosine  of  thei 
angle. 

Car,  1. — The  mutual  power  of  any  circle  and  tl 
infinity  is  unity,  and  of  any  line  and  the  line  at  infinii 
Cor.  2. — If  two  circles  cut  orthogonally,  their  mut 
is  zero. 

Cor.  3. — If  two  circles  touch,  their  mutual  power 
the  choice  of  sign  depending  on  the  nature  of  the  cent 
93.  To  find  the  equation  of  a  circle,  cutting  three  gt 
iSi  =  a:*  +  y'  +  2giX  +  2/iy  +  ^1  =  0,  Sfc,  at  given  angles 
Let  iS  =  a:'  4-  y'  +  2gx  +  2/y  +  r  be  the  required  circle. 
iToi  be  the  mutual  power  of  8,  81,  the  equation  (25  J 
written  Ci-itqi-  2yyi,  -  2/i,  +  c  =  0.  Hence,  e 
g,  /,  e  between  the  three  equations  of  this  form,  and  x 
+  2/y  +  r  =  0, 


=  0. 


x'+y^ 

~^, 

-y» 

1, 

^1  -  To  1, 

yi» 

u 

1, 

Ci-TTot, 

Sf2y 

u 

1, 

^3  ~  'Toil 

9l^ 

U 

1 
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If  this  determinant  expanded  be  written  in  the  form 
^  («"  +  y*)  +  2^^  +  2i?y  +  C  =  0, 

and  r  denote  the  radius  of  the  circle,  which  it  represents,  we 
Ixve  AY=  GP  i-  F^  -  AC;  but  the  quantities  (?,  F,  C  each 
oontarn  r  m  the  first  degree.  Hence  we  have  a  quadratic  for 
determining  r,  either  root  of  which,  substituted  in  (258),  will 
give  a  circle,  cutting  Si,  8^  S^  at  the  given  angles. 

Cor.  1. — The  equation  of  a  circle,  cutting  Si.  82^  S^  ortho- 

gooallj^is 

«*  +  y',  -*>  -y>  h 

*i>  yi>  /i>  i> 

<^>  yji  /«>  i> 

<^»  ysi  /s,  1 


=  0. 


(259) 


Cor,  2. — The  equations  of  the  eight  circles  touching  8^  /S,,  8^ 


are 


^+y', 

Ci  ±  2rr„ 
<?2  ±  2rrt, 
<^±2rr3. 


-*. 

-y. 

1, 

^i» 

/u 

1, 

y». 

A 

1, 

ysi 

A 

1 

0. 


(260) 


94.  If  four  circles  be  cut  at  given  angles  <f>i,  <^,  <^,  ^4  by  a 
fifth,  we  have  four  equations  of  the  form :  <?i  -  ttq  1  -  2yyi  - 
+  «  sx  0.     Hence,  eliminating  y,  /,  c,  we  get  the  equation 


^if  yi>  /i>  1 

^  ya»  /t>  1 

^»  ys*  /»>  1 

Cit  Sfi$  /«>  1 


To  a,     ya,     fiy      1> 
'Toaj     ysi     /si      1| 


0.       (261) 


95.  If  the  angles  ^1,  &c.,  be  right,  the  second  d 
(261)  vanishes,  and  the  first  equated  to  zero  is  the 
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that  one  circle  may  be  cut  orthogonally  by  four  gi 
viz. — 

^i>        ^i>        /i>         1» 

^>  9t9  fty  1> 

^>  y»>  /ll  1» 

^41  ^4>  A  1 


0. 


Now,  since  ^i  denotes  the  square  of  the  tangei 
origin  to  8i  (§  80),  and  its  minor  in  this  determin 
twice  the  area  of  the  triangle  formed  by  the  cen 
circles  5,,  iSj,  S^,  we  have  the  following  theorem : 
C,  D  he  the  centres  of  four  eo-orthogondl  circles j  ^ 
tangents  draton  to  these  circles  from  any  arbitrary  pc 
the  area  of  the  triangle^  whose  summits  are  Ay  B,    ( 

^i»  {BCD)  - 1^  ( CBA)  +  tf  {BAB)  -  t^  {ABC) 

96.  If  iry,  ir,y„  ^rjy,,  x^%  be  four  concyclic  point 
be  regarded  as  infinitely  small  circles,  cutting  a 
orthogonally.     Hence,  substituting  in  (262),  m^  ^  y 
Xy  y  for  -y,  -/i,  &c.,  we  get 


X*  +  y', 

«, 

yi 

1, 

xi^  +  yl^ 

a?l, 

yi» 

1, 

«a'  +  ya% 

ar,, 

yi» 

1, 

^I'+ys', 

a?s, 

y3» 

1 

-0; 


and  the  point  xy^  being  supposed  variable^  we  have  th 
a  circle  passing  through  three  given  points.     The 
could  be  obtained  from  (260)  by  supposing  8iy  St, 
point  circles  {x  -  ;ri)'  +  (y  -  yO'  =  0,  &c.     It  may  alg 
as  follows : — 

The  determinant  (264)  evidently  represents  a  cL 
coefficients  of  a^  and  y'  are  equal,  and  the  circle  pa 
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Ill 


the  giren  points ;  for  if  in  the  determinant  we  substitute  ^i,  yi 
for  xy,  it  will  hare  two  rows  alike. 

91.  If  8=0  he  the  equation  of  any  arbitrary  etreU;  Si,  Sty  S^ 
(hi pmers  of  the  points  x^yi,  x^ty  x^i  with  respect  to  ity  then  the 
ieteminant 


Sy 

Xy 

y, 

1, 

S^y 

«1, 

yi. 

1, 

8.y 

^, 

y2» 

1, 

S^y 

^8, 

ya, 

1 

0, 


(265) 


«9»S  imk  a  eirele  through  x^yiy  x^y^y  x^y^, 

Fbobenivs's  Theobem. 

98.  If  8i,  8%,  Szy  Si,  Si ;  8^,  S^y  S^y  S^y  Sio  be  two  systems 
of  fiye  circles,  then  the  determinant 


^l«f  T37,  Tjg,  ir2  9,  T210 


'Ti  6y  '^4  7,  in  8, 


T3  9>  Tj  10 


Ti6»  T57,  ITjj,  ir5  9, 

or  as  it  may  for  shortness  be  denoted 


Tiio 


(266) 


n,  2,  3,  4,     6N 

U,  7,  8,  9,  lOJ       • 


(267) 


1^.— Multiply  the  matrices,  each  consisting  of  four  columns 
ttd  five  rows — 


1,     2^1,     2/i,     e, 
1,     2y„     2/„     Ct 


c%y    -y«,    -/«,    1 

Cly       -9ly       -fly        1     |> 


*Dd  we  get  the  required  result. 

This  remarkable  theorem  is  due  to  FnoBENnrs  {see 
^furnaly  Band  79,  pages  185-245.     Compare  Darbouz, 
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de  VEcole  NormdU^  2nd  series,  tome  i.,  p.  323  ;  Lucas  Nouvelb 
Correspondence^  tome  iv.,  pp.  169-176,  and  200-204.   It  was 
discovered  by  R.  Lachlan,  b.a.  (see  FhUosophidal  lyamadkw^ 
vol.  177). 

99.  If  the  angle  of  intersection  of  two  circles  Sm,  8  b6d»- 
noted  by  ajS,  we  get,  by  means  of  §  91,  Cor.  1,  from  (266)  l>y 
supposing  the  second  system  of  circles  to  coincide  with  the  first 
for  any  system  of  five  circles  on  a  plane 

1,         cos  12,      cosl3>      cos  14,      cos  15 


cos  2I9 


1, 


cos  23*      cos  24«      cos  25 


COS3I9     cos  32* 


1, 


cos  34>      cos  35 


cos  41*     cos  42,      cos  43> 


1, 


cos  45 


=  0.  (268) 


cos5l9     cos52>      cos  539      cos  54>  1 

Cor,  1. — The  condition  that  four  circles  should  cut  a  fift^ 
orthogonally  is 

1,         cos  129      cos  13,      cos  14 


cos  21« 


1, 


cos  23^      cos  24 


cos  3U     cos  32^ 


1, 


cos  34 


0. 


(269) 


cos  41 9     cos  42,      cos  43»  1 

Cor.  2. — The  condition  that  four  circles  should  be  tangential 
to  a  fifth  is 


0,  sin»iT2,      sin»il3,      sin'^H 

8in»i21,  0,  sin«i23,      sin'i24 

sin'isi,     sinH32*  0,  sin*  J  34 


0.    (270) 


sin*i4l,     sin*  J  42,      sin*i43,  0 

For,  if  the  circle  ^5  touch  each  of  the  circles  S^  Sf,  8^,  S^ 
cos  159  cos  25,  &c.,  become  each  equal  to  unity,  and  subtracting 
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h  of  the  four  first  columns  from  the  last  in  (269)  we  get 

O). 

.00.  It  ^  denote  the  common  tangent  to  the  circles  8i,  8%, 

easQy  get  sin*^  12  s  ^s'/^i'**-  Hence  in  the  determinant 
0)  the  sines  of  half  the  angles  of  intersection  of  the  circles 

8f,  8t,  8i  may  be  replaced  by  their  common  tangents,  and 
Loting  for  shortness  by  12  the  common  tangent  of  Si,  8%,  the 
tditionis 


0,      12*,      13,      1? 


2?,       0,       23',      24* 


31*,     32',        0,       34' 


I    41',     42',      43*, 


=  0. 


(271) 


Which  expanded  is  equal  to  the  product  of  the  four  factors 


12.34  ±23. 14  ±31  .  24. 


(272) 


^'U8if82,8ihe  any  three  circles,  find  the  condition  that  the  radius  of 
4^1 4-  At^i  +  X9S9  may  be  zero. 
If^  be  the  radius  of  \i8i  +  Xi5a  +  As^a,  we  have 


B•e^i^ 


i?  «  0,  (1V)»  +  {X\f)^  -  S\  S\«?  =  0. 

Uthii  be  expanded,  the  coefficient  of  Xi'  is  ^1*  +/i'  -  ciy  that  la  ri\  and 
^  coefficient  of  XiXa  is  2;^i^s  •«-  2/ift  -  «i  -  ^,  that  is,  -  «ii.  Hence 
^  itqoiied  condition  is 

Viri«  +  x*tf^»  +  Khr$*  -  frijXiXa  -  vnXsXa  -  viiXsXi  =  0.        (278) 
<•  II  two  circles,  Si,  S%  be  uiyerted  into  two  others,  S'l,  S't,  then  remains 
'Biltwed  by  uiYersion : — 
1*.  The  angle  of  intersection. 

^*  The  ratio  of  the  square  of  their  common  tangent  to  the  rectangle  oon* 
tibedVytbeirxadiL 

I 
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8*.  The  ratio  of  the  square  of  their  mutuAl  power  to  the  pioduetof  ^ 
powers  of  the  origin  with  respect  to  the  circles. 

3.  Being  giren  four  points  in  a  plane,  the  area  of  the  triang^  fbmed  ^ 
any  three  of  them  multiplied  hj  the  power  of  the  fimrth  with  lespeet  to  ^^^ 
oircumcirde  of  that  triangle  gives  a  constant  product.  (Staust-) 

4.  If  5i,  8tt  8»f  8i;    85,  S^  Si,  S9  he  two  systems  of  four  oirclaB, 

0         1111 


1,  fri5,  «"n,  «17,  X|s 

1,  »l»i  *Ut  Vtit  «* 

1»  «!»»  «!»»  VST»  «te 

1,  »46,  »4e,  »47,  Vto 


-  0.  (27*> 


(LacBLaxD.) 


5.  In  the  same  case  prove 

„/12  3  4\«     „/1284\      „/6678\  ,„-, 

"(6  6  7  8)    -"(12  8  4)  ^"(5  6  7  8)-  ^'^^^ 

The  Ezeroises  4,  5  give  a  very  large  nimiher  of  results  hy  making  special 
hypotheses  for  the  circles ;  for  example,  supposing  either  system  to  he  cut 
orthogonally  hy  the  same  cirdo,  or  to  reduce  to  points  or  lines,  fto. 

6.  If  a  circle  radius  p  cut  the  circles  ^1,  8%,  8%  at  angles  ^1,  ^  f^,  prow*0 

1111 


0, 

1 

r? 

I 

1 
p 


ri  rt  ri  p 


-  1,  cos  12,  cos  18,  cos  f  1 

cos  21,   -1,  cos  23,  oos^ 

cos  81,  cos  82,   -1,  oos^ 

cos^i,  cos  ^,  cos  ^  -1 


0.     (276) 


101.  Dep.— ij^  5  =  0,  5'  ==  0  denoU  two  eireUi^  iks  pm^* 
8  -  kS'  =  0,  where  k  receives  all  values  from  +  00  ^  -  oo ,  m  ioU^ 
a  coaxal  si/stem. 

*  A  system  of  curves  of  any  order,  passing  throu^  a  numher  of  poi^ 
which  is  one  less  than  the  numher  required  to  deteimine  a  proper  eurrtf  ^ 
that  order,  is  called  a  pencil  of  curves. 
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yiuofihe  eireU»  of  a  coaxal  tystem  it  infinitely  larg$^  and 

\tdy  small.     For,  let 

fy*+2^a?  +  2/y  +  <?  =  0,     S'a««  +  y»  +  2/a?  +  2/'y  +  c'  =  0; 

ineral  circle  of  the  system.  Now,  in  the  special  case 
B  ly  this  circle  reduces  to 

iS-/S'«2(y-/)a:+2(/-/)y  +  (>-<r'-0,  (278) 

^presents  a  line  that  is  an  infinitely  large  circle.     This 
Ued  the  radical  axis  of  the  coaxal  system, 
,  if  jR  denote  the  radius  oi  8  -  k8\  we  have 

"  (1-^)' 

if  iS  -  Its'  =  0  reduce  to  a  point  circle,  R^O; 

./i-,,)  +  ;t(c+^-2y/-2j5r)+it»(^+/»-c')  =  0,  (279) 
I  a  quadratic  in  ^.  If  the  roots  he  hi,  ^,  the  circles 
B  0,  iS  -  ^a^  =  0  reduce  to  points.  These  are  called 
ting  points  of  the  system.    Hence  the  proposition  is 


-The  parameter  k  is  equal  to  the  ratio  in  which  the  centre 
£r  s  0  divides  the  distance  hetween  the  centres  of  the 

The  limiting  points  of  the  coaxal  system  8  -»  kS'  ^  0  are 
n  the  circles  8,  8'  do  not  intersect,  and  imaginary  when 

3ot8  of  the  equation  (279)  will  he  real  if 
»-/'-0(/'+/"-O  Tt)e  less  than  (tf  +  c'-.2y/-2j5r7, 
4r»r^  be  less  than  {e+if ''2gg'''2ffJ; 

e  the  roots  will  he  real  if 

(r  +  r')'  be  greater  than  8*, 
(r  -  r')'  be  less  than  8*, 
i2 
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where  8  is  the  distance  between  the  centres  of  8^  ly,  that  is, 

the  roots  are  real  when  the  circles  do  not  intersect.     Again,  if 

<^  be  the  angle  of  intersection  of  /S,  /S',  the  equation  (279)  may 

be  written 

r*  -  2hn^  cos  ^  +  **r^  =  0  ; 

therefore  itr'=  r  (cos  ^  t  sin  ^  \/--^)«  (280) 

Hence  the  values  of  ^  are  imaginary  when  ^  is  real,  and 
the  proposition  is  proved. 

104.  A  coaxal  system  may  be  expressed  Knearly  in  terms  of  may 
two  Circles  of  the  system  S  -  JdS  «  0. 

For,  let  fif-  I8'm{\^l)fr,  8-  mS'  -  (1  -  ifi)o^ ;  then  8,  8' 
can  be  expressed  in  terms  of  o-  and  </ ;  and  if  /,  m  be  giv^, 
(T,  o^  are  giv^n.  Hence  8  -  k8'  can  be  expressed  in  terms  of 
two  given  circles  a-y  </ :  k  will  be  the  only  variable  parameter, 
and  it  will  be  in  the  first  degree. 

Cor.  1. — If  (T,  </  be  the  limiting  points,  and  i  a  TanaUe 
parameter,  then  the  coaxal  system  is  represented  by  the  equation 

o-  -  fcr'  =  0.  (281) 

Cor,  2. — Similarly,  if  Z  =  0  denote  the  radical  axis,  any 
circle  of  the  system  may  be  expressed  in  the  form  j9  -  JL£  »  0. 
Thus  g^  ■¥  y*  ±  d^  "  2kx  a  0  denotes  a  coaxal  system,  having 
«  e  0  f or  the  radical  axis,  and  real  or  imaginary  limiHwg  poi]itB» 
according  as  the  sign  of  d^  is  plus  or  minus. 


1.  The  radical  axes  of  any  three  circles  are  ooncuire&t. 

For  if  8,  S',  S"  be  the  circles,  then  ({  102)  the  radical  axes  axe  8^  ^*:0, 
8'-8"t:^0,  8" -8-0,  which,  added,  yanish  identically. 

2.  Tangents  from  any  point  on  a  fixed  circle  of  a  coaxal  systmii  to  two 
other  fixed  circles  of  the  system  are  in  a  given  ratio. 

For  let  tangents  be  drawn  from  any  point  F  of  the  circle  8  —  i^S^  »  0 
to  the  circles  8,  8" ;  then  denoting  these  tangents  by  t,  t\  we  have^  iiiios 
the  power  of  P  with  respect  to  8  -  k^S'  is  zero, 

<*-;&»<'»  =  0. 

Hence  t:t'::k:l,  that  is,  in  a  given  ratio. 
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The  following  are  special  cases : — 

1*.  TongtnU  from  any  point  in  the  radical  axis  to  all  th$  eireles  of 
ths  tyitom  are  equal  to  one  another.    For  in  this  ease  k  ^  I. 
Htnco  t  s  f. 

V.  The  distancoi  from  any  point  of  a  fixed  eirele  of  the  ay  item  to  the 
two  limitiny  points  are  in  a  given  ratio, 

3.  The  limiting  points  are  harmonic  conjugates  to  the  extremities  col- 
linear  with  them  of  the  diameter  of  any  circle  of  the  system ;  hecause 
the  ratio  of  the  distances  of  the  limiting  points  from  one  extremity  is 
equal  to  the  ratio  of  their  distances  from  the  other  extremity  of  the 


4.  The  limiting  points  are  inverse  points  with  respect  to  each  circle. 

5.  The  distance  of  any  point  in  a  given  circle  of  a  coaxal  system  from 
the  radical  axis  is  proportional  to  the  square  of  the  tangent  from  the  same 
point  to  any  other  giyen  cirde  of  the  system. 

This  follows  from  the  equation  S^kL^^O, 

6.  Any  two  circles  and  their  circle  of  inversion  are  coaxal. 

For  the  inverse  of  »*  +  y»  +  2gx  +  2^  +  c  =  0,  with  respect  to  «•  +  y* 
-  r»  =  0,  is  tf  («»  +  y»)  +  2yr^x  +  2/r»y  +  r*  =  0  ;  and  the  first,  multiplied 
hy  r*  and  subtracted  from  the  last,  gives  (e  -  r''){3^  +  y«  -  r*)  =  0. 

7.  The  polars  of  any  point  with  respect  to  the  circles  of  a  ooaxal  system 
are  concurrent. 

For  a  Ff  F'  be  the  polars  of  the  point  with  respect  to  8^  8',  its  polar 
with  respect  to  8  ~  kS'  is  P-  kF'  s  0,  a  line  passing  through  the  inter- 
aecstionofP,  F'. 

Dmf, — The  RADICAL  CBNTBX  of  three  given  eireles  is  the  point  of  concur  * 
rsmce  of  their  radical  axes. 

8.  The  radical  centre  of  three  given  circles  is  the  centre  of  a  circle,  cut- 
ting them  orthogonally. 

9.  The  inverse  of  a  ooaxal  system  is  a  coaxal  system. 
For  the  inverse  oi  8  ~  kS"  isoi  the  same  form. 

10.  The  inverse  of  a  system  of  concurrent  lines  is  a  coaxal  system  of 
cbdee. 

11.  The  inverse  of  a  system  of  concentric  circles  is  a  coaxal  syitemi  of 
vliich  the  centre  of  inversion  is  one  of  the  limiting  points. 

?or  the  inverse  of  (4P  -  a)* + (y  -  6)' '  JS*  a  0  with  respeot  to  fl^ + y*  '  f' «  0 
iifi-lPy^O,  where i5«(a«  +  ^)(a;'+y») -2ar»«-2*r»y  +  r*,  y«i^+y*. 
He&oe  5  8  0,  8'  =  0  are  point  circles. 


/ 
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12.  A  ooazal  system  haying  real  limiting  points  is  tlie  inTerseofteon- 
centrio  system,  and  a  system  having  imaginary  limiting  points  the  intene 
of  a  pencil  of  lines. 

13.  If  a  yariable  circle  cut  two  giyen  circles  of  a  ooazal  system  at  gnn 
angles,  it  cuts  eyery  circle  ol  the  system  at  a  constant  angle.  Thisnay 
be  seen  at  once  by  inversion :  or  without  inversion,  as  follows : — If  A  ■  ^ 
+  y'  +  ^«  +  2/y  +  c  =  0  cuts  5*  ■  «•  +  y»  +  2g's  +  7fy  +  «'  =  0  mi 
5"  B  ««  +  y»  +  2f'x  +  2/'V  +  e*'  -  0  at  angles  ^',  ^",  it  cute  the  cWe 
iS'  -  ifciS"  =  0  at  the  angle 


cor* 


(r'cos»'-r"eos»'')  . 

1     22(1-*) — y  '^' 


where  R  denotes  the  radius  of  S'  -  kS"  «  0. 

14.  The  radical  axes  of  the  circles  of  a  coaxal  system  and  a  oircls  vbidi 
is  not  one  of  the  system  are  concurrent 

16.  The  circles   «*  +  y»-2A«+*«  =  0,    ««  +  y»-2ly-«*«0cut 
orthogonally. 

Dbf. — The  two  points  which  divide  the  dietaneee  between  the  eeniret  of  i^ 
circles  internally  and  externally  in  the  ratio  of  their  radii  are  eaUei  ^ 
centres  of  similitude  of  the  circles. 

Thus  if  «»  +  y»  +  ^«  +  2/V  +  «  =  0,   «•  +  y»  +  2^«  +  2fy  +  s* «  0  *• 
two  circles,  their  centres  of  similitude  are — 


internal,  the  point  { — f—,    -=--■ — 7—  { ; 

(28J) 

r 


and  external,  \'^'"'f\    zS^^^ 

\      r  —  r'  r  ~r 


16.  If  i$,  ^  be  two  circles  whose  radii  are  r,  /,  prove  that  their  intei^'^ 

centre  of  similitude  is  the  centre  of  —  +  -7  »  0,  and  the  external  one,  t^ 

r      r 

^   ^  S     S'     ^ 

centre  of ^  =  0. 

r      r 

S     S' 

17.  Ji  S,  S'he  two  circles,  -  ±  --  «  0  will  invert  one  into  the  oth^>^ 

in  what  respect  do  these  inversions  differ  P 


Cartesian  Co-ordinate^. 
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IS.  If  S,  Sf  be  two  circles,  the  circle  described  on  the  distance  between 
their  centres  of  similitude  as  diameter  is  -^  — ;,  "=  0.  (284) 

Xliia  is  called  their  eireU  ofiimilitude. 

19.  Given  any  three  circles,  taking  them  two  bj  two  they  have  three 
circles  of  siniilitude ;  prove  that  these  circles  are  eoaxal. 

20.  Qiven  any  three  circles  jS',  ST,  S^"^  their  six  centres  of  similitude  lie 
tlivee  hy  three  on  four  right  lines. 

For  if  r'y  r",  /"  be  the  radii  of  the  circles,  the  three  external  centres  of 
■Jmilitndft  are  the  centres  of  the  three  circles, 


ET     5" 


5"     8"' 


^  -  ^/      ^»    //  "•  ^'» 


0,   p;r-;7-0; 


that  is,  they  are  the  centres  of  three  coaxal  circles.  Hence  they  are  col- 
Hiiear.  In  like  manner,  it  may  be  proved  that  any  two  internal  centres  of 
gmiTitride  are  collinear  with  one  of  the  external  centres  of  similitude. 

21.  If  the  three  given  circles  be  o^  +  y*  +  2/«  +  2fy  +  «'  =  0,  &c.,  the 
^nations  of  the  four  axes  of  similitude 


0. 


(285) 


0,  -flP,  -y,  1, 
*r',  /,  /-,  1, 
ir",       g'\      r,       1, 

Wliere  the  choice  of  signs  in  the  first  column  is  thus  determined  for  the 
external  axis  of  similitude  the  signs  are  all  positive,  and  for  each  of  the 
^^^liers,  two  are  positive  and  one  negative. 

22.  If  a  variable  circle  touch  two  fixed  circles,  the  chord  of  contact 
through  one  of  the  centres  of  similitude  of  the  two  fixed  circles. 

23.  In  the  same  case  the  variable  circle  is  cut  orthogonally  by  one  d 
two  circles  of  inversion  of  the  fixed  circles. 

24.  A  system  d  circles  cutting  three  given  circles  isogonally  are  eoazilt 
tlmir  ndical  axis  being  one  of  the  axes  of  similitude  of  the  three  gif«a 
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*  SscnoK  n. — A  Stsism  of  Tav6bhtial  Cibglbs. 

106.  IhJUtd  ike  equatum  of  ike  eireles  inpairs^  Umelmg  ihr^ 
fivm  eMs$  5i,  S^  8^. 

In  equation  (271)  if  S^  reduce 
to  a  point,  it  must  be  some  point 
on  the  circle  touching  ^i,  St,  Sj, 
thenU',  24\  34*,  will  be  the 
powers  of  that  point  with  respect 
to  ^i,  ^  8i,  and  may  be  denoted 
by  -Si.  St,  St,  and  putting  /,  m,  n 
for  the  squares  of  the  common 
tangents,  viz.,  23  >  STj  12*,  the 
equation  (271)  gives 


0, 

», 

m, 

s, 

», 

0, 

h 

s. 

m, 

I, 

0, 

S^ 

Su 

S2, 

s„ 

0 

=  0, 


(286) 


or 


rSi»  +  m^St^  +  n^St^  -  2lmSi82  -  2mn8t8t  -  2nl8t8i  =  0.    (287) 

Now  if  we  substitute  for  8i,  82,  83,  their  full  expressions  in 
Cartesian  co-ordinates  the  equation  (287)  will  be  of  the  fouitt 
degree ;  it  must  therefore  be  the  equation  of  a  pair  of  circlei 
O,  O'  tangential  to  81,  82,  83.  The  equation  (287)  is  the  pro 
duct  of  four  factors 

^ISl  ±  ym82  ±  y/nS^=  0, 

either  of  which  cleared  of  radicals  gives  (287).     Hence,  fo 
shortness,  we  may  call  any  of  them  such  as 

^/IS,  +  y/^2  +  y^s  =  0,  (288) 

the  equation  of  the  pair  of  tangential  circles. 
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This  result  was  first  published  in  a  Memoir  on  the  Equations 
d  Circles  in  1866,  by  the  author,  in  the  Proceedingt  of  the 
fioyaJ  Iruh  Academy. 

^^—The  equation  (288)  is  called  the  vobm  o/(287). 

106.  Since  the  points  A,  A'  are  common  to  OCy  and  ^i,  and 
since  i{  in  the  equation  (287)  of  OO"  we  make  8i  «  0,  we  get 
{mSi  -  nSiY  -  ^*  ^^  circle  mS^  -  nS^  =  0  passes  through  the 
points  A,  A';  therefore  the  line  AA'  is  the  radical  axis  of  8i 
tod  m82  -  nS^,     Hence  its  equation  is 

(w  -  n)  iSi  -  (mSi  -  Ji5,)  =  0. 

'or  this  denotes  a  line,  namely, 

m{8i  -  82)  -  n{8i  -  8^)  =  0. 

^ow  /^i  -  iS,  »  0  is  the  radical  axis  at  81,  8^ ;  fmd  81 --  8^  =  0 
^  the  radical  axis  of  iS^i,  8^ ;  denoting  these  by  A^  At,  we 
^^e  mAi  "  nAt  a  0  as  the  equation  of  AA',  Therefore  the 
equations  of  the  three  chords  AA',  BB',  CC  may  be  written 

This  theorem  gives  a  new  method  of  describing  a  circle  touching 
^^  given  circles.  For  drawing  the  three  lines  (289),  the  two 
Iliads  of  points  A,  B,  C;  A',  B',  C  are  determined. 

107.  If  the  lengths  of  the  transverse  common  tangents  to 

^»  5t,  5,  be  denoted  by  \/r,  y/m',  y/fi^,  respectively,  the 
norms  of  the  other  three  pairs  of  tangential  circles  will  be — 

108.  If  we  denote  the  angles  of  ii 
(^fli)by^,    {d^8,)hj 


^«hiTe       2co6^^-i    / — : 
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Hence  the  norms  (288)-(292)  may  be  written 

COB iA  y/Silri-k-  cos  iB \/8^t  +  cos  J Cx/S^r^  -  0 ;    (298) 

coBiA^/8^i-^GmiB\/^^^S^t  +  wiiiC\/^^^         (294) 

8ini^\/-fifi/ri  +  co8i^\/]^+smjC'\/^^^^^,-0;  (296) 

8mi^\/-/Si/ri  +  8mi-»A/-iS,/r,+co8iC\/S,/r,-0;  (296) 


1.  The  poles  of  the  chords  AA\  BJy,  C0\  with  retpeot  to  the  eiidM 
^h  S%,  Szf  are  collinear,  their  line  of  colHneaTity  being  the  mdieal  azif  d 

2.  The  radical  azlB  of  n,  n'  is  the  external  axis  of  similitude  of  ^i,  ^  ^ 

3.  The  circle  which  cuts  Si,  8%,  S9  orthogonally  inverts  a  into  Ck\ 

4.  If  the  join  of  the  points  A^  B  (fig.  §  105)  intersect  the  circles  8u  & 
in  the  points  D,  E,  respectively,  prove  that  the  rectangle  AJS .  DB  is  eqnil 
to  the  square  of  the  common  tangent  of  8\,  8%,  and  thence  prove  the  theonn 
of  §  106. 

6.  If  2  be  the  orthogonal  circle  of  ^1,  8%,  89,  the  radical  axis  of  S  and  81 
meets  the  radical  axis  of  n  and  A'  in  the  pole  of  AA'  with  respect  to  81, 

6.  The  circles  A,  A'  are  tangential  to  the  three  circles 
l8i~2m82-2n8z-0,  mS2"2n8z -2181^0,  n8$~2l8i''%m8t^0. 

7.  The  three  systems  of  points  A,  A',  B,  B';  B,  IT,  (7,  C;  C,  C,  A^M 
are  concyclic,  the  circles  through  them  being  respectively 

109.  To  invedigate  the  general  condition  that  any  number  of 
circles  mag  have  one  common  tangential  circle. 

LsuicAs. — If  f{x)  =  0  be  an  algebraic  equation  of  the  n/^ 
degree,  whose  roots,  taken  in  order  of  magnitude,  are  a,  6,  r, ...  I, 
then 
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!<>. 


«-» 


h-e 


(*-«X*-*)    (*-*)(*-0 


+  .. . 


(/-a) 


(*-/)(*-«) 


=  0.  (297) 


2°. 


0. 


(298) 


Lemma  1^  may  be  proyed  by  dividing  each  fractioii  into  the 
diifeience  of  two  partial  fractions.  Lemma  2^  is  well  known  to 
thoee  acquainted  with  the  theory  of  equations.  When  »  »  4, 
which  is  the  only  case  in  which  we  shall  use  this  lemma  here, 
it  may  be  stated  thus : — ^If  «,  hfCjdhe  any  four  quantities,  then 

g»  y  e" 

(«-*)(«- 0(«  -  ^)  "*"(*-«)(*-<?)(*- <0  "^  (<?-«)(<?-*)(«- ^) 


d" 


{d-a){d-b){d-e) 


=  0. 


110.  If  0  be  the  origin,  and  A,  B,  C,  .  .  .  Z  any  number  of 
fixed  points  on  a  right  line  passing  through  0 ;  X  any  yariable 
point  on  the  same  line ;  then,  if  OA,  OB,  OC,  . . .  OZ,  OX  be 
denoted  by  a,  3,  tf,  ...  7,  x,  we  have,  from  lenmia  1^, 


AB 


BC 


ZA 


AX.BX'^  BX.CX'^'-'ZX.AX"^'      ^^^^^ 


Now,  if  circles  whose  diameters  are  8«,  8»,  8,,  .  .  .  8|,  8«  touch 
the  line  OX  at  the  points  A,  B,  C,  . . .  Z,  X,  then  from  (< 
we  get 


AB 


AX.BX  BC 

+ 


BX.CX 


\/8..S»  *  y/h^.h,.Z^.Z,     y/h^.h,  '  \/8» 


+  ... 


ZA 


ZX.AX 


\/S,.8.  *  \/S,.8..8.. 
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Then,  inverting  from  any  arbitrary  pointi  since  the  square  of 
the  common  tangent  of  any  two  circles  divided  by  the  rectangle 
contained  by  their  diameters  remains  unaltered  by  iuTersion,  we 
have,  after  omitting  common  factors,  the  following  genenl 
theorem  : — If  a  eireU  O  t<mch  any  numbw  ofeireUt  Si,  iSn .  • .  8u8g, 
and  ifeomman  tangents  he  denoted  hy  12,  ^^.,  then 


12  23  l\ 

= — =  +  = — =  + . .  •  _    —  =  0. 

\x  .2x     2x  •  3x  lx»  Ix 


(300) 


111.  If  S^  reduce  to  a  point,  this  will  be  a  point  on  the 
circle  O,  and  Ix,  2x,  3x  ,&c.,  may  be  replaced  by  ^/S^  v8^ 
\/8t,  &c.  Hence  we  have  the  following  theorem : — If  a  eMi 
Q  he  touched  by  any  numher  of  etrelee  S^  Sty  8^, . . ,,  the  equation 
ofQ  toill  he  contained  as  a  factor  in  the  equation. 


12 


23 


34 


^/8^8t     yStS,     ^/8,8^ 


+  &c.  =  0. 


(301) 


Cor.  1. — If  there  be  only  three  tangential  circles  this  equa- 
tion reduces  to  equation  (288). 

112.  From  lemma  2^,   supposing  f{x)  to  be  of  the  fourth 
degree,  we  get  in  the  same  manner  the  following  theorem  : — 

If  a  circle  Q  he  tangential  to  Jive  circles  Sq^  Si^  8^989,8^^ 
then 


0T» 


02 


3 


03» 


0? 


12.13.14      12.23.24      13.23.34      14  .  24  .  ;S4 


-0; 


and  supposing  80  to  reduce  to  a  point,  and  denoting  by  P(l) 
the  product  of  all  the  common  tangents  from  i^i  to  all  the 
other  circles,  then 


81         8t         8j         81       ^ 


P(l)      P(2)      P(3)     P(4) 


(802) 
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1.  The  drele  through  the  middle  points  of  the  sides  of  a  tziangle  touches 
bodi  the  mserihed  and  the  escribed  circles. 

For,  let  ^1,  8%^  Si  denote  the  middle  points  of  the  sides,  8a  one  of  the 

cncles  tooching  the  sides,  say  the  inscribed  circle;  then  ld;>  2x,  Zx  me 

tqaal  to  }  (ft  -  «),  i(c-  a),  i{a^b)  respectiyelj,  and  12»  23f  31f  equal  to 
)«,(«,  |ft ;  and  these  substituted  in  the  equation 

12  23  31         ^ 

=-^=  + +  :zr-=  =  0, 

\x»'2»     2x*Zx     Zx  *\x 

it  Taniahes  identically. 

2.  The  circle  through  the  middle  points  of  the  sides  passes  through  the 
feet  of  the  perpendiculars.  For,  taking  /$i,  8%,  8%^  as  in  Ex.  1,  and  8a  the 
foot  of  the  perpendicular  on  the  side  a,  then 

i«  =  ft  cos  (7-  }«,      2i  »  -  }ft»      3i  =  Jci 

and  substituting  as  before. 

3.  If  ^1,  8t,  8z,  8i\ie  the  inscribed  and  escribed  circles,  then  (Ex.  1) 
they  hare  a  common  tangential  circle  A  (called  the  '<  Nine-points  Cirde  "). 
Its  eqnatioQ  in  terms  of  these  four  circles  is 


8i 


8t 


8t 


(«-ft)(ft-tf)(c-«)      (a  +  ft)(ft-<?)(c  +  a)      (a+ft)(ft  +  <?)(«-a) 

+ ?1 

(«-ft)(ft+<?)(<?  +  a) 

4.  The  equation  (301)  may  be  written  thus : 


0. 


(303) 


etMJ  (l2)VKr2     cost(23)Vrir>  cost(^)>^i 

V8^  v¥8i        '"     VsTsi 

6.  If  a  circle  A  touch  four  circles  whose  radii  are  n  .  .  .  ri,  then 

8i  ,  8f 


(304) 


noosi(12)cosi(13)cosi(14)      r,  cos  i  (21)  cos  i  (23)  cos  1(24) 

8t  fi* 

rseos^ 


^  ii(31)cosi(32)cosi(34)'^r4C06i(41)cosi(42)cosi(43)* 


6.  If  Sbeadrde,  Oa  point,  andOPQaline  through  0  and 
of  6f  meeting  the  circumference  in  F  and  Q,  then  we  have  ^ 
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Hence  if  8  open  out  into  a  right  line,  Sjlr  becomes  eqiial  to  OQ ;  tint  i% 
equal  to  the  perpendicular  from  0  on  the  right  line,  into  which  8  opcu  out 
By  means  of  this  principle  we  can  express  the  equations  of  the  escribed  nd 
inscribed  circles  in  terms  of  the  sides  of  the  triangle  of  lefawpee  sndthB 
*<  Nine-points  Circle."  Thus,  in  Ex.  6,  let  ^i,  ^  i%  be  the  sidas  %  At 
of  the  triangle  of  reference,  8^  the  '*  Nine-points  Girdle;"  tfaeoy  deeoliBg 
the  angles  of  intersection  of  the  sides  with  8^  bj  Au  B^  Ou  respeetifdy, 
the  equation  of  the  inscribed  cirde  is 


cos  ^A  cos 


JocorM      jBcosjB     yoosjCj 

}J9cosi(7(sini^i  '^  sin^i?!       sin^eTi  } 


8i 


r^  sini^isin  \Bi,  sin^t^ 


0. 


(306) 


7.  The  tangent  to  the  "  Nine-points  Cirde  "  at  its  point  of  contMt  wxtk 
the  inscribed  circle  is 


For 


aa  hfi  cy        ^ 

b  —  e     e  —  a     a—  b 


cos  I  ^         cos  ^  ^       _     a 


(«07) 


fto. 


SscTioN  III. — Tbiuseab.  Co-obddtatxs. 

113.  The  equation  Ifiy  +  mya  +  nafi  s  0  denotes  a  ewnteeffk 
second  decree  eircumsoribed  to  the  triangle  of  reference, 

Dem. — If  in  the  general  equation  oa*  +  hp^  +  r/  +  Tkefi 
+  2/J9y  +  2gya^  0,  the  coefficient  of  a'  vaniahes,  the  ciunre  panes 
through  A\  for  if  we  make  j9  =  0,  y  =  0  in  the  reaolting  eqiia- 
tion,  it  will  be  satisfied.  Similarly,  if  the  coefficients  of  /S*,  / 
each  vanish,  it  will  pass  through  the  points  B^  C.  Hence  the 
proposition  is  proved. 

It  will  be  seen  in  Chapter  XII.  that  every  curve  of  the  second 
degree  can  be  obtained  as  the  section  made  by  some  plane  with 
a  cone  standing  on  a  circular  base.  It  is  on  this  account  these 
curves  have  been  called  '*  conic  sections."  Hence,  for  short- 
ness, we  refer  to  them  as  '*  conic." 
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114.  If  a  transversal  draum  through  a  fixed  point  Oin  the  plane 
of  the  triangle  ABC  meet  its  sides  in  Ri,  22^,  jSj,  and  ifR  he  a  point 
on  it  such  that 

\M,  "  or)  "*■  [OR^  "  'OR)  "^  [or,  "  OR)    "  ^' 
the  locus  of  R  is  a  eireumeonie  of  the  triangle  ARC. 

Dem. — Let  ABC  he  the  triangle  of  reference,  and^',  j/',  p'^^ 
the  normal  co-ordinates  of  0,  then  we  may  prove,  as  in  §  54^ 
that  the  locus  of  jS  is 

that  is,  p'/a  ^p"lp  +i?"7y  =  0,  or  p'fiy +p"ya  +p'"aP  =  0.  (308) 

Def. — The  curve  (308)  is  called  the  polar  conic  of  the  point  O 
with  respect  to  the  triangle^  and  0  is  called  the  pole  of  the  conic. 

Cor.  1. — ^The  polar  conic  of  the  point  a'jSy  is 

a'/a  +  p'/p  +  Yly  =  0.  (309) 

Cor.  2. — If  A  and  R  be  two  points,  such  that  the  polar  conic 
of  A  passes  through  R^  then  the  trilinear  polar  of  R  passes 
through  A. 

For  let  the  co-ordinates  of  A  and  R  be  a'jS'/,  a"fi"y\  then  the 
polar  conic  of  A  is  a'/a + fi'/fi  +  y'/y  "  ^>  ^^^  ^®  trilinear  polar  of 
-Sis  a/a''+  PIP^+ylY'^Oy  equation  (161).  And  we  get  the  same 
result,  whether  we  substitute  in  a'/a  +  fi'JP  +  //y  =  0  the  co-ordi- 
nates of  R^  or  in  a/a"  +  PJP"  +  y/y"  =  0,  the  co-ordinates  of  A. 

Cor.  3. — The  trilinear  polar  of  every  point  on  the  eireum- 
eonie passes  through  the  pole  of  the  conic. 

115.  The  circumcircle  of  the  triangle  ARC  is  the  polar  conic  of 
its  symmedian  point. 

In  order  to  show  this,  it  is  necessary  to  find  the  values  of 
/,  m,  n,  so  that  Ifiy  +  mya  +  naP  a  0  may  represent  a  circle. 
Transform  Ifiy  +  mya  +  nafi  a  0  to  Cartesian  co-ordinates,  equate 
the  coefficients  of  a^  and  y',  and  put  the  coefficient  of  «y  »  0. 
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This  gives 

^cos(jS+  y) +  111  cos  (y  +  a)  +  »cos(a  + j8)»0, 

^sin(jS  +  y)  +  iiisin(y  +  o)  +  »8in(a  + j8)«0. 
And  eliminatiiig  /,  in,  n,  we  get — 

^yi  r*>  «A 

C08(jS  +  y),     cos(y  +  o),     cos(a  +  )3),       « 0. 

sin  {P  +  y),     sin  (y  +  o),     sin  (a  +  )3) 

Hence  iSysin^  +  yasin^  +  o^sin  C»  0.  (310) 

Therefore  7,  m,  n  are  proportional  to  sin  ^,  sin  J?,  sin  C;  tint 
is,  to  the  co-ordinates  of  the  symmedian  point.  Hence  the  pro- 
position is  proved. 

116.  This  proposition  may  be  proved  in  a  manner  thatirill 
lead  to  an  important  extension.  Thus :  let  A'y  ff^  C  be  three 
collinear  points ;  then  (§  1 )  ^ C"  +  CA'  +  A'Jff  «  0.  Hence,  if/ 
denote  the  perpendicular  from  any  point  0  on  A'C'^  we  have 

B^a     a  A'    A'B'   ^ 

+ +  =  0. 

p       p        p 

Therefore,  inverting  from  0^  and  denoting  the  inverses  ot 
A\  B',  (?  by  A^  Bj  C,  and  the  perpendiculars  from  0  on  tb 
lines  BC,  CA,  AB  by  a,  jS,  y,  we  have  (§  89,  Ejl.  6)— 

BC  ^  BC     CAf_  _  CA      AIJff_  ^  AB^ 
P         o.'      p         P  '      P  y   * 

Hence  BC/a  +  CA/P  +  AB/y  =  0 ; 

or,  denoting  the  lengthsof  the  sides  of  the  triangle^^Cl>y «,  h,  t^ 

a/a  +  h/P  +  e/y  »  0. 

Now,  since  the  points  A\  B*,  C*  are  collinear,  their  inverses 
A^  B,  C  and  0  are  concyclic.  Hence,  calling  ^^C  the  trian§^ 
of  reference,  the  equation  of  its  circumcirde  is  tf/a  +  i/P  +  cjf 
B  0,  which  is  the  same  as  (310). 

117.  It  may  he  shown  in  exactly  the  same  way  that  ifapolyyemf 
the  lengths  of  whose  sides  are  a,  ft,  c,  d^  Spe.y  and  whose  sismdeHl 
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are  a  =  0,  j3  ==  0,  &c.,  he  inscribed  in  a  circle,  then  for 
en  that  circle 

a/a  +  h/p  +  c/y  +  d/S  +  &c.  =  0.  (311) 

beorem  first  appeared  in  the  Transactione  of  the  Boyal 
tdemy,  vol.  xzvi.,  1878,  in  a  Memoir  hy  the  author  on  the 
I  of  Cirdee^  pp.  527-610. 

^find  the  equation  of  the  tangent  to  the  conic 

iPy  +  my  a  +  nafi  =  0 
ni  {aP). 

any  line  a-kfi  ^0  through  (aj9),  and  eliminating  a 

it  and  the  equation  of  the  conic,  we  get 

p[{l-^mk)y  +  nkp]^Q. 

JcB  up  into  two  factors,  one  of  which  j3  passes  through 
e  points  in  which  a-kp  =  0  meets  the  curve,  the  second 
f  +  nkp  s  0  passes  through  the  other  point.  This  will, 
d,  be  different ;  but  if  /  +  m^  »  0  they  coincide,  and 
0  will  be  a  tangent.  Hence  eliminating  k  between 
0  and  a-  kp  =0  we  get  a//  +  fi/m  =  0,  which  is  the 
it  the  point  (aj9).  Hence  the  tangents  at  the  three 
of  the  triangle  of  reference  are 

+  )9/moO,     j3/m  +  y/»  =  0,     y/n  +  a/7=0.      (312) 

rhe  triangle  formed  hy  the  three  tangents  to  the  circum- 
he  summits  of  the  triangle  of  reference  is  in  perspective 
^/rumgU  of  reference. 

-Let  the  tangents  at  B^  C  meet  in  A'\  at  C,  A  in  B* ; 
in  C\  Then  subtracting  y/n  +  a//,  which  is  the  tan- 
?  from  ajl-k-pjm  the  tangent  at  C,  we  get  j3/iii-y/»  =  0, 
evidently  the  equation  of  AA',  Similarly  the  a^ili* 
W,  CC  are  y/»- a//  =  0  and  o// -  jS/ifi-O,  nAj  ^"* 
ded  together,  vanish  identically  ;  tlu 
9^,  CC  are  concurrent,  and  the 
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Car,  1. — The  centre  of  perspectiye  is  the  pole  of  the  oonic 
with  respect  to  the  triangle  ABC, 

For  the  three  lines  AA\  BF,  CC  are  jS/in  <»  yjn  »  a/I,  and 
these  intersect  in  the  point  {Imn)  which  is  the  pole  of 

Ifiy  +  mya  +  nafi  =  0. 

Cor.  2. — The  axis  of  perspectiye  is  the  tiilinear  polar  of  the 
centre  of  perspective. 

For  the  trilinear  polar  of  the  centre  of  perspeotiYe  is 
a//  +  Pjm  +y/n  =  0,  and  this  evidently  passes  through  the  inte^ 
section  of  a//  +  Pjm  with  y ;  of  Pjm  +  y/n  with  a ;  of  yjn  -k-aH 
withjS. 

In  these  propositions  if  we  put  a,  h^  e  for  /,  m,  »  we  get 
case  of  the  circumcircle  and  the  symmedian  point. 

120.  The  chord  joining  the  points  a'jS'y',  a"li'Y  aniheeir 

circle  it 

aa/a'o"  +  hfi/P'p"  +  ey/yy  =  0.  (818) 

For  since  the  points  are  on  the  circle  we  have 

a/a'+i/iS'+<?//=0,     a/a"+i/i8"  + <?//'- 0, 

and  in  virtue  of  these  relations  the  co-ordinates  of  each  point 
satisfy  the  equation  (313). 

Hence  it  follows  that  the  tangent  at  the  point  a'fi'y 

is  aa/a'»  +  bpip'^  +  <7/y*  =  0.  (814) 

121.  The  equation  of  the  eireumeirele  in  lory  centric  eo-erii' 

nates  is 

a^la  +  PIP  +  c«/y  =  0.  (815) 

Hence  the  equation  of  its  complementary,  §  (67),  that  is  tho 
circle  (Nine  points)  through  the  middle  points  of  the  aides,  is 

«VG3  +  y-*)  +  ^/(y  +  a-iS)  +  <^/(a  +  i8-y)«0;   (816) 

and  the  equation  of  its  anticomplementary,  that  is  of  the  dr* 
rumcircle  of  the  triangle  formed  by  drawing  through  its  sommits 
parallels  to  the  opposite  sides,  is 

a^Kfi  +  y)  +  iV(y  +  tt)  +  c»/(o + )8)  =  0.  (817) 
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122.  To  find  the  equation  of  the  circle  inscribed  in  the  triangle 
of  reference. 

The  general  equation  of  the  second  degree,  viz.  aa^  +  hp* 
^c^  +  2hafi  +  2fpy  +  2^a  «  0,  represents  a  curve  of  the  second 
degree  cutting  each  side  of  the  triangle  of  reference  in  two 
points ;  thus,  if  we  make  y  =  0,  we  get  oa*  +  2hafi  +  i)S*  =  0, 
which  represents  two  lines  passing  through  the  vertex  C  of  the 
triangle,  and  through  the  points  where  the  curve  meets  y. 
Hence,  if  it  touches  y,  these  lines  must  coincide,  and  aa}  -f  2haP 
+  hp*  =  0  must  be  a  perfect  square.     JEence  it  follows  that  the 
general  equation  of  a  curve  of  the  second  degree  which  touches  the 
three  sides  of  the  triangle  of  reference  must  he  such,  that  if  any  of 
the  variables  he  made  to  vanish,  the  result  will  be  a  perfect  square. 
"nierefore  the  equation  Pa^  +  m^^  +  ny  -  2lmaP  -  2mnPy 
•  ^nlya  «  0*  represents  a  curve  of  the  second  degree  inscribed  in 
the  triangle  of  reference,  because,  making  any  of  the  variables  to 
mush,  the  result  is  a  perfect  square.     The  norm  of  this  equa- 
tion is  ^la  +  v^mjS  +  \/»y  =»  0  (§  105)  ;  and  the  problem  to  be 
lolved  is  to  find  the  values  /,  m,  », 
n  that  it  may  represent  a  circle. 

ISow,  making  y  =  0,  we  get  {la 

-  %fiY  ss  0 ;  hence  the  equation  of 

CFis  la  "  mP  a  0  ;  and  this  must 

^  satisfied  by  the  co-ordinates  of 

f)  which,  from  the  figure,  are  evi- 

^tly  2r  cos^  ^B,  2r  cos»  i-4,  0  ; 

*"  being  the  radius  of  the  circle,   q 

H«ice  / :  «i  :  :  cos^  J-4  :  cos*  iB. 


rly  m  :  n  : :  cos*  ^B :  cos' JC     Therefore  the  equation  of 
fe  circle  is 

cos}^  v^  +  ^o^iB^P  +  cosiC^/y  =  0.        (318) 

*The  ngiis  ol  the  coefficients  of  the  products  a;S,  $yy  7a  are ,  -  +  +» 

'f'-+,  ++— .   Otherwise  the  equation  represents  two  coincident  lines.   The 

int  of  these  four  cases  corresponds  to  the  inscrihed  conic,  the  others  to  the 

aienbed. 

k2 
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This  equation  is  a  special  case  of  equation  (293),  from  which 
it  may  be  inferred  by  the  method  of  Ex.  6,  §  112. 

123.  The  equation  of  the  incircle  may  be  inferred  from  that 
of  the  circumcircle  by  the  following  method,  which  is  due  to 
Sir  Andrew  Hart : — ^Let  a',  p',  -/  he  the  standard  equations  of 
the  sides  of  the  triangle  formed  by  joining  the  points  of  contact 
of  the  incircle  on  the  sides  of  the  triangle  of  reference ;  a',  h%  ^, 
their  lengths ;  then,  since  the  incircle  is  described  about  this 

triangle,  we  have 

of      b'      i/     ^ 

but        a'^yp^,  p'-^Th  y-y^, 

since  the  perpendicular  from  any  point  on  the  circumference  of 
a  circle  on  the  chord  of  contact  of  two  tangents  is  a  mean  pro- 
portional between  the  perpendiculars  from  the  same  point  on  the 
tangents  (Sequel  in..  Prop,  x.) ; 


therefore 


?=:  + 


=  =0. 


\/Py    \/ya    \^o.p 

Again,  if  the  angles  between  the  lines  a  =  0,  /9  =  0  be  denoted 
by  (a/8),  &c.,  it  is  evident  that  a',  i',  cf  are  proportional  to 

cos  J  (a^),     cos  J  {Py\     cos  i  (ya) 

respectively  ;  hence  the  required  equation  is 

cos  i  jaP)      cosi(ffy)      cos  i  (yg)  _ 

V  ap  y  Py  \/ya 

Or,  as  it  may  be  written, 

cos  ^A  \/a  -f  cos  \B  *y P  cos  iC-v/y  =  0. 

In  the  same  manner  the  equations  of  the  escribed  circles 
are 

cosi^  \/^+6ini5v^jS  +  sini(7\/y  =  0,  (319) 
sin  \A  v/a  +  cos \B y/'^  +  sin  \CVy  =  0,  (320) 
sin  i^  A/a  +  sin  i^V^J8  + cos  1(7^/^=0.     (321) 
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1.  Find  the  barycentric  equations  of  the  incirole,  and  the  exoiroles  of 
the  triangle  of  reference. 

2.  The  points  of  contact  of  the  incirole  or  any  of  the  excircles  of  the 
triangle  of  reference  form  a  triangle  in  perspectiye  with  it,  and  the  centres 
of  perspectiye  are  the  Gergonne  points  (see  Ex.  64,  p.  95). 

3.  If  the  points  of  contact  of  the  escribed  circle  with  the  sides  of  ABO  be 
ai3i7i,  02/3372,  03)8373}  respectively,  prove  that  four  triangles  whose  summits 
are  the  points  01/3273;  01/8872,  03J8371,  03/8173  are  in  perspective  with  ABC. 
The  centres  of  perspective  are  the  Nagel  points  of  ABC. 

4.  If  A\BiC\  be  the  feet  of  the  perpendiculars  of  ABCt  the  joins  of  the 
incentres  to  the  circumcentres  of  the  triangles  ABiCi,  BCiAu  CA\Bi  are 
eoncurrent. 

6.  Prove  the  following  property  of  the  Oergonne  point,  denoting  it  by  Oy 
and  drawing  through  it  parallels  to  the  sides,  the  harmonic  means  between 
the  segments  into  which  each  parallel  is  divided  at  the  point  O  are  equaL 

6.  If  through  the  isotomic  conjugate  of  the  incentre  of  ^j9(7  parallels  be 
drawn  to  the  sides,  prove  that  the  length  of  these  parallels  intercepted  by 
the  sides  of  the  triangle  formed  by  the  middle  points  of  the  sides  of  ABO 
are  equal. 

7.  If  Ay  B  be  any  two  points,  AB  is  the  trilinear  polar  of  the  fourth 
point  of  intersection  of  the  polar  conic  of  A  and  B.  Hence,  as  a  particular 
case  the  circumcirole  and  the  polar  conic  of  the  centroid  intersect  in 
8teiner*s  point. 

124.  To  find  the  equation  of  the  chord  joining  the  point*  olfif-/, 
a")8'y  on  the  incircle. 

Put  for  shortness  cos  ^A  =  />,  cos  \B  s  m*,  cos  ^  C  =  n^,  and  we 
have  the  two  equations 

Hence  h  =  h  {\//8V'  "  "^ P^'i\i  where  Ic  denotes  some  constant, 
with  similar  values  for  m^  and  n';  therefore 

But  the  join  of  the  given  points  is 


134  The  Cireh. 

Hence,  by  sabstitution,  we  get 


(323) 


which  is  the  required  equation.    This  result  is  due  to  ffir 
Andrew  Hart. 

125.  If  the  points  a'jS'y,  al'fi!''/'  become  consecutiTe,  the 
equation  (322)  reduces  to 


ha        m^B       n*y 
^  +  — =  +  -~  =  0, 


y/ 


(823) 


which  is  the  equation  of  the  tangent  to  the  indrde  at  the 
point  a')8'y. 

Cor. — The  locus  of  the  trilinear  pole  of  the  tangent  (323)  is 
the  line  la,  +  m)3  +  ny  s  0.  For  the  co-ordinates  of  the  pole 
being  denoted  by  a,  ^,  y,  we  have 

Hence        la  +  mfi  +  117  =  ^/la*  +  •/mpi  +  V^  "  0. 

126.  If  the  equation  (311)  be  transformed  by  Hart's  method 
(see  §  128),  we  get  the  following  general  theorem :— ^^  • 
polygon  of  any  number  of  sides  whose  equations  are  a  »  0,  j3  ■  Ot 
y  =  0,  S=  Of  ^c,f  he  circumseribed  to  a  ctrele,  the  equaium  oft^ 
circle  is  a  factor  in  the  general  equation 

cos  J(a^)  ^  cos i^y)  _^     _  _^  cos  jj^)  ^  ^         ^^^ 


^/ 


coa 


127.  If  the  equation  (a,  i,  c,  /,  y,  A)(a,  P,  yf  =  0  represnd     * 
circle,  it  is  required  to  find  ths  invariant  relations  between  t^ 

coefficients. 

Let  8 denote  any  circle,  then,  since asin^+^Ssin^+y siis-    ^ 
is  a  constant,  being  in  normal  co-ordinates  equal  to  twice 
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area  of  the  triangle  of  reference  divided  by  the  diameter  of  the 
(drcumcirde,  the  equation 

i8-¥{la-^mP-{-ny){aemA  +  )8  sin^+ysin  C)  »  0 

must  represent  a  circle. 

Hence,  taking  8  to  denote  the  circnmcirclei   equating  the 
coefficients  a',  ^,  y*  in 

iS  +  {la  +  mp  +  ny){aBm  A  -^  P  BXEL  B  +  y  em  C\ 

and  in  the  given  equation,  we  get 

,        a  h  e 

1-1 — 7»      »» 


sin  ^'  sin  ^'  sin  (7 

Hence,  substituting  these  values,  and  equating  the  remaining 
eoefftcients,   we  get,   after  eliminating  k^  the  two  following 
lelations : — 
Ivj^C-^-e  sin*jB- 2/8in B^C^c  sin^4  +  a sin"(7-  2g sin  Csin-4 

=  a  sin'^  +  h  sin'-dt  -  2A  sin^  sin  ^.         (325) 


1.  If  the  area  of  the  triangle  formed  by  joining  the  feet  of  the  perpen- 
dieoltf  from  a  point  P  on  the  sides  of  the  triangle  of  reference  be  given, 
prove  thtt  the  locos  of  P  is  a  circle  concentric  with  the  circumcircle. 

2.  If  through  P  paraUels  EPF,  FFJff,  DFET  to  BC,  CA,  AB  be 
^nvn,  proTe  that  the  locus  of  P  is  a  circle,  if  the  sum  of  the  rectangles 
^P.  PP,  FF .  PD',  DP.  FE'  be  given. 

The  three  rectangles  are,  respectively,  equal 

afi  /By  ya 

an  A  nn  £^    sin^sinC'    an  C  an  A 

^*Bce  the  locus  isaj8sinC+/97sin^  +  7asinj9s  constant. 
)•  The  equations        a>8in2.i  +  ^^sin  2P  +  7'sin2(7s  0  (326) 

^  a»  +  iB«  +  7»  +  o3coe(7+ /37COS-4  +  7acosB  =  0  (327) 

"•PWient  drdee. 

4.  The  general  equation  of  a  circle  in  barycentric  co-ordinates  is 

(«  +  3  +  y){ia  +  m/S  +  fly)  -  A?  {a^$y  +  l^ya  +  c'a/S)  =  0.         (328) 

6.  If  the  co-ordinates  in  £x.  4  be  absolute,  prove  that  if  Ar  =  1,  /,  m,  n  are 
^ul  to  the  powers  of  the  points  A,  B,  C  with  respect  to  the  circle. 
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6.  Find  the  equation  of  a  circle  through  nip^y',  a"3' V.  a'"/r  V   ^ 
S  =  0,  denote  any  circle,  say,  for  instance,  the  circumcircle,  then 


s. 

a> 

$, 

y. 

S", 

* 

0, 

y'. 

S", 

a". 

/»", 

y". 

«"', 

P     » 

y'". 

^0. 


m 


is  evidently  the  required  equation. 

7.  Find  the  pedal  circle  of  afi'y. 

The  co-ordinates  of  the  feet  of  perpendiculars  are — 0,  iS*  +  a'  cos  ^r 
7  +  a'cosJ;  a  +  0' cob  C,  Oy +  /3'cos-4;  a +7'co8^,  iS'  +  y'cos^O. 
These  suhstituted  in  (329)  giye,  hy  expansion, 

(iSysin^  +  yo  sinjB+o/8sin  C)  (/Sy  sin.4  +ya  sin  B+  a'fl^  tdnCjia'mA 

+  $'  emB  +  y  KnC) 

^smAsmBBmCiaBmA-^fismB+ysmC)] — — i :—^ 

(  sm-d 

$$'  {y  -f  a  cos  j3) (g'  -f  y  coe  J)      77'  (g^  +  jS'  cos  C)(j3'  -H  a^oos  (7)  |      .^^ 
sinj?  sin(7  )* 

This  equation  remains  unaltered  if  we  substitute  for  g',  0,  y*  their  red' 

procals  -,    — ,,    — .    Hence  the  pedal  circle  of  a  point  and  its  ledproesl 
g      p      •/ 

are  the  same. 

8.  The  Simson*s  line  of  any  point  tCfly*  on  the  circumcircle  is 

gg'  (/3'  +  y  cosui)  (y  +  jTcos^)      /3j3^  {j -f  g'  cos  J)(g'+  y  cos-B) 


Bin  A  sin  ^ 

yy  (g'  +  /3'  cos  C)  {fi  +  g  cos  C) 


+ 


sin  Q 


^=0. 


(531) 


9.  Proye  that  iS^  +  7'  -  2^87  cos  ul  =  constant  represents  a  circle. 

10.  If  5  =  0,  5'  =  0  represent  two  circles  whose  radii  are  r,  r',  pror^ 
that  the  circles 


as:  8    s* 

-+^  =  *(r  +  r'),      --^=*(r-r') 


(332) 


cut  orthogonally. — (Croftok.) 
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'>  ^9  ^1  ft  9i  A)  (<^  3>  yf  represent  a  circle,  and  if  the  same,  when 
)d  to  Cartesian  co-ordinates,  becomes 

sm{(af-a;')«+(y-y')»-'*}, 

line  of  m. 

Am,  ^(a  +  6  +  0-2/ooBul-  2^008B-2A  cos  (7). 

IF#  <Aa/7  m//  m  <A«  modulus  of  the  equation. 

d  the  modulus  f  or  /S^  sin  ^  +  7a  sin  ^  +  a/3  sin  (7. 

Ans,  —  sin^  sin  B  sin  C.        (333) 

d  the  modulus  for  the  incircle 

A        S        C 
Ans.  4  COS*  —  cos*  —  cos*  -.     (334) 

,  bf  e  denote  the  lengths  of  the  sides  of  the  triangle  of  reference, 
tfo?  +  i/B*  +  ^  +  (a  +  6  +  c)  (a3  +  iSy  +  70)  =  0  denotes  a  circle 

0  centres  of  the  three  escribed  circles. 

1  a  radius  of  circumcircle,  prove  that  the  modulus  of  the  circle 
is  2i2  sin  ^  sin  ^  sin  C. 

)  equation  i/S*  +  ct'  -  oo*  +  2  («  -  a)  {fiy  -  70  -  a$]  ■■  0  de- 
sircle  through  the  incentre  and  two  ezcentres,  and  its  modulus 
iA  onB  anC. 

s  distance  of  incentre  from  oircumoentre,  proye,  by  aid  of  the 
!  the  equation  of  the  circumcircle,  that 

1 

r 


1  1 

+ 


-R  +  8      i2-« 


(336) 


m  the  sides  AJB,  BO,  CA  of  the  triangle  of  reference  portions 
AB  be  cut  off  equal  to 


^G)'  "G)'  ^(s)' 


ff  where  X  denotes  a  line  of  any  given  length,  the  triangle  BDF 

0  ABC.    For,  by  an  easy  calculation, 

^  «     X'  («'*'  +  4*c»  +  c«a«)  -  \abe  (a«  +  *«  +  c*)  +  a'* V 

ir  values  for  FE^,  BIP. 

1  the  condition  that  the  general  equation  in  barycentric  00-ordi- 
iients  a  circle. 

r«-2/)/Bin«^  =  («+«-^)/sin»B  =  (a  +  *-2A)/sin«a     (336) 
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20.  Proye  that  in  barycentric  co-ordixiAtes 

(*2  +  c>-a«)a»  +  (c«  +  a»-««)i8»  +  (a»+«*-c")7*=0       (837) 
represents  a  circle. 

21.  Proye  that  the  anti-complementarj  of  (337)  ia 

(a  +  iS  +  7)  {a^a  +  b'^fi  +  e^y)  -  (a^^y  +  l^a  +  <!»o3)  =  0. 

(LoNQCHiMfl.) 

22.  Proye  by  the  method  of  mutual  powers  that  the  circle  throu^tlie 
middle  points  of  the  sides  touches  the  inscribed  and  escribed  circles. 

Let  N  denote  the  circle  through  the  middle  points,  X  the  incircle,  and    . 
1,  2,  3  the  middle  points  of  the  sides,  then,  by  Frobenius's  theorem,  { 98, 
we  get 


(NN),      (NX), 

0, 

0, 

0 

(NX),      {XX), 

(b^e)\ 

(.-a)«, 

(a-6)« 

0,        (b  -  c)\ 

0, 

4' 

4 

0,        {c  -  a)', 

<j8 
4* 

0, 

4 

0,        («  -  b)\ 

4' 

4' 

0 

=  0. 


Hence  (NN).  {XX)  =  {NX)\ 


(Lachiak.) 


Therefore  N  touches  X.    Similarly  it  touches  the  escribed  circles.  ; 

23.  Find  the  radical  axis  of  the  incircle  and  the  circle  through  the  mid^ 
points  of  the  sides. 

Sectiow  IY. — Tangentiax  EauATioNs. 

128.  To  find  the  tangential  eqitation  of  the  circumeireU  of  ^ 
triangle  of  reference. 
First  method. — If  we  eliminate  y  between  the  equation  of  th^ 

circumcircle  -  +  -  +  -  =  0  and  the  line  Xa  +  uj8  +  vy  =  0,  ^^ 
a      p      y 

get  (JX)a'+  (aX  +  hfi  -  ev)aP  -^  («f«')/8'  =  0. 

'Now  this  denotes  two  lines  passing  through  the  point  (aj3) 
and  the  points  where  the  line  Xa  +  fij3  +  vy  <=  0  meets  the 
circle.  Hence,  if  it  be  a  perfect  square,  the  line  touches  the 
circle  ;  that  is,  if 

a«X*  +  h^fjL*  +  c'v*  -  2abXfi  -  2hefiv  -  2eavk  =  0. 


Trilinear  Co-ordinates, 
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aonn  of  this  is 

V^  +  y/hfjL  +  \/cv  =  0. 

-v/flX  +  a/V  +  \/cv  =  0  (338) 

idition  that  the  line  Xa  +  fij3  +  Ky  =  0  should  touch  the 
id  is  on  that  account  called  its  tangential  equation. 

equation  of  the  circle  he  in  harycentric  co-ordinates 
Bntial  will  he 

<k/X  +  h  \//i  +  e^/v^  0.  (339) 

\  Method, — The  same  equation  can  he  ohtained  other- 
follows  : — Since  Xa  +  fi)S+Ky  =  Oisa  tangent  to  the 
the  point  of  contact  he  a'pf-/,  comparing  it  with  equa- 
l),  we  have 


a 
a 


X-- 


h 


e 


'    p    r 


e  a'^y  is  a  point  on  the  circumcircle,  we  have 

a       h       e      ^ 

To  fifid  the  tangential  equations  of  a  circle  drcumscrihed 
gon  of  any  number  of  sides. 

prohlem  requires  the  following  lemma : — If  AB  he  a 
a  circle  AFB,  and  X,  fi  denote  the  perpendiculars  from 
the  tangent  at  P;  a  the  perpendicular  from  P  on  AB ; 
:  Xfi.  [Euclid,  VI.  xvii.,  Ex.  11.] 
if  a  polygon  ABCD^  &c.,  of  n  sides  he  inscrihed  in  the 
ad  if  the  standard  equations  of  the  sides  he  a  =  0,  ^  =  0, 
have  hy  equation  (311) 

AB     BC     CD     BE    ^ 

+  -^-  +  —  +  -^  +  &c.  =  0. 

a         p  y         0 


140 


The  Circh. 


Hence,  if  the  perpendiculars  from  A,  JB,  C,  &c.,  on  any  tan- 
gent to  the  circle  be  denoted  by  X,  fi,  v,  p,  &c.,  we  have 


AB        BC        CD      ^  LA      ^ 

—p=:  +  —Tzzi  +  -7=  +  &C +  -y-=:L  =  0, 


(340) 


/iv      V  vp 

which  is  the  required  equation. 

Cw, — If  the  polygon  reduce  to  a  triangle,  the  equation 
(340)  becomes 

0  (t  ^  r. 

-=-  +  --r=  +  -7=  =  0  ; 
-v/X/i      V  fiv      V  vX 

or  a  y/X.  +  b  y/fi  +  e  y/v  =  0, 

which  has  been  already  found. 

130.  To  find  the  tangential  equation  of  the  incirole  of  th$  tri- 
angle  of  reference. 

If  Xa  +  /i.)8  +  Ky  =  0  be  a  tangent  to  the  circle,  comparing  it 
with  equation  (323),  viz. — 

«  +  — =  +  — ^  =  0, 


we  have 


v^a'    y/fi'    -/y 

— ^  =  X,  &c.     Hence  /*v^a'=r-,  &c. 


But,  since  a'^Sy  is  a  point  on  the  circle, 
therefore 


X      /x       V 


(841) 


and  restoring  the  values  of  /,  m,  n  (see  §  124),  we  get 

cos' J -4      cos'i-S     cos'iC     ^ 

-^  + ^—  + ^  =  0, 

X  /x  V 

which  is  the  required  equation. 

131.  To  find  the  tangential  equation  of  the  ineirele  of  an  n-ti^ 
polygon. 
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B  be  any  chord  of  a  circle,  F  any  point  in  its  circum- 
Q  the  pole  of  AJS ;  then,  if  a,  X  be  the  perpendiculars 
on  ABy  and  from  Q  on  the  tangent  at  F  respectively, 
be  easily  proved  that  a  -r  X  =  sin  ^  ^  QB ;  but  if  i2  be 
Lus  of  the  circle,  AB  =  2B  cos  i  A  QB.    Hence 

AB _  2EcotiAQB 
V  "  X 

tr  any  inscribed  polygon  we  have,  by  equation  (311 ), 

AB     BC     CD     ^ 

+  -5-  + +  &c.  =  0. 

a  ^  7 

lor  a  circumscribing  polygon  whose  angles  are  A^  B,  Cy 
have 

cot}^      coti^     cot^C     „         ^         ,„^^. 
— r—  +  ^—  + ^—  +  &c.  =  0  ;       (342) 

A,  fl  V 

\,  /I,  V,  &c.,  are  the  perpendiculars  from  the  angles  on 
gent  to  the  circle. 

—In  the  case  of  a  triangle  we  get 

cot}^     cot}^     cot  J  (7     ^  ,^^„^ 

— r—  + ^—  +  — ^—  =  ^y  (343) 

X  fl  V  ' 

B  the  tangential  equation  for  barycentric  co-ordinates. 

MISOBLX^AiraOUS  EXBBOISES. 

(On  the  CntCLE.) 

d  the  centre  and  radios  of  a;*  +  y'  -  6^  +  8y  ~  11  =  0. 

A  the  value  of  m  if  y  =  mx  be  a  tangent  to  «'+y'-  6a;-  2y-h8  =  0. 

d  the  points  where  ^  +  y'  -  7x  —  8y  +  12  s  0  cuts  the  axes. 

d  the  circle  through  the  origin,  and  making  intercepts  h,  k  on  the 

he  axes  be  oblique,  find  the  equation  of  a  circle  touching  each  at  a 
s  from  the  origin. 
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6.  Find  the  circle  tbrcmgh  the  points  (7»  5),  (-2,  4),  (3,  - 

7.  Find  the  circle  whose  diameter  is  the  interoept  made  hy 

-r»  +  y»  =  r»    on    ?+^-l-0. 

ah 

8.  Find  in  the  same  case  the  pair  of  lines  from  the  origin 
of  intersection. 

9.  Find  the  length  of  the  common  chord  of  {» ~  a)'  + 
(X  -  bf  +  (y  -  ay  -  f*. 

10.  Find  the  equation  of  the  circle  whose  centre  is  (2,  3] 
touches  3ar  +  4y  +  12  B  0. 

11.  Find  the  condition  that  the  line  Aj;+  fiy  +  r  =  0  may  tv 
(*-a)»+(y-i)«  =  r«. 

12.  Find  the  radical  centre  of  the  circles  je^  +  y*  +  6x  + 
ir»  +  y»  -  6*  +  4y  +  12  =  0,  «*  +  y»  +  6ar  -  4y  +  12  =  0. 

13.  Through  0,  the  origin,  a  line  OPQ  cuts  ar*  +  y'  +  2gx  • 
in  the  points  P,  Q ;  find  the  locus  of  i?  in  each  of  the  f oUowin 

1**.  When   OR  is  an  arithmetic   mean  between  OP, 
geometric  mean.    3**.  A  hannonic  mean. 

14.  If  two  tangents  be  drawn  to  2*+  y*-r*s:0  from  th< 
find  the  equation  of  the  incirde  of  the  triangle  fonned  by  the 
the  chord  of  contact. 

16.  If  0  be  the  centre  of  a  circle  whose  radius  is  r,  prove  th 
the  triangle  which  is  the  polar  reciprocal  of  a  given  triangle  A 

H  (AMC)^  -r  4  (AOB) .  {BOC) .  (COA). 

16.  Prove  that  a  triangle  and  its  polar  reciprocal  with  r 
given  circle  are  in  perspective. 

17.  If  a  chord  of  a  given  circle  of  a  coaxal  system  pass  t 
limiting  point,  the  rectangle  contained  by  the  perpendiculars  i 
mides  on  the  radical  axis  is  constant. 

18.  The  three  circles  whose  diameters  are  the  three  diagon 
plete  quadrilateral  are  coaxal. 

19.  Being  given  two  circles  0,  (/,  If  AA\  BB'  be  ext 
tangents,  and  CC\  BIf  interior  conmion  tangents,  prove  that— 


Mi,scclIancons  JSj'crcises  on  the  Circle.  \A''\ 

are  perpendicular,  and  intersect  on  the  line  of  centres ;  2"*.  If  the  chords 
CJ,  CF  intersect  m  By  CB  and  C'A*  in  K,  the  line  ^JT  passes  through 
the  intersection  of  CC,  DD' ,  (Neubbko.) 

20.  Find  tlie  polar  equation  of  the  circle  whose  diameter  is  the  join  of 
tbep(ant8(p'$'),  (p"$"). 

21.  The  equations  of  any  two  circles  can  be  written  in  the  forms 
**  +  j(»+  2**  +  8  =  0,  «»  +  y»+  2k'x  +  8  =  0,  and  one  is  within  the  other 
if  tt*  and  S  are  both  positiye. 

22.  If  three  giyen  circles  be  cut  by  a  fourth  circle  A  which  is  yariable, 
tbe  ndical  axes  of  O  and  the  giyen  circles  form  systems  of  triangles  in 
po^ectiTe. 

23.  If  J{  be  the  drcumradius  of  the  triangle  ABC^  proye  that  the  dis- 
tnee  between  its  orthooentre  and  circumcentre  is 


i2  Vl  -  8  C06^  cos^  cos  C,  (345) 

24.  The  locus  of  the  radical  centre  of  the  circles  (x  -  a)>  +  (y  -  by 
= (r  +  p)\  (X  -  ay  +  (y  -  h'f  =  (r  +  p')»,  {x  -  a")»  +  (y  -  b"Y  =  (r  +  p")\ 
vheie  r  is  a  yariable  quantity,  is  a  right  line. 

25.  If  crx  =  Ai98  represent  a  circle,  proye  that  A;  =  1,  and  giye  the 
SMiMtrical  interpretation. 

26.  If  ay  s  kg^  represent  a  circle,  proye  ^  =  I,  and  giye  the  interpreta- 
tion. 

27.  ABC ...  is  a  polygon  of  n  sides  inscribed  in  a  circle  whose  centre  is 
i;  Gil  the  centre  of  mean  distances  of  the  points  A,  B,  C^  , ,  .,  and  0  is 
*B7  point  on  the  cirde  whose  diameter  is  GB,  The  power  of  the  point  0 
vi&  Rspeet  to  the  first  circle  is 

a  [OA*  +  0^  +  0C»  +  .  .  .)/ii.  (346) 

(Laisant.) 

tt*  Proye  that  the  tangential  equation  of  the  circle  whose  radius  is  r,  and 
««t»tt'iry,is 

'•^*V+^-2/«yooB^-2irXcosJ-2x/iCOs(7)«(Aa'  +  MiS'+iy)».  (847) 

tt.  The  sum  of  the  powers  of  any  point  F  with,  respect  to  the  four  circles 
*^  diameters  are  the  four  sides  AB^  BO^  CD,  DA  of  a  quadrilateral  is 
tfiilto  four  times  the  power  of  P  with  respect  to  the  cirole  whose  diameter 
iilhi  line  joiniiig  the  middle  pointi  of  ACf  BD.  (LaxaaNT.) 
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30.  If  the  sam  of  the  perpendiculars  on  a  yaiialile  line  from  any  nnmlNi 
of  given  points,  each  multiplied  by  a  constant,  be  given,  the  enTelope  of  the 
line  is  a  circle. 

31.  Find  the  condition  that  the  points  are  oonoydio  in  whiq^  the  dreltt 
j?»  +  y*+^a;  +  /y  +  <?  =  0,  «»  +  y*  + /«  + /"y  +  ^  »  0  meet  M^ertiT«ly 
the  lines    xa?  +  /uy  +  i'  =  0,    x'«  +  fi'y  +  •''■■  0. 

32.  Find  the  equations  of  the  tangents  to  the  **  Nine-points  Cirde"  at  iti 
points  of  contact  with  the  escribed  circles. 

33.  The  circle  which  passes  through  the  symmedian  point  P  md  the 
points  B,  C  of  the  triangle  of  reference  iBS-ZaasLBasLO^O,        [f^) 

where  iSaa/3sinC+/97sin^  +  cry8inl?. 

34.  The  circle  whose  diameter  is  the  side  a  of  the  tziangle  of  reference  k 

e^ooaA^fiy  +  aifi  oos^+  7  cos  C).  (349) 

This  may  be  inferred  from  Ex.  li,  p.  77,  but  we  indicate  an  ind^endent 
proof  here.    The  equation  will  evidently  be  of  the  form 

A;a(asin^  +  i3Bini9  +  7sin(7)  +  (a/3  8in  €•¥  Py  dRA'^yaaR3)^0. 

Now,  put  /S  =  0  in  this,  and  equate  the  result  to  aaosA^  y  qmC,  sodm 
get  k  ^  —  cos  A  :  this  gives  the  required  equation. 

35.  To  find  the  equation  of  the  circle  which  passes  through  the  feet  of  ^ 
perpendiculars.  The  line  iScosJ^  +  ycosC— acos^^sO  will  evidently  be 
the  radical  axis  of  this  circle  and  the  last.  Hence  the  equation  will  be  of 
the  form 

(i3cos^  +  7COsC-acoswii)(i9sin^  +  78in(7+a8in^) 

=  k{e?QoaA  -  By- a{ficMS -^y  ooBCf)] ; 

and  this  must  pass  through  the  points  whose  co-ordinates  are  0,  cos  C,  00s  ^' 
Hence  k  =  —  2aiiA;  and  by  substitution  and  reduction  we  get 

a2Bin2^  +  ii'sin2£  +  ysin2C-2(/37sin^  +  7asinB+aj8sin(;)a0.  (S5^) 

36-38.  0,  (/  are  two  circles,  S  a  centre  of  similitude,  SA'JB^AB  a  lecs^^ 
through  8^  circles  J),  jy  touch  0,  (/  in  the  pairs  of  points  A^  JT,  A'f  fi* 
respectively,  when  the  secant  turns.  1**.  The  difference  of  the  xiil'^ 
of  the  circles  i>,  D'  is  constant.  2**.  One  of  their  centres  of  similitii^ 
describes  the  radical  axis  of  the  circles  0,  (/,  3^.  The  foot  of  the  radie^^ 
axis  of  2),  D'  describes  a  circle.  (NsuBxao.) 

39.  Being  given  a  point  C7,  and  two  lines,  OZ,  OF,  through  Care  diawfi 
two  lines  cutting  OX,  OY  m  concyde  points,  prove  that  the  locua  ofthv 
centre  of  the  circle  through  these  points  is  a  right  line.  (Lbmodci.) 
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40.  If  a,  /3, 7  denote  the  tangents  drawn  from  any  point  to  three  ooazal 
drdee  whoae  centres  are  Ay  B^  (7,  proye  that 

BM  +  CA0^  +  AB-^  =  0.  (361) 

41.  ProTe  that  a  common  tangent  to  any  two  circles  of  a  coaxal  system 
mbtends  a  right  angle  at  either  limiting  point. 

42.  If  throagh  the  symmedian  point  an  antiparallel  be  drawn  to  one  of  the 
idee  of  the  triangle  of  reference,  find  the  equation  of  the  circle  described 
m  the  intercept  made  by  the  other  sides  on  it  as  diameter.  This  will  pass 
Aoough  the  three  points  tan^,  sin  C7,  0 ;  0,  tan^,  sin  ^ ;  sin^,  0,  tan  0, 

43.  FtueaV9  Thior&m. — The  intersections  of  opposite  sidee  of  a  hexagon 
iaacribed  in  a  cirde  are  ooUinear. 

Lettheeqnationsof ^CbeaeO;   BE,y  =  0;   JBF,0^O;    CF,9=:0: 
tei  the  equation  of  the  circle  will  be   afi^yHmO. 


Inequation  of  AB  will  be  of  the  form  /a  -  7  a  0  ;  of  AF^  /3  -  /8  s  0 ; 
<'  M  3  ~  ff>7  «  0 ;  of  CD,  ma  -  <  s  0 ;  it  will  be  seen  that  the  line 
^-  3  s  0  passes  through  each  pair  of  opposite  sides. 

^'  If  fj  f\  f*'  be  the  tangents  drawn  to  a  circle  from  the  vertices  of 

*Nlf>e(mjiigate  triangle ;  B  the  radius  of  the  circle,  and  A  the  area  of  the 

tDiBg^;  then 

-4A*2r»  =  <^<"«r'2.  (362) 

(Prof.  Cubtis,  S.J.) 

Pcrif(*'/),  («"y^,  («"y")  be  the  vertices  of  the  triangle,  multiplying 

fti  detennxnants 


*'. 

»; 

s. 

*•, 

V, 

-J8, 

<■», 

0,      0, 

«', 

r. 

s, 

«", 

y". 

-i. 

ire  get 

0, 

<"»,   0. 

^■. 

r. 

s. 

«"', 

y'". 

-i. 

0, 

0,     «•"», 

fMdi  proves  the  proposition. 
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isany  of  ^ 


46.  Find  the  equation  of  the  oirole  whose 
diculan  of  the  triangle  of  refeienoe. 

46.  If  a  =  0,  i9  «=  0,  7  B  0,  8  >=  0  he  the  standard  equatioo 
sidea  of  a  cyclic  quadrilateral,  and  their  lengths  m,  b,  c^d^  the  eq 
the  third  diagonal  is 

«  .  i8     y     •     ^ 

abed 


47.  In  the  same  case,  if  c  =  0,  ^  e=  o  denote  the  other  sides  of  t 
rangle,  and  e,  /their  lengths,  the  equations  of  the  remaining  sidi 
diagonal  triangle  are 

-  +  -  +  -  +  7  =  0,  ^+-  +  -  +  r«o. 
a     e      e     f       '    i     $      d    f 

48.  The  circle  passing  through  the  summit  A  ci  t^  triangle  J 
through  the  feet  of  its  internal  and  external  hisecton,  is 

sin  (5  -  C)  (oi3  sin  C  +  /By  8in-4  +  70  sin  B) 

+  {fianO-  yBiJiB){aanA  +  0  sinB  +  7  sinC)  aO. 

This  circle  and  its  two  analogues  are  called  the  circles  of  ApoUonii 
centres  are  the  points  of  intersection  of  the  sides  of  the  triangle  A 
the  tangents  drawn  to  the  circumcircle  through  the  opposite  1 
They  are  coaxal,  the  radical  axis  heing  the  Brocard  diameter 

sin  (.B  -  C)  a  +  sin  (C  -  -4)  3  +  Bin  (-4  -  .B)  7  =  0. 

49.  Find  the  equation  of  the  pair  of  lines,  from  the  origin  to  tl 
section  of  the  circles 

»»  +  y"  +  2^«  +  2/y+o  =  0,    «'  +  y«  +  2/«+^y+<j'B0. 

50.  With  the  same  hypothesis  as  in  Ex.  44,  proTo 

11  1  1  /T^ 

i^  +  pi  +  pa  "  ;^-  (P»0'-  CuBTM,  8.  J. 
Equate  to  sero  the  product  of  the  two  matrices 


*'. 

y'. 

-■B, 

*', 

V'. 

s. 

*", 

»■'. 

--B, 

«", 

y", 

s. 

*"', 

y; 

-s, 

*'-, 

y'", 

■B, 

0, 

0, 

-i, 

0, 

0, 

s 
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If  ii^  3  0  be  the  equation  of  the  "  Nine-points  Oirole,"  proTe  that  the 
vhoae  diameter  is  the  median  that  bifiects  a  is 

N-  2acoBA{aBmA+fianB  +  ygmC)  =  0.  (357) 

Hie  radical  axis  of  the  circomcircle  and  the  circle  whose  diameter  is 
dian  that  bisects  a  is 

i3co8J9  +  7COs(7=0.  (358) 

Pmd  the  equations  of  the  circles  whose  diameters  are  the  joins  of 
t  of  the  perpendiculars  of  the  triangle  of  reference. 

[f  the  three  sides  of  a  plane  triangle  be  replaced  by  three  circles, 
IS  circle  tangential  to  those  corresponding  to  the  inscribed  and 
i  circles  of  a  plane  triangle  are  all  touched  by  a  fourth  circle 
Kt's),  which  corresponds  to  the  '*  Nine-points  Circle"  of  the  plane 
).    Its  equation  is 

Si  .        Si        ,         8i        ,  Si 


=  0,  (359) 


12'.13M4      2r.23.24      3r.32.34      41' .42.43 

Si,  Sty  &c.,  correspond  to  the  inscribed  and  escribed  circles  of  the 
dangle,  and  12'*,  &c.,  denote  transverse  common  tangents. 

Find  the  equations  of  the  circles  whose  diameters  are  the  joins  of 
idle  points  of  the  sides  of  the  triangle  of  reference. 

Find  the  equation  of  the  circle  which  passes  through  the  points  of 
ction  of  bisectors  of  angles  with  opposite  sides. 

If  ABCJ)  be  a  cyclic  quadrilateral,  AO  the  diameter  of  its  drcum- 
prore  the  diffeience  of  the  triangles  BAD,  BCD  =  \AC^  em^BAD. 

(STBnnuL.) 

If  a  point  in  the  plane  of  a  polygon  be  such,  that  the  area  of  the 
Gmned  by  joining  the  feet  of  perpendiculars  from  it  on  the  sides  of 
Tgon  be  giyen,  its  locus  is  a  circle.  (Ibid.) 

If  any  hexagon  be  described  about  a  circle,  the  joins  of  the  three 
f  opposite  angles  are  concurrent.  (B&ianchon.) 

the  equation  of  the  circle  be  V^  +  Vm)i  +  Vn^  =  0 ;  ABO  the  tri- 
if  reference ;  and  let  the  equations  of  the  alternate  sides  DB,  FG, 
{ the  hexagon  be  respectively 

>  tt  130), 

l2 
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TAeCirele. 


Again,  the  equationa  of  the  three  diagonals  are  easily  seen  to  be- 


for    OD, 


«       ^        7       ^ 


„    SB, 


a         B         y 


,,  iy. 


WW _  W  ^  ^      WW  %»       w 


And  the  condition  of  conourrence  is  the  Tanishing  of  the  determinan 


mV 

aV 

AV' 

I 

1 

1 

m'V 

xV 

^v 

1 

1 

1 

factor 

xV" 

xV 

this  differs  only  by  the  factor    --^  from  the  determinant  got  1 

nating  l,  m,  n  from  the  equations  (i.).    Hence  the  proposition  is  p 

(See  Wright's  TriKnear  Co-a> 

60.  The  diameter  of  the  circle  which  cuts  the  three  escribed  circ 
gonally  is 


-, — 7  (1  +  COS -4  cos^4-  cos^  cos  C+cos  Ccoe^) 
sin^ 


i 
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rbe  co-oidinates  of  the  radical  centres  of  the  three  escribed  oirdfla  are 
^\{B-C)l2ajiiA,  &c    Substitute  these  ia  the  equation  of  the  ex- 
^  which  touches  a  externally,  yiz, — 

o'cos^iif  + /3<sin«i^  +  T^sin*^  a- 2i37Bin4j9  sin'^C 

+  27a  sin'^  Coos' i^  +  2ai3co8*i  ^  sin*  )  J9, 
I  dinde  the  result  by  the  modulus  of  the  circle ;  that  is,  by 

4cos4^sin4^8in*ia 

I  quotient  is  the  square  of  the  radius  of  the  orthogonal  circle.  In 
Qoog,  we  substitute  for  r  the  yalue  asinJ^sin^C/cos^^.  Thus 
get- 

a  1 

i?«r— ; -.  (l  +  CO8^OOSB+C06J9cOS0'+COS(7cOS^r. 

2  sin^  ' 

(1.  If  A%  Ry  C*  be  the  feet  of  the  altitudes  of  the  triangle  ABC^  prove 
t  the  joins  of  the  incentre  and  drcumcentre  of  the  triangles  AJffO\ 
'''i't  CJi^y  respectiyely,  are  concurrent,  and  that  the  common  point  is 
the  contact  of  the  incircle  and  '*  Nine-points  Circle." 

!2.  A  nmilar  theorem  is  true  for  the  joins  of  the  excentree  and  ciroum- 

itnt. 

U.  The  diameters  of  the  circles  cutting  the  inscribed  drde  and  two 
libed  circles  orthogonally  are 


JB^A 


(1+cos^  cos^-cos^coe(7+cosO'cos^)^,  fto.      (861) 


M<  PtOTe  by  the  modulus  of  the  equation  of  the  "  Nine-points  Circle  " 
>t  it  touches  the  inscribed  and  escribed  circles. 

^'  Prove  that  the  determinant 


*  +  y"',      y+/",      /"*+/'>+«"' 


=  0 


(362) 


Ike  dicle  orthogonal  to  the  three  circles  a;*  +y'  +  2/j;  +  2/y  +  0'  »  0, 


W.  There  exists  a  relation  of  the  form  tmlB^^  constant,  where  mi,  mt,  ftc, 
certain  constants  whose  sum  is  zero,  between  the  powers  Pi,  Ps,  ftc, 
my  arbitrary  point  M^  and  four  fixed  circles  whose  centres  are  A\^  At, 

(LuoAf.) 
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The  Circle. 


For  let  Pi  B  «*  +  y'  -  2oi«  -  2iSi7  4  71 .  .  . 
Then,  elimiDating  s*  +  y',  x,  y ; 


-Pi-7i» 

1, 

«i» 

i8i, 

-P«-7* 

1, 

ai, 

/9s, 

Ps-n, 

1, 

«»» 

i3>, 

P*  -  74. 

1, 

049 

^ 

0. 


Hence  2Pi .  A^AzAi, «  271 .  ^2^s^4.  ^ 

Cor. — If  71  ~  yt  =  73  B  74>  the  four  circles  are  orthogonal  to  a  fifth*  ^ 
then  2mP=0. 

67.  There  exists  a  relation  of  the  form  2mP  =  0  between  the  powen  ol 
any  arbitrary  point  with  respect  to  fiye  fixed  circles.  2m  in  this  reUtkoi* 
zero.  (/Mi) 

68.  If  three  circles  whose  centres  are^',  B'y  C  pass  respectiTelythiooi^ 
the  pairs  of  points  B^Q\  C,  A;  A,  B;  and  if  their  powers  with  respeetto 
Af  B,  Che  Pa,  Fbt  Fe,  the  harycentiic  co-ordinates  of  tlie  radical  ccntze 
are  1/P«,  1/P^,  1/Pe.  (Nbubim.) 

69.  In  the  same  case,  if  (7  be  the  circumcentre  of  ABC,  the  areas  of  tlis 
triangles  0B*0\  OCA',  OA'B'  are  proportional  to  1/P.,  1/P^,  1/P*. 

(iW.) 

70.  Find  the  equation  of  the  circle  whose  diameter  is  the  join  of  tlie 
ortho  centre  and  symmedian  point  of  the  triangle  of  reference. 

Ant.    2a>ro8^(sin*^  +  8in2C)  -2afi  cob  {A  -  B)  m  B  in  €, 

(864) 


CHAPTER  IV. 

GENERAL  EQUATION  OP  THE  SECOND  DEGREE. 

Cabtesian  Co-ossinates. 

he  equation  8^00^  +  2hxy  +  iy*  +  2gx-\-2fy'¥0  =  0,  or 
be  written  tis  +  Ui  +  tib  ■=  0  where  u%  denotes  the  terms 
iond  degree,  &c.,  is  the  most  general  equation  of  the 
3gree.  The  object  of  this  chapter  is  to  classify  the 
(presented  by  it,  to  reduce  their  equations  to  their 
»nns,  and  to  prove  some  properties  common  to  all  these 
Our  investigations  will  include  the  following  sub- 

I 

futres.      2°.  Diameters.      3°.   Conjugate    Diameters. 
6°.  Tangents.     6°.  Poles  and  Polars.     7°.  Classifica- 
}nics.     8°.  Asymptotes.     9°.  Newton's  Theorem. 

PSEUMIKABT  AlOEBRAIC   PbOPOSITIONS. 

I  any  quadratic  equation  ap^-¥hp+  0^  0,  tf  the  eoefieient 
9h,  one  of  the  roote  will  he  infinite  and  the  other  finite.  If 
ients  of  fi"  and  p  vanish  both  roots  will  he  infinite, 

-Put  p  =  -  and  the  equation  ap*  +  hp-¥e  *sO  becomes 

'  +  a^  0.     Now  if  a  =  0  one  value  of  p'  is  zero,  and 
is  -  2J/tf.     Again,  if  not  only  a  =  0  but  also  ^  =  0  the 
due  of  p'  is  zero ;  but  when  p'  is  zero  p  wiU  be  infinite, 
le  proposition  is  proved. 
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134.  Bef. — The  result  obtained  from  any  expression  8  in  x  k 
mtdtiplying  each  term  by  the  index  of  x  in  that  term,  and  Urn* 
nishing  the  index  hy  unity,  is  called  the  derived  of  8  with  rsspe 
to  X, 

The  equation  8  sa  02^  ^  2hxy  +  hy*  +  2gx  +  2fy  +  0  »  0  hi 
three  distinct  derivatives. 

1°.  "With  respect  to  x,     2ax  +  2hy  +  2y. 
2°.  With  respect  to  y,     2Aaj  +  2hy  +  2/. 
3^.  If  we  make  8  homogeneous  by  writing  it  in  the  form 
ac*  +  V  +  «*  +  2/^8  +  2y%x  +  2hxy  -  0, 

in  which  %  denotes  a  linear  unit,  we  get  a  derivatiTe  wi 
respect  to  s,  viz.  2yx  +  2fy  +  2e.  We  shall  denote  the  halv 
of  these  deriyatives  by  81,  82,  81,  respectively.    Thus 

8isax  +  hy-^  y.  (365) 

8tBhx  +  hy-\'f  (866) 

8i^yx+fy-{'  e.  (367) 

135.  From  equations  (365)-(367)   we  get  at  onoe  Eule 

theorem 

(x8i  +  y82  +  «^s)  =  8.  (868) 

Chaji^ge  of  Obigik. 

136.  Transform  8  s  03^  +  2hxy  +  hy*  +  2yx '\' 2fy  +  0  =  0 
parallel  axes  through  the  point  xy  we  get 

ax^  +  2hxy  +  hy*  +  28iX  +  28iy  +"]§  =  0.  (869] 

The  f oUowing  remarks  on  the  composition  of  the  new  eq 
tion  are  very  important : — 1°.  The  terms  of  the  second  deg 
in  j;,  y  are  unaltered.  2°.  The  coefficients  of  the  terms  of  * 
first  degree  are  the  powers  of  the  point  xy  with  respect  to  1 
derivatives  of  8,  3°.  The  last  term  is  the  power  of  x^  w 
respect  to  8, 
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iNTEBSECnON  OF  A  LcfE  AND  A  CoNIC. 

137.  In  order  to  find  the  intersection  of  a  line  t/  ^mx-^  n 
with  8y  we  transfer  to  parallel  axes  through  a  point  ^y  of  the 
line.   Then  8  becomes 

aa^  +  2hxy  +  5y»  +  2S'iX+  2i^y  +  ^=  0, 

md  the  line  becomes  y  a  mx.  Hence,  for  the  points  of  inter- 
Mction  with  8^  we  have 

«*(«  +  2hm  +  5w»)  +  2x(8i  +  tnS'i)  +  '8  =  0. 

Hence  we  infer  that  a  line  cats  the  conic  8  generally  in  two 
points.  We  distinguish  the  following  particular  cases,  which 
will  be  studied  more  in  detail  further  on — 

1°.  If  (8i  +  mSiY  -  (a  +  2hm  +  3m»)  5^=  0. 
The  line  is  a  tangent  to  the  curve ;  and  as  this  is  a  quadratic 
in  M,  we  can  from  xy  draw  two  tangents. 

2°.  If  a  +  2hm  +  hm*  =  0,  every  line  whose  angular  coefficient 
■^tisfies  this  equation  meets  the  curve  in  one  finite  point,  and 
in  another  at  infinity. 

3°.  If  a  +  2hm  +  hm*  =  0,  8i  +  m^a  -  0,  the  curve  meets  the 
line  in  two  points  at  infinity. 

<'.  If  a  +  2hm^  +  3j»»  =  0,  iS^  +  m^,  -  0,  5  «  0,  the  line  is 
contamed  as  a  factor  in  8. 

I^he  discriminant  of  8  and  the  minors  are  given  in  §  37 ;  from 
tte  Tallies  there  given  we  find  at  once 

^e>2P»=aA,     CA-€P  =  h^y    AB  -  JB^  ^  e^  ) 

I  •     (370) 
^S^AFmfA^    HF^BO^g^,    FO-CR^Ha} 

Cektee. 

138.  Dsp. — A  point  in  the  plane  of  a  eonie  which  is  such  that 
*^  *f  cant  passing  through  it  meets  the  curve  in  points  equidistant 
f^  «<  M  called  the  centre. 


/ 
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Lehha. — If  the  origin  he  the  centre  the  terms  of  the  first  dsg^ 
in  the  equation  8^aa^  ■\-  2hxy  +  hy^  +  2gx  +  2fy  +  (^ »  0  vanish^  m 
conversely. 

In  fact,  two  points,  symmetrical  with  respect  to  the  origi 
have  co-oFdinates  of  the  forms  a?,  y ;  -  a?,  -  y.  Hence  the  equ 
tion  docs  not  change  if  the  origin  be  centre,  when  x,  y  n 
replaced  by  -  a?,  -  y.  This  requires  that  /=  0,  y  =  0,  whic 
proves  the  proposition. 

Eeseabch  of  Ceittbe. 
139.  If  the  point  xy  be  the  centre  of  8^  then  from  theLenmu 
and  equation  (369)  we  must  have  Si  =  0,  8t=  0.     Mence  (kt 
point  common  to  the  lines  represented  by  the  derivatives  of  8  vit^ 
respect  to  x  and  y  is  the  centre.    Now,  since  these  lines,  viz. 

Si  =  ax  •¥  hy  +y  ==0,     S^^hx-k-hy  +/=  0, 

may  intersect  \^  in  a  finite  point,  2°  at  infinity^  3°  he  coineiM, 
we  have  three  distinct  cases  to  consider. 

1°.  Let  ax  +  hy  +  y  -  0,  hx  -^^  by  +/=  0  intersect  in  a  finite 
point. 

Solving  for  x  and  y  we  get  the  co-ordinates  of  the  centre 

VIZ 

i  =  (A/  -  hy)l{ah  -  A*)  =  0/  C.  (371) 

y  =  (yA  -  af)l{ah  -  A»)  =  FJ  C.  (372) 

Since  these  values  are  finite,  C  does  not  vanish.  "We  sh« 
see,  in  §  152,  that  the  curve  is  an  ellipse  or  hyperbola  accordii 
as  (7  is  positive  or  negative.  These  curves  having  a  finite  cent 
are  called  central  curves. 

2°.  Let  ax  +  hy  -{■  y  =  0,  and  hx  +  by  +/=  0  be  parallel. 

Here  we  have,   §  27,  Cor.  1,  aJ  -  A*  =  0,  that  is  C  = 
Hence  the  co-ordinates  x,  y  are  infinite,  that  is  the  centre  is 
infinity.     The  curve  is  in  this  case  called  a  parabola.     No' 
C  =3  0  is  the  condition  that  u^  =  0  may  be  a  perfect  squai 
Sence,  in  the  parabola  the  centre  is  at  infinity,  and  the  terms  oft 
second  degree  in  8  form  a  perfect  square. 
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^.  Xet  or  +  Ay  +  ^  =  0,  and  hx  -^^hy  +/=  0  be  coincident. 
Icre,  we  have  ajh  =  hjh  =  y//.    Hence 

aB-A?=0,   V-^y=0,    yA-«/=0,  or  C=0,   6^=0,   F=0, 

snd  the  co-ordinates  £,  y  are  indeterminate,  as  they  should  be ; 
once  in  this  case  every  point  onaz-k-hy-\-g  =  0  is  also  a  point 
onfe  +  jy+/=0  there  is  a  line  of  centres. 

Reduction  of  the  EauATioir  to  the  Centre. 

140.  If  there  exists  an  unique  centre,  xf,  the  equation  (369) 
becomes  or*  +  2hxy  +  ^+  ^  =  0,  for  the  co-ordinates  x,  y  make 
fiia  0,  iS^,  =  0.  But  from  Baler's  theorem,  x8i  +  y^a  +  2^3  =  8, 
Hence,  substitutiDg  the  co-ordinates  ^,  y  we  get 

8  =  %^yx  +/y  +  o^{yO  +fF+  cC)IC^  A/C. 

Hence  the  equation  when  transferred  by  parallel  axes  to  the 

centre  is 

ac»  +  2hxy  +  hy*  +  ^/C=  0.  (373) 

141.  If  there  exist  a  line  of  centres  the  general  equation  repre- 
<^  two  parallel  lines. 

For,  transferring  the  origin  to  any  point  x,  y  of  the  line  of 
centres,  we  have  ax^  +  2hxy  +  iy'  +  >Ss  =  0,  as  in  §  140,  multi- 
plying by  a,  and  substituting  h^  for  ab,  this  becomes 

{ax  +  Ay)«  +  o^S,  =  0,  (374) 

which  represents  two  parallel  lines ;  real,  if  a8i  be  negative, 
Aginary  if  positive. 

Biaketebs. 

I)£F. — The  locus  of  the  middle  point  of  a  system  of  chords  parallel 
^  ^fized  direction  is  called  the  diameter  conjugate  to  that  directum. 

142.  Let  y  ^mx  +  n  be  a  fixed  line. 

Transferring  the  origin  to  any  arbitrary  point  C  {xy)  we  get 

0**  +  2hxy  +  ^»  +  28iX  +  28iy  +  ^  =  0, 
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and  drawing  through  C  a  parallel  to  the  line  y  »  «»  +  »,  this 
will  be  y  =  mx.  And  the  abscisssB  of  its  points  of  inteneotioii 
with  8  are  given  by  the  equation 

«» (a  +  2hm  +  5w*)  +  2x  (5,  +  m8t)  +  5-0.         (1) 


0     A  X 

Supposing  a  +  2hm  +  hm*  not  zero,  then  the  Une  y  ^mx  enti  & 
in  two  points  2),  !£*.  In  order  that  C  may  be  the  middle  point  of 
DEf  the  roots  of  the  preceding  equation  must  be  equal  in  mag- 
nitude, and  have  contrary  signs,  which  requires  Sx  +  m8% » 0. 
Therefore  the  locus  of  the  middle  points  of  a  system  of  choris 
parallel  to  the  line  y  -mx  +  n  is 

8i  +  w&  =  0.  (875) 

Hence  the  diameters  of  conies  are  right  lines. 

Also,  since  ^i+m^3=  0,  passes  through  the  intersection  of  8i,  3k 
it  passes  through  the  centre.  Hmee  every  diameter  pauM  ikr9U§^ 
the  centre. 

Discussion. — The  equation  Si  +  mSt  =  0  may  be  written 

x{a  +  mh)  +  y  (A  +  mh)  +  (y  +  mf)  =  0.      (2) 

1^.  The  equation  (1)  wiU  bo  of  the  first  degree  if 

(a  +  2hm  +  hm^)  =  0, 
and  there  will  be  no  diameter,  properly  so  called. 
Asymptotes. 

2°.  The  angular  coefficient  of  the  diameter  (2)  is 

(fl  +  mh)        afl-\-  mhla\ 


See  §  153i 


J»'     =5    - 


h\\-\- 


A+m5  h\\-{-mhlhf 

This  varies  with  m,  unless  hja  =  3/A,  or  «J  -  A*  =  0. 
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Teneej  in  central  curvM  every  Bystem  of  parallel  chords  has  a 
r$§panding  diameter. 

\^.  If  A/a  =  h/h,  or  C  =  0,  m'  -  -  a/A,  and  is  independent 
My  but  mf  is  the  angular  coefficient  of  (2).  Hence,  in  the  para- 
I  all  the  diameters  are  parallel.    The  diameter  is  illusory  if 

inA  s  0,   A  +  m^  B  0,  f or  then  m'  -  --;  but  the  case  of  a  +  mA 

,  or  m  =  -  a/A  is  that  of  the  diameters  of  the  parabola.   Menee 
diameters  of  a  parabola  form  a  parallel  system  which  do  not 
lit  a  diameter. 

[^.  It  we  have,  at  the  same  time,  a  +  mA  =  0,  h  +  mh  =  0, 
H  tif  =  0,  or  »  =  -  a/A  =-  h/b  =  -  gjf  the  equation  (2) 
liahes  identically.  This  occurs  when  the  general  equation 
iresents  two  parallel  lines. 

Cbr. — 8i «  0  is  the  equation  of  the  diameter  which  bisects 
rads  parallel  to  the  axis  oix\  8^  =  0  oi  the  diameter  which 
lects  chords  parallel  to  the  axis  of  y. 

COKJUGATB  DiAMETSBS  OF  CeNTBAL  CoiTICS. 

148.  From  the  equation  m'  -  -  ^ =- ,  §  142,  2°,  we  get 

n  +  mo 

a  +  A  (m  +  m')  +  hmm'  =  0.  (376) 

Snoe  this  equation  is  symmetrical  in  m,  m',  it  follows  that  the 
iiameters  whose  angular  coefficients  are  m,  m'  are  such,  that 
^h  bisects  chords  parallel  to  the  other.  8ttch  diameters  are 
i(U  conjugate  diameters. 

Cor.  1. — If  in  the  general  equation,  A  =  0,  the  axes  ofx,  y  are 
P^sUel  to  a  pair  of  cdnjugate  diameters. 

For,  if  A  =  0,  iSi  =  0  reduces  to  oa?  +^  "^  0,  that  is,  the  diameter 
^Uch  bisects  chords  parallel  to  the  axis  of  d?  is  parallel  to  the 
ttis  of  y. 

Cor*  2. — If  two  conjugate  diameters  he  taken  for  axes,  the  equa- 
^*«»  of  the  curve  will  he  of  the  form    ifo*  +  iVy'  +  P  =  0. 

For  to  each  value  of  x  will  correspond  two  values  of  y,  which 
^  eqnal  in  magnitude,  but  of  contrary  signs. 
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144.  Def. — A  diameter  of  a  eonio  which  u  perpendiciikr  U 
the  chords  which  it  hiseete  {called  its  eei^Mgate  chords)  is  eiM 
an  axis. 

Parabola. — The  angular  coefficient  of  the  diameters  of  t 
parabola  is  =  -  a/A.  Hence  the  angular  coefficient  of  the  choids 
perpendicular  to  the  axis  iBh/a,  and  substituting  in  /Si  +  iii8^«0, 
the  equation  of  the  axis  of  the  parabola  is 

aSi  +  hS^  -  0.  (377) 

CsNT&AL  CuBTEs. — The  condition  that  two  diameters  are  con- 
jugate is,  a  •¥  h{m  +  m')  +  hmmf  «  0  (876),  and  if  these  aie  pe^ 
pendicular,  mm'  »  -  1.    Hence  eliminating  m'^  we  get 

m^-m{h-  a)lh  -  1  -  0.  (378) 

This  being  a  quadratic  in  m,  shows  that  there  are  two  axes. 

If  h=  0,  and  b  -  a  not  zero,  the  roots  are  m  =  0,  and  msoo, 
and  the  axes  of  symmetry  arc  parallel  to  the  axes  of  co-ordunates. 
If  A  =  0,  and  h  -  a  =  0,  the  equation  (378)  is  indeterminate. 
This  is  the  case  when  S  denotes  a  circle,  and  oyery  diameter 

is  an  axis. 

Eedttction  of  the  Genebal  Equatiok  to  the  Nobxal  Foil- 

145.  Centhal  Cubvbs. — It  has  been  proved  (§  140)  that  whco 
the  centre  is  origin,  the  equation  of  the  curve  is 

ax^  +  2hxy  +  hy^  ■\'  ^1 C  =»  0. 

We  shall  now  show  that  this  equation  can  be  further  simplifle^ 
Thus,  transforming  by  the  substitution  of  §  18  to  new  rect- 
angular axes,  inclined  at  an  angle  $  to  the  old,  that  is  puttix^S 
X  =  xcoB$  -  f/BmOf  y  =  xBmO  +  y  cosO,  we  get 

flV  +  2h'xt/  +  by  +  A/C  =  0, 

where  a'  =  a  cos*^  +  b  sin»^  +  A  sin  2^,  (379) 

b'  =  a  sinV  +  h  co8«d  -  A  sin  2tf,  (880) 

2h'  =  2h  cos  20  -  (a  -  ^)  sin  2$.  (881  ^ 
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these  equations  we  get,  after  an  easy  calculation, 
a^  +  l/=-a  +  h,    and   a'*' -  A'»  =  aJ  -  A«.        (382) 

+  hf  and  ab  -  h^  ar$  invariants.     In  other  words,  they 
turns  of  the  coefficients  which  are  unaltered  hy  trans- 
I  frmn  one  rectangular  system  to  another, 
B  0  we  haye,  from  (381), 

tan  2d  =  2A/(a  -  h)*  (383) 

quation  of  /S  is  reduced  to  the  form  o'a^  -i-  ^V+  ^/ ^=  ^  y 
3  ^==0  we  have,  from  (382), 

a'  +  5'  =  fl  +  3,  a'h'^ah-hK 

Eor  a',  h'  we  get,  putting  JR*  =  4A"  +  (a  -  3)', 

a'  =  i(«  +  J  -  J2),  y  =  J  («  +  3  +  J2).  (384) 

iSa(fl  +  i--R)a:»  +  (a  +  5  +  i?)y»  +  2A/(7  =  0.     (385) 

s  be  written  in  the  form 

«»/a>  +  yVi8'=l»  (386) 

the  normal  form,  we  have 

=  -  C(a  +  5  -  i2)  /2A,    j^»  =  -  C(fl  +  ^  +  J2)/2A. 
I*,  jS*  are  the  roots  of  the  quadratic 

p^+-5^5— >  +  -^  =  0.  (387) 

-The  equation  of  the  new  axes  when  referred  to  the 

Ao^  -  («  -  h)xy  -  V  =  0.  (388) 

)btained  from  (378)  by  putting  m  =  yjx. 

The  Parabola. 

In  equation  (377),  if  we  put  h^<i^h\  and  substitute 
8i  their  values,  we  get  the  equation  of  the  axis  of  the 
I  in  the  form 

a\x  +  h^y  +  (aV  +  ^V)/(«  +  >)  «  0.  (389) 

ff  a  diflcuBsioii  of  this  equation,  see  notes  at  the  end  of  volanie. 
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Hence,  by  an  easy  calculation, 

Sai^x  +  h^jf-^  (tf*y  +  h^f)l{a  +  i) 

Now  making    a^x  +  bijf  +  (a^y  +  h^f)l{a  +  J)  -  0, 
and  (a  +  h)  {2Qx  +  2Fy)  ^oB-hA^  2hH  »  0, 

our  new  axes  of  co-ordinates ;  then,  if  y',  d/  be  tbe  peipendica* 
lars  from  any  point  xy  oi  8  on  these  lines,  we  get 

y'  ^oTh  =  a^x  +  ^*y  +  (o^y  +  J*/)/(a  +  J), 

2ar'(a  +  ^)  /(GP  +  i?^)  =  (a  +  5)(2(?a:  +  2Fy)  -o^ -i^+2»K 
Hence,  by  substitution, 

^.       .,     2v^(G»TF)  , 


or,  omitting  accents,       y*  -  — j^ — ^r^ — -x ; 

and  puttmg  p (T^^j?— » 

y»=^ar,  (890) 

which  is  the  standard  form  of  the  equation  of  the  parabola. 

The  quantity  p  is  called  the  parameter  or  lattu  reeium. 

Cor,  1. — The  new  axes  are  perpendicular  to  each  other. 

For  the  condition  of  perpendicularity  is  a^O  ■{■  iijP=0;  and 
this  is  easily  shown  to  hold  when  M^  =  h. 

Cor.  2. — The  co-ordinates  of  the  new  origin  are  found  bj 
solving  for  x  and  y  from  the  equation 

a^x  +  h^y  +  (a*y  +  h\f)l{a  +  J)  =  0  ; 
or  ax  +  hy  +  (ay  +  hf)l{a  +  3)  =  0, 

and  20x  +  2I\/  =  {aB  +  M  -  2hjB)/{a  +  J). 

Thus— 

x»[h{aB-^hR)-\-h{hA--hR)-\-2F{ay+hf)\l{{2Gh^2aF){e^i% 

(891) 

y=|a(A^-a^)+fl(AH"-3-4)-2G'(fl^+A/)|/{(26?A-2«iO(«+*))- 
Cor.  8. — The  parameter  of  the  parabola  (892) 

=  2  v/(G»  +  i^)/(fl  +  3)«.  (898) 
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Taitoents. 

147.  If  we  transform  the  equation  to  parallel  axes  through  a 
Alt  Jr(5y)  on  the  curve,  we  get 

bce^srO,  as^y  is  on  the  curve.  Then,  through  the  new 
<rigm,  draw  a  line  y  =  mx,  and  eliminating  y  we  get 

oe  of  the  values  of  d?  in  this  equation  is  zero,  because  the  line 
f  s  mx  meets  it  at  the  new  origin,  and  the  other  is 

-  2  (^1  +  Wi§a)/(a  +  2hm  +  hm^). 

rhis  second  value  will  also  be  zero  if  y  =  »m?  touch  the  curve. 
Sence in  this  case,  Si-i-mSi^sO;  and  eliminating  m between  this 
ttd  y  s  mxj  we  get  for  the  tangent  the  equation  xSi  +  y82  -  0 
*feried  to  the  new  axes,  or  {z  -  z)  Si  ■\-  {y  -  y)  82  ='  0  when 
*fened  to  the  old.    But  by  Euler's  theorem, 

5^1  +  y  ^  +  2^  =  5  =  0. 
Soice  the  equation  of  the  tangent  is 

xSi  + 1/82  +  iSs  =  0.  (394) 

Taj^gsntial  Equation. 

148.  Find  the  condition  that  the  line  Aj;  +  /xy  +  v  »  0  may  he  a 
^etU  to  8=0. 

Eliminating  y  between  Xr  +  /xy  +  v  =  0  and  8^0,  we  get  a 
9}i>dratic  in  x^  whose  roots  will  be  the  abscissae  of  the  points 
^hxe  the  line  meets  the  curve ;  now  these  will  coincide  tf, 
^  toaches  the  curve.  Hence  the  condition  required  is 
by  fonmng  the  discriminant  of  the  equation  in  x.    Thus 

-4X»  +  -5/A*  +  (V  +  2FfjLv  +  20v\  +  2JEr\fi  -  0, 

^^  A,  B^  &c.,  have  their  usual  meanings. 
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Poles  Aim  Folabs. 

149.  To  find  the  ratio  in  which  the  join  ofthepointe  «'y',  /jT 
is  cut  hy  8,  Let  the  ratio  be  i& :  1  ;  then  the  co-ordinates  of  tiie 
point  of  intersection  are 

and  these  substituted  in  8  give  the  quadratic 

8'  +  2]cF'  +  k^8f'  =  0.  (396) 

Where  /S',  8"  denote  the  powers  of  the  given  points  wift 
respect  to  8^  and  P"  the  power  of  af'y"  with  respect  to  the  liw 

P  s  8,'x  +  82'y  +  8J  -  0.  (397) 

The  equation  (396)  is  a  fundamental  one  in  the  theory  of 
conies.  Several  important  theorems  are  inferred  from  it  by  sap- 
posing  its  roots  to  have  special  relations  to  each  other. 

1^.  8uppose  the  sum  of  the  roote  to  he  zero. 

Then  P"  =  0  and  the  point  a/'y"  must  be  on  the  line  P. 


Let,  in  the  annexed  diagram,  Q,  ^  be  the  points  where  the  joi'* 
of  the  points  Ay  B,  that  is  of  ar'y',  a?"/',  meets  the  curve,  flw^ 
the  values  of  k  are  the  ratios  A  Q :  QB,  Alt :  EB,  and  these  ar< 
equal,  but  with  contrary  signs,  since  their  sum  is  zero.  Hcno* 
AB  is  divided  harmonically  in  Q  and  jR. 

Cor,  1. — Any  line  through  A  is  divided  harmonieally  hjf  (J") 
and  8, 

Cor.  2. — (P)  is  the  chord  of  contact  of  tangents  from  A, 
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the  line  QE  tum  round  A  until  the  points  Q,  It  coin- 
n  since  B  is  the  harmonic  conjugate  of  A  with  respect 
when  Q,  R  come  together,  B  coincides  with  them,  and 
S^  will  be  a  tangent. 

•Hie  line  (P)  is  called  the  polar  of  the  point  se^y'. 

.  If  a  point  be  external  to  a  conic  its  polar  cuts  the 
i  the  point  be  internal  its  polar  is  external.  For  the 
;  conjugate  to  an  internal  point  on  any  line  passing 
it  is  external  to  the  conic.  Lastly,  if  a  point  be  on 
its  polar  is  the  tangent  at  the  point,  for  then  equation 
^e  same  as  (394). 

t  the  anharmonie  ratio  of  the  four  points  A,  B,  Q,  E  be 

s  case  the  roots  of  (396)  have  a  given  ratio,  let  this 
ij  and  changing  k  into  k\  in  (396)  we  get 

8'  +  2\kjP"  +  X»F/S"  =  0. 

Ing  k  between  this  and  (396)  and  omitting  double 
re  get  the  locus  of  a  point  B,  which  divides  a  secant  of 
I  through  a  given  point  in  a  given  anharmonie  ratio, 


(1  +  X)«/Si8f'-4XP»  =  0. 


(398) 


Faib  of  Tasqustsb  from  ▲  GrvBN  Fonrr. 


jet  the  roots  of  (396)  be  equal,  since  the  roots  are  the 
2  :  QBy   AR  :  RB, 
be  equal  only 
ts   Q,   ^ 
hen  the  line 
',  to  the  curve.    The 
.  for  equal  roots  in 
J'S"-i>"»  =  0,  which 
fulfilled  when  a/y  is  on  either  of  the  tangents  from  j^/« 

li  2 


only  when   ^__R,^:^::Zl:^^^-k^ 
coincide,     3^       7  \ 
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Hence,  supposing  the  latter  fixed  and  the  former  variable,  we 
get  the  equation  of  the  pair  of  tangents  from  zf^  to  5,  yiz. 

SS'-P'^  0.  (399) 

Cor. — The  angular  coefficients  of  tangents  from  iy  to  i9  are 
given  by  the  equation 

m«  (S^^  -  hS)  +  2m (S^  S^  -  h'S)  +"Sx»  -iS^^O.       (399') 
For  this  is  the  discriminant  of 

ar»  (a  +  2Am  +  im*)  +  ('^x  +  »»^)iP +^  «  0.        (§  142.) 

Oethoptic  Circle. 

151.  K  the  equation  SS'  -  P*  «=  0  be  expanded  we  get 
( (7y'*-2i^y'+J9)a:»+  (  Cx^-2Gx'+A)y^-  2(  Ca/y'-  Faif-  Gy'^E)si 

+  2  {Fx'y'  -  Oy"^  -  Bx*  ^Ky)x^2  {Qx'yT  -  i^j?"  +  JBry-  Jy')y 

+  Bsl''  -  2jffip'y'  +  Ay'''  =  0.  (400) 

Now  if  these  tangents  be  at  right  angles  to  each  other  the  sum 
of  the  coefficients  of  o^  and  y*  is  zero.  Hence,  omitting  accents, 
we  find  the  locus  of  points  whence  rectangular  tangents  can  be 
drawn  to  a  conic  to  be  the  circle. 

C(«'  +  y2)  -  26^^  -  2JV  +  ^  +  ^  =  0.  (401) 

This  is  called  the  orthoptic  circle  of  the  conic* 
Cor.  1. — If  the  curve  be  a  parabola  (7  =  0,  and  the  locus  d 
points  whence  rectangular  tangents  can  be  drawn  to  the  cuireis 

2Gx  +  2Fy-A-£^0,  (402) 

Cor.  2. — If  a?'  =  0,  y'  =  0,  equation  (400)  reduces  to 

£x^  -  2jfficy  +  ^y»  =  0. 
Hence  the  pair  of  tangents  from  the  origin  is 

£x*  -  2Exy  +  Ay^  =  0.  (408) 

Cor.  3. — The  equation  (400)  may  be  written 

A{y-yJ'\-B{x-x^f+C{xy'-x!yy-2F{x-af){xy'-x!i) 
+  2G{y-y'){xy'-  afy)  -  2H{x  -  ^)(y  -  y')  =  0.     (400') 

Compare  (395). 

*  This  circle  has  hitherto  been  called  the  director  circle  in  English  works 
but  that  term  is  now  employed  by  French  writers  to  denote  the  circle  who*^ 
centre  is  a  focus  and  whose  radius  is  equal  to  the  transrerse  axis. 
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Classeticatiow  op  Comes. 

?rom  §  142  we  see  that  if  the  origin  be  transferred  to 
t  x$  on  the  line  y  =  mx  +  n  the  abscissae  of  the  points 
y  =:  mx  +  n  meets  the  curve  are  the  roots  of 

a^  (a  +  2hm  +  hm^)  +  2x  (8i-\-m8^)  +  iS  =  0. 

§  133,  one  of  these  points  will  be  at  infinity  if 
+  hm^  =  0.  Let  the  roots  of  this  equation  be  mi,  m^. 
e  real  and  distinct  lih*  -  ab  be  positive,  showing  that 
sms  of  parallel  lines,  viz.  y  =  miX  +  w,  and  y  =  m^  +  «, 
may  have  any  value,  can  be  drawn,  each  meeting  the 
infinity.  This  form  of  the  curve  is  called  a  hyperbola. 
he  condition  that  8=0  represent  a  hyperbola  is 
0. 

l/y — If  A'  -  flJ  =  0,  Wi  =  fWj,  only  one  system  of  parallels 
rawn  meeting  S  at  infinity.  The  curve  in  this  case  is 
parabola  {see  §  139,  2^). 

— Let  nh,  w,  be  imaginary.  Then  no  system  of 
can  meet  the  curve  at  infinity.  This  species  is  closed  in 
'eetion  and  is  called  an  ellipse ;  i^i,  m^  are  imaginary 
-ab  IB  negative.  Hence  the  curve  will  be  a  hyperbola, 
la,  or  an  ellipse,  according  aa  h^  -  ah  is  positive,  zero, 
ive. 

i. — The  hyperbola  meets  the  line  at  infinity  in  two  real 
inct  points,  the  parabola  in  coincident  points,  and 
)  touches  it,  and  the  ellipse  in  two  imaginary  points. 

I. — If  either  a  or  3  vanish  but  not  A,  or  if  a  and  h  have 
signs  the  curve  is  a  h3rperbola,  for  in  these  cases  h^-ab 
re. 

3. — The  circle  is  a  species  of  ellipse,  for  in  the  drole 
od  a  s  ^.    Hence  h"^  -  abia  negative. 
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Example. — C,  D  are  two  fixed  points  in  the  diameter  AB  til  a  aide, 
and  QE  a  semichord  parallel  to  AB,  The  loons  of  P  the  inteneetioo  d 
DO,  CEiati  conic.  (Bbogaid.) 

P 


Let  0  be  the  centre.    Join  OB,  and  let  CO  ^e,  J)0  ^  d,  aaAiia  v^ 
BOB  =  0 ;  then  the  equations  of  CB,  DO  are 

(r  8in0);r-(r  co8  9  +  «)y +  r0Bin9sO,    (rBin0)«-i^  +  nf  smfeO. 
Hence  eliminating  9  we  get 

{e  -  rf)«  a»  +  rf«y«  -  f«  («  +  rf)»  «  0, 

which  by  the  foregoing  condition  is  an  ellipse,  a  parabola,  or  a  hyperiiol^ 
according  as  («  —  rf)'  —  r"  is  positive,  zero,  or  negative. 

ASTHPTOTES. 

153.  In  the  ease  of  the  hyperbola,  if  the  line  fmmx  +  n  me^ 
8  in  two  points  at  infinity,  that  is  if  it  touch  it  at  infiniiff,  it  ^ 
called  an  asymptote.  When  this  happens  the  two  values  of  «  i^ 
the  equation 

a:'(a  +  2Aw  +  iw*)  +  2a?  (iSi  +  ifi^a)  +  5 a  0 

are  infinite.  Hence,  §  133,  a  +  2hm  +  hm^  =  0,  and  ^i+  m8t^09 
and  eliminating  m  we  get  aS2  -  2h8i,  8%  +  Jfl^i'«0,  or  TetAxfOB0 
the  values  of  8i,  8%  and  reducing  we  get 

CiS  -  A  =  0,  (404) 

which  is  the  equation  of  the  two  asymptotes.  They  are  afcrig^** 
angles  if  the  hyperbola  be  equilateral. 
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Cor.  1 . — If  /  =  0,  ^  =  0,  that  is  if  the  curve  be  referred  to 
the  centre,  the  equation  of  the  asymptotes  is  aa^-\-2hxy  +  hy*  =  0. 
Hence,  when  the  equation  of  a  conic  is  in  the  form  Us  +  t<b  =s  0, 
tfa  =  0  is  the  equation  of  the  asymptotes. 

Cor,  2. — If  ^  denote  the  angle  between  the  asymptotes, 

tan»^  =  4C/(a4  h)\  (405) 

Cor.  3. — ^The  asymptotes  intersect  in  the  centre. 
Cor,  4. — The  line  at  infinity  is  the  polar  of  the   centre. 
Tot  it  is  the  chord  of  contact  of  the  asymptotes. 

C<ir,  5. — An  asymptote  is  a  diameter  conjugate  to  itself. 

The  Hyperbola  beferbed  to  the  Astuptotes. 

154.  Let  the  co-ordinates  of  any  point  P  in  the  hyperbola, 
«r*  +  2^jy  +  ^  +  A/(7  =  0,  with  respect  to  the  asymptotes,  be 
a^, /.  Now,  if  from  P  perpendiculars  be  drawn  to  the  lines 
«*  +  2\xy  +  ^  =  0,  it  is  easy  to  see  that  their  product  is  equal 
to  the  power  of  P  with  respect  to  the  lines  divided  by  R^  where 
•S  lias  the  same  meaning  as  in  §  145 ;  but  these  perpendiculars 
tte  equal  to  d:'  sin  ^,  ^  sin  ^,  respectively.     Hence 

ar'y'  sin*  ^  =  (ac»  +  2hxy  +  3y')/-K, 

«d  from  equation  (405)  we  get,  sin'  ^  =  4  CjB?,    Hence 

or*  +  2hxy  -k-hy^^afy'.  ^C/E, 

^  therefore  the  equation  of  the  hyperbola  referred  to  the  aeymp- 
ktttit 

«y+jRA/4C7»  =  0.  (406) 

Newton's  Theobex. 

1^5.  If  through  a  point  P  two  chords  be  drawn^  meeting  the 
^^  w  the  pairs  of  points  A^  P ;  (7,  2),  respectively,  then  the 
^^PA.PP'.PC.PD  is  constant  whatever  be  the poeOim  ^ 
^}fffmded  the  direction  of  the  lines  is  eonstant, 

I>enL— Let  the  lines  PAB,  PCD  be  taken  as 
the  equation  of  the  conic  be 

ojc*  +  2hxy  +  ^  +  2gx  ■¥2fy  +  em.1 


\ 
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putting  y  =  0,  P-4,  Pj5  are  the  roots  of  oia:*  +  2yx  +  0  »  0.  Hence 
PA  ,  PB  =  eja^  similarly, 

PCPB^c/h,  i.e.  PA  .  PB :  PC .  PDiillaAlh. 

Now,  if  the  curve  bo  referred  to  parallel  axes  through  any  point, 
the  coefficients  a,  h  remain  unaltered.  Hence  the  proposition  is 
proved. 

Cor, — If  through  any  other  point  P',  two  lines,  PJ!B^ 
P'  C'ly  bo  drawn  parallel  to  the  former,  and  cutting  the  conic 
in  A',  B' ;  C\  2/,  then 

PA.PBiPC.PDiiP'A* .P'B'iP'C .P'U.    (407) 

156.  Newton's  theorem  corresponds  to  Euc.  in.,  nn., 
XXXVI.     The  following  are  special  cases  : — 

1°.  If  P  be  the  centre,  then  PA  =  PB,  PC  =  PDy  and  we 
have  the  following  theorem  from  (407): — The  rectangles  «»• 
tained  hy  the  segments  of  any  two  chords  of  a  conic  are  proportM 
to  the  sqtuires  of  parallel  semidiameters. 

2°.  If  the  lines  PAB,  PCD  turn  round  the  point  P  unta  they 
become  tangents,  PA  .  PB  becomes  PB^^  and  PC .  PD  become* 
PD^y  and  we  have  the  following  theorem  : — Hie  squares  oftv9 
tayigents  drawn  from  any  point  to  a  conic  are  proportional  to  tht 
rectangles  contained  hy  the  segments  of  any  two  parallel  ckorii* 
AlsOj  two  tangents  from  any  point  to  the  conic  are  proportional  t* 
the  parallel  semidiameters. 

3°.  Let  the  join  of  PP*  produced  be  a  diameter,  and  let  the 
lines  through  P  be  this  diameter, 
and  its  conjugate  CD,  then  the 
chords  through  P'  will  be  AB 
and  Ciy,  of  which  the  latter  is 
bisected  in  P'.  Then,  denoting 
AP  by  a,  PC  by  h,  PP*  by  x, 
and  PC  by  y,  we  have,  from 
(407),  a*  :  h" : :  (a  +  a:)  (a  -  a:) :  y«, 

or,  r^/a'4-yV*'=l, 

which  is  the  normal  form  of  the  equation  of  central  conies. 
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157.  The  demonstration  in  §  155  fails  if  either  axis  of  co-ordi- 
Ates  meets  the  curve  at  infinity,  for  in  that  case  either  a  =  0 
r  J= 0.  Suppose  a  =  0,  then  either  PA  or  F£  wiU  become  in- 
inite.  Let  PA  remain  finite,  then  PA  =  -  c/2y;  and  as  in  §  155, 
^C.PD  =  c/b.  Hence,  PA:  PC.PJ)::-h:  2g.  Now,  if  we 
raufonn  the  equation  to  parallel  axes  through  a  new  origin, 
\  y,  h  will  remain  unaltered,  and  the  new  g  will  be  ^y  +  ^ ; 
lence  the  new  ratio  will  be  -  3  :  2  {hy  +  g).  Now,  if  the  curve  be 
parabola,  A'  -  a&  =  0,  but  a  =  0  by  hypothesis ;  hence  A  =  0,  and 
he  ratio  will  be  unaltered. 

Htnce^  if  a  line  parallel  to  a  given  one  meet  any  diameter  of  a 
Wdbokj  the  rectangle  contained  hy  its  segments  is  proportional 
'  iht  intercept  on  the  diameter. 

Thus,  if  CD,   C'ly  be  parallel  chords,  APP'  the  diameter 

rhich  bisects  them,  then 

C' 
iP:AP::CP.PDi  CF .PI/, 

r,    APiAP'iiCP^'.aP'^. 

bnce,  supposing  P  fixed  and  P' 
«iable,  and  denoting  AP',  FC  A 
J«,y,  respectively,  we  have 

fiCP^::x',AP\ 

before,   putting  CP'  =  4a  .  AP, 
re  have 

y»  =  4ar,  (409) 

rhich  is  the  standard  form  of  the  equation  of  the  parabola. 
^g*in,  suppose  the  curve  to  be  a  hyperbola,  and  that  one  of  the 
*e8  of  co-ordinates  is  parallel  to  an  asymptote,  in  this  case  y 
'ffl  be  constant,  and  so  will  the  ratio  -  i  :  2  (Jiy  +  g).  Hence 
^^  bave  the  following  theorem : — 

^  intercepts  made  hy  parallel  chords  of  a  hyperbola  on  a 
^  parallel  to  an  asymptote  are  proportional  to  the  redangbi 
•**«rf  Jy  the  segments  of  the  chords. 
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Exercises  on  the  General  Equation. 

1 .  Proy e  that  five  conditions  are  sufficient  to  detennine  a  conic. 

2.  Transfonn  the  following  curves  to  their  centres : — 

1^    ia^  -  6«y  +  ei/*-{- 10*  -  12y  +  18  =  0. 

2*.    ay  +  4fla?  -  23y  sa  0. 

3*.     3«»  -  2xy  -  3y»  +  6*  -  9y  =  0. 

3.  What  curves  are  represented  by  the  equations 

1'.    Var+a  -  Vy+l  =  Va  +  * ; 
2^    («+ l)-i+(y  +  2)-i  =  2; 

3*.     cos-^a?  4  cos-V  =  ^  P 

4.  Find  the  equation  of  the  asymptotes  of  the  hyperbola 

Zx^  -  4;Fy  -  6y'  +  2x  -  4y  +  6  =  0. 
6.  Prove  that  the  equation  of  the  chord  of  the  conic 
flic*  +  2A:Fy  +  V  +  2^a;+  2/y  +  <?  =  0, 

which  passes  through  the  origin  and  is  bisected  at  that  point,  is  yx+^  ^  ** 

6.  The  axes  of  a  central  conic  are  its  maTiTnum  and  minimum  tfi"^' 
diameters. 

For  the  conic  referred  to  the  centre,  viz. 

ax^  +  2hxy  +  *y*+  A/(7=  0, 

will  meet  the  circle  «"  +  y*  —  r*  =  0,  where  it  meets  the  line  pair 

{ar^  +  AJC)  0^  +  2r»Aa?y  +  [hr^  +  A/C)  y»  =  0 ; 

and  it  is  evident  when  these  lines  coincide  that  r  has  its  nu^-rimnm  or  mii^' 
mum  value,  and  forming  the  discriminant  we  get 

which  proves  the  proposition.     (See  equation  (387).) 

7.  If  the  line  joining  any  fixed  point  0  to  a  variable  point  P  of  a  o^ 
S  meet  a  fixed  line  in  the  point  Q,  prove,  if  jS  be  the  harmonic  oonjiiS^^ 
of  P  with  respect  to  0  and  Q,  that  the  locus  of  jS  is  a  conic. 
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he  locus  of  the  centre  of  a  conic  passing  through  four  given 
?,  iS*  be  two  fixed  conies  passing  through  the  given  points,  then 
le  most  general  equation  of  a  conic  passing  through  them,  and 
I  thia  IB  the  intersection  of  the  diameters 

Si-^kSi'^O;  St  +  kS%'  =  0,    (See  }  139.) 

kf  &c.,  are  the  derivatives  with  respect  to  x  and  y.  Hence, 
k,  the  required  locus  is 

Si  S2'  -Si' 8%  =  0.  (410) 

of  the  three  pairs  of  lines  passing  through,  the  four  points  be 
B,  another  pair  may  be  written 

being  taken  for  S,  8'  respectively,  the  required  locus  will  be 

i  is  called  the  nine-point  eonie  of  the  quadrangle  of  the  four  fixed 
r  it  passes  through  the  middle  points  of  its  six  sides  and  through 
[agonal  points.    These   nine  points  are  the  centres  of  special 

he  same  notation,  find  the  value  of  A,  in  order  that  S  +  kl^  may 
teral  hyperbola. 

X  (A    COSW        At)        fli/l    COBtt        \) 

centre  of  the  nine-point  conic  is  the  mean  centre  of  the  four 
'he  quadrangle. 

I  harmonic  mean  between  the  rectangles  contained  by  the  seg- 
3  perpendicular  chords  of  a  conic  be  given,  the  locus  of  their 
irsection  is  a  conic. 

I  that  through  four  points  can  be  drawn  two  parabolas.  Con- 
diameters. 

the  equation  of  the  chord  joining  the  points  zfy',  %'*y*'  on  the 
^  +  2Axy  +  V  +  2^*  +  2/y  +  0  =  0. 
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The  conic 

^'sa(a:-a;')(a;-«")  +  A{(«-iO(y-y")  +  (*-*")(y-y")} 

+  M(y-y')(y-y")}«=o 

evidently  passes  through  x'y\  x**y'\    Hence  5  -  5'  =  0  is  the  requirtd 
chord. 

14.  If  a  conic  passes  through  four  fixed  points,  the  diameter  conjugtte  to 
a  giyen  direction  passes  through  a  fixed  point.  (Lami) 

15.  In  the  same  case  the  polars  of  a  fixed  point  are  concurrent. 

16.  If  a  yariable  conic  pass  through  three  fixed  paints,  and  have  i& 
asymptote  parallel  to  a  given  line,  the  locus  of  its  centre  is  a  parabola.  If  H 
passes  through  two  given  points,  and  have  its  asymptotes  parallel  to  tvo 
given  lines,  the  locus  of  its  centre  is  a  right  line. 

17.  If  two  points  A,  B  be  such  that  the  polar  of  A  passes  through  ^* 
the  polar  of  B  passes  through  A . 

1 8.  To  describe  a  conic  section  (x. )  through  five  given  points  A^  S,  (7,  A  ^ 
Join  B,  i>,  C,  E,     Through  A 

draw  AO  parallel  to  BD,  cutting 

the  conic  in  O,  and  AK  parallel 

to  CE,  cutting  BD  in  H.     Then 

BI  .  IB  '.  CI ,  IE  ',  :  BE .  ED 

:  AH .  MK;  therefore  JSTis  a  given 

point.  In  like  manner,  ^  is  a  given 

point.  Hence,  bisecting  AK  in  X, 

CE  in  Nf  AO  in  P,  and  BB  in  Q, 

0,  the  point  of  intersection  of  XJV 

and  FQ  is  given.     Again  (§  155),  FG^  :  QD^  : :  OV^  -  01^ :  OJ^-OQ*'* 

hence  Fis  a  given  point.     In  like  manner  CTis  a  given  point,  and  OV,  OQ 

are  semicon jugate  axes.     Hence,  &c. 


CHAPTER  V. 
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158.  Dbp.  I. — Being  given  in  position  a  point  8  and  a  line 
UP,    The  locus  of  a  variable  point 
^  whose  distance  SPfrom  8  is  equal 
»  its  perpendicular  distance  FN 
fsm  NN',  is  called  a  parabola. 

It  will  be  Been  subsequently 
hit  Hub  definition  agrees  with 
iat  already  given  in  p.  165. 

iL^The  point  8  is  called  the 
'ocijg,  tmd  the  line  NN'  the  dibec- 
tm. 

TtL-'Iffrom  8  we  draw  80  perpendicular  to  JVJV',  and  bisect 
^•1-4,  then,  since  OA  =  A8f  the  point  A  (Def.  i.)  is  on  the 
P^vMff,  and  is  called  the  yxbtex. 

!▼.— ijT  the  line  A 8  be  produced  indefinitely  in  the  direction  AX, 
^  wkde  line  produced  is  called  the  axis. 

lo9.  To  find  the  equation  of  the  parabola, 

I^  the  vertex  A  be  taken  as  origin,  and  AX  and  ^F  per- 
pendicular to  it  as  axes.  Then  denoting  OA  =  A8  by  a,  and 
^  c(H>rdinates  of  any  point  P  in  the  curve  by  x,  y,  we  have 
[Bet  I.)  5P=  PIT;  but  PJV=  OIf=^  OA  +  AIf=^  a  +  ar ;  therefore 

Again,  8M=  AM- A8  =  x  -  a,  andPM^y, 

*^cc,  from  the  right-angled  triangle  8MPt  we  have 

{x  -  a)*  'k-y^^ija-^'  x)* ;  therefore  y'  =  4aXf  (4 1 3) 


i 
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which  is  the  standard  form  of  the  equation  of  the  parabola. 
Compare  §  157,  equation  (409).  Prom  the  equation  of  the 
parabola,  we  see  that  two  values  of  y  correspond  to  each  Talne 
of  X ;  and  that  these  are  equal  in  magnitude,  but  contrary  signs. 
Hence,  if  Pif  be  produced,  it  will  meet  the  curve  on  the  other 
side  of  the  axis  in  a  point  P',  such  that  PM^  MP*.  Hmi  ik 
axis  of  the  parabola  u  an  axis  ofBymmetry  ofihefigwr$, 

Y. — The  double  ordinate  LL'  through  the  foeus  ii  called  tk 
LATUS  SBCIUM  of  the  parobola. 

Cor, — ^The  latus  rectum  =  4a;  for  SZ^ZB-  08  =  2«;  there- 
fore ZZ'  =  4a. 

Ex.  1. — If  through  a  fixed  point  0,  a  line  OB  be  drawn  meeting  a  ilzeA 
line  AB  in  B,  then,  if  BP  be  perpendicular  to  AB  and  OF  to  OB,  the 
locus  of  P  is  a  parabola.  For,  draw  OM  parallel  to  AB^  thai  we  hate 
OJf»  =  BM.  MF,   or  jr»  =  ax, 

Ex.  2.— The  tangent  at  a  point  ^  of  a  circle  meets  a  fixed  diameter  CJ> 

F 


in  Ff  and  F  is  joined  to  the  extremities  of  the  diameter  perpendicular  to  r^* 
the  locus  of  the  intersection  of  AF  with  the  peipendioular  from  BtoCP  ^ 
a  parabola.  (Bbogaid.) 

Let  a?'y'  be  the  point,  the  equation  of  £F  is  xx'  +  yjf'  ^f*,  H€f»^* 
OF  =  t^ly';  therefore  the  equation  of  -4 J?  is  y^/r*-  xjr  -  1,  and  t*^ 
equation  of  EF  is  y  —  y'  =  0.  Hence  eliminating  y*,  we  get  y*  s=  r  (r  +  ^^^ 
or  making  A  the  origin,  y*  =  rx. 
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160.  Tk$  c<H>rdinai$s  of  a  paint  on  the  parabola  can  be  expressed 
im  terms  of  a  single  variable, 

For,  writing  the  equation  in  the  form  2x  .2a  =  f/*f  it  is  a 

special  case  of  LM^B}^  a  form  in  which  each  of  the  three  conies 

may  be  written ;  and  we  maj  put  2x^y  tan  ^,  20  =  y  cot  ^,  or 

wUch  is  the  same  thing,  y  =  2a  tan  ^,  «  =  a  tan'  ^.    Hence  the 

eo-oidinates  of  a  point  on  the  parabola  may  be  denoted  by 

•  tan'  4>i  2a  tan  ^.    We  shall  for  shortness  call  it  the  point  ^,  and 

^  ike  DiTRnrsio  akglb  of  the  point 

Cor.  I. — Since  P8  =  a  +  x^a-k-a tan' ^  =  a  sec^ ^,  the  dis- 
tmce  of  the  point  ^  from  the  focns  is  a  sec'  ^. 

Cor.  2. — The  angle  ASP  is  equal  to  twice  the  intrinsic  angle 
ol?. 

-  _-o7>    J^S     atan'^-a 

Pot    coBifSP=-=^= f-r— =-co8  26: 

8P         aseo'^  ^' 

therefore  ASP  =  2^. 

161.  Ih  find  the  equation  of  the  chord  passing  through  two 
fiintt  «'/,  a/y  on  the  parabola. 

I<et  the  intrinsic  angles  of  the  points  be  if/,  <(/* ;  then  the 
lequired  equation  is  (§  31,  Ex.  3,  4°), 

2x'  (tan  ^'+tan^")  y  +  2a  tan  ^'  tan  ^"  =  0 ;      (414) 
I     ^1  putting  for  tan  ^^  tan  ^"  their  values  in  terms  y',  g'% 


4aar  =  (y'  +  y")y-y'y"- 


(415) 


1.  If  a  chord  of  a  parabola  cut  the  axis  in  a  fixed  poiat,  the  rectangle 
'^iittuwd  Vj  the  tangents  of  the  intrinsic  angles  of  its  extremities  is 
nnitaiit. 

^••ttM  if  we  put  s  ss  AO,  y  =  0,  in  equation  (414),  we  get 

tan  A' .  tan^"  = . 

a 
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2.  If  PMy  FM*  be  the  ordinatee  of  the  pointa  P,  F,  and  OQthft  (rf- 
nate  of  0,    Pif .  PJf '  =  -  OQ*.  ^^ 

For,  from  equation  (414)  we  get 
(2a  tan  ^')  (2a  tan  ^")  =  - 4a .  0-4  =  -  OCf. 

3.  In  the  aame  case,  AM,  AM*  =  AC^, 

4.  The  direction  tangent  of  PP  is 
2/ (tan  ^'  +  tan  ^").    (See  equation  (414).) 

Hence,  if  a  chord  of  a  parabola  be  parallel  to  a 
fixed  line,  the  sum  of  the  tangents  of  the  intrinsio 
angles  of  its  extremities  is  constant. 

5.  If  FF  cut  the  axis  of  y  in  a  fixed  point  Q,  from  equation  (415)  ve  gc< 
cot  ^'  +  cot  ^"  =  2ajAQ,  Hence,  if  through  a  fixed  point  <m  the  itmfmt « 
the  vertex  of  a  parabola  any  secant  be  draum,  the  turn  of  the  eotaigeiitti, 
the  intrinsic  angles  of  its  points  of  intersection  with  the  parubola  is  mmImI 

6.  If  8,  8'  and  g  be  the  distances  of  the  extremities  of  a  focal  chord  an 
of  the  focus  from  any  line,  p,  p  the  focal  vectors  of  the  extxemidfiB  of  tb 
chord,  prove 

7.  AA\  BB*  are  parallel  chords  of  a  parabola,  A'B  is  joined,  voAJB^Ci 
a  chord  parallel  to  A'B,  prove  that  the  tangent  at  P  is  parallel  to  i^ 
chord  AC, 

162.  To  find  the  equation  of  the  tangent  to  theparalohdA 
point  a/y. 

In  equation  (414),  suppose  the  points  ^'y  4""  l^ccome  cafr 
secutive,  then  their  joining  chord 
becomes  a  tangent,  viz. 

a?-ytan^'  +  atan*^'  =  0,     (416) 

or,  putting  a/  =  a  tan*  <f>',  y'  =  2a 

tan  ^', 

yy'  =  2a(ar  +  a?').      (417) 

Cor.  1.— If  FT  be  the  tangent, 
putting  y  =  0,  we  get  from  (417), 

a?  =  -«'; 


The  Parabola.  177 

I  y  =s  0,  «  =  AT,  Hence,  since  xf  =  AM,  we  have 
[if;  therefore  TA  =  ^if.    Hence  7!2f  is  bisected  in  A, 

The  line  MT,  intercepted  on  the  axis  between  the  ordi- 
the  tangent,  is  called  the  sub-tangent.  Hence  in  the 
the  subtangent  is  bisected  at  the  vertex. 

— ^The  axis  of  y  is  the  tangent  at  the  vertex  of  the 
for  if  in  (417)  we  put  ic'  =  0,  ^  =  0,  we  get  «  =  0. 

— The  equation  (416)  may  be  written  y  =^  x  cot  ^' 
'f  from  which  it  is  seen  that  ^'  is  the  angle  PBY, 
)  tangent  PToi  P  makes  with  A  T,  the  tangent  at  A. 
\  have  the  following  theorem  : — 

^rinsie  angle  of  any  point  of  a  parahola  is  equal  to  the 
*fh  the  tangent  at  that  point  makes  with  the  tangent  at  the 

ite  the  length  of  an  arc  of  any  curve  measured  from  some  fixed 
a  Tariable  point  P ;  ^  the  incUnation  of  the  tangent  at  the  latter 
I  tangent  at  the  fixed  extremity  A  ;  then  the  equation  expressing 
I  between  $  and  ^  has  been  by  Da.  Whbwbll  (FhiL  Trans., 
.  669)  termed  the  intrintie  equation  of  the  curye,  a  nomenclature 
been  adopted  by  mathematicians.  It  was  this  that  suggested 
y  of  calling  ^  the  intrinsic  angle. 

-Since  TA  =  sif,  TS^xf  ^a=a sec«<^  =  ^P(§  1 60,  Cor.  I); 
r  =  >8fP;  therefore  the  angle  8PT  =  STP  =  TPN. 
r  bisects  the  angle  SPN. 

If  from  a  fixed  point  in  the  plane  of  a  curve  perpendi- 
Ut  fall  on  its  tangents,  the  locus  of  their  feet  is  called 
mtive  pedal  of  the  curve  with  respect  to  the  point.  Also 
of  the  first  positive  pedal  is  called  the  second  positive 
Conversely,  the  curve  itself  is  called,  in  relation  to  a 
\dal  of  any  order,  the  negative  pedal  of  the  same  order. 

— If  PTmeet  the  tangent  at  the  vertex  in  B,  since 
If,  TB  ^  BP',  hence  the  triangles  TBS,  PBS  are 
3very  respect ;  therefore  the  angle  PBS  is  right,  and 
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SB  is  perpendicular  to  the  tangent.    H^nee  the  pedd  ( 
parabola  with  respect  to  the  focus  is  the  tangent  at  the  vertex. 

Cor.  6. — If  p  denote  the  length  of  the  peipendicolar  froi 
onPr, 

p  =  v^fl  (a  +  4/). 

For  since  the  angle  A  SB  is  equal  to  4/,  we  have 

n 

AS  -r  SB  ^  cos  4>\  that  is  -  =  cos  ^'. 

P 


Hence  ^  =  a  sec  <^'  =  y^a  {a  +  a/).  (418 

Or  thus :  the  triangles  A  SB,  SBP  are  equiangular ;  hm 
AS:  SB  : :  SB  :  SP;  that  is,  a:p  ::p  :«  +  «'. 

Cor.  7. — The  equation  of  any  tangent  to  a  parabola  ma] 
written  in  the  form 

y  =  war  +  a/m,  (411 

for  equation  (416)  wiU  reduce  to  this  form  if  we  put  01  =  00 


1.  The  first  negatiye  pedal  of  a  right  line  is  a  parabola. 

2.  The  circle  described  about  the  triangle  formed  by  three  tangents 
parabola  passes  through  the  focus ;  for  the  feet  of  perpendiculars  froo 
focus  on  these  tangents  are  collinear. 

3.  The  polar  reciprocal  of  a  parabola  with  respect  to  the  focus  is  a  d 
for  the  reciprocal  is  the  inverse  of  the  pedal  with  respect  to  the  i 
which  (Cor.  6)  is  a  right  line. 

4.  The  polar  reciprocal  of  a  circle  with  respect  to  a  point  in  its  dr 
ference  is  a  parabola. 

5.  Giyen  four  right  lines,  a  parabola  can  be  described  to  touch  t 
The  focus  is  the  point  common  to  the  oircumcirdes  of  the  triangles  fo 
by  the  lines.    Hence,  being  given  a  quadrilateral,  there  exists  a 
whose  projections  on  the  sides  are  collinear. 

6.  The  orthocentre  of  the  triangle  formed  by  any  three  tangents 
parabola  ia  a  point  on  the  directrix. 
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7.  Find  the  co-ordinates  of  the  intersection  of  tangents  at  the  points 

Afu,  jpsatan^'tan^",    y  =  a  (tan  ^' +  tan  ^").     (420) 

8. 1!  tan  ^"  bear  a  given  ratio  to  tan  ^',  the  envelope  of  the  chord 
joining  the  points  ^\  ^**  is  a  parabohi. 

9.  The  area  of  the  triangle  formed  by  three  tangents  to  a  parabola  is 
ball  the  area  of  the  triangle  formed  by  joining  the  points  of  contact. 
(Compare  {  9,  £x8.  6,  7.) 

10.  If  two  points  on  the  axis  of  a  parabola  be  equidistant  from  the 
foeu,  the  difference  of  the  squares  of  their  distances  from  any  tangent  is 
indflpendent  of  its  position.  (Bbocakd.) 

11.  If  a  triangle  be  formed  by  two  tangents  to  a  parabola  and  their 
ttbord  of  contact,  prove  that  the  symmedian  line  of  this  triangle,  through 
thetertex,  passes  through  the  focus. 

12.  In  the  same  case,  prove  that  the  chord  of  the  circumdrcle  through 
tlie  Tortez  and  focus  is  bisected  at  the  focus. 

163.  To  find  the  locus  of  the  middle  points  of  a  system  of 
fmM  chords. 

Let  PP'  (see  fig.,  §  161,  Ex.  2)  be  one  of  the  chords,  m  its 
fection  tangent ;  then  m  =  4a/(/  +  y").    (See  equation  (415).) 

Again,  if  y  denote  the  ordinate  of  the  middle  point  of  PP^ 
we  have 

y-W^y"))  (421) 

tterefore  y  =  2a/m  ; 

%  patting  m  =  tan  0, 

y  =  2a  cot  6.  (422) 

S^nce  the  locus  of  the  middle  points  of  a  system  of  parallel 
chordB  of  a  parabola  is  a  line  parallel  to  the  axis. 

Ite.— ^  bisector  of  a  system  of  parallel  chords  is  called  a 

Cor.  1. — ^The  tangent  at  the  end  of  a  diameter  is  parallel  to 
we  choids  which  the  diameter  bisects ;  for  the  tangent  is  a 
umitbg  case  of  a  chord  of  the  system. 

n2 
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Or  thus : 

Let  x'y'  be  the  point  where  the  diameter  y  =  2a  cot  ^  meets 

the  curve.     Hence  y'  -  2a  cot  By    and   since   the   tangent  at 

afy*  is 

yy'  =  2a(«+ A  (§162) 

we  have  y  =  tan  tf  (a?  +  af\ 

which  is  parallel  to  the  chords,  since  its  direction  tangent  is 
tand. 

Car.  2. — The  tangents  at  the  extremities  of  any  chord  meet 
on  the  diameter  which  bisects  that  chord ;  for  the  diameter 
which  bisects  a  system  of  chords  parallel  to  the  join  of  ^',  ^'% 
is  y  =  fl  (tan  <^'  +  tan  <^")   (equation   (421)),    which  passes 
through  the  intersection  of  tangents  at  the  points  ^',  <^".    (Se© 
equation  (420).) 

Cor.  3. — The  diameter  through  the  intersection  of  two  tan- 
gents bisects  their  chord  of  contact. 

Cor.  4. — If  4>  he  the  intrinsic  angle  of  the  point  where  th.e 
diameter  which  bisects  the  join  of  ^',  <^"  meets  the  cnrre» 

tan  <^  =  i  (tan  <^'  +  tan  4>f'\  (423) 

Cor.  5. — If  0  denote  the  direction  angle  of  the  tangent  ^ 
4>,e^4>^  IT  12.     (§  162,  Cor.  3.)  (424) 

EXEBOISES. 

1.  The  distance  of  the  focus  from  the  intersection  of  two  tangents    s* 
a  mean  proportional  between  the  focal  yectors   of  p" 

the  points  of  contact. 

For  if  ^',  ^"  denote  the  points  of  contact,  p\  p", 
their  focal  vectors,  we  have  (§  160,  Cor.  1), 

P'i 

p>"  =  a»8ec>'8ec«^". 

Again,  the  co-ordinates  of  T  are  a  tan  ^'  tan  ^", 
a  (tan  ^'  +  tan  ^").  Hence  the  square  of  the  dis- 
tance of  this  point  from  Sj  whose  co-ordinates  are 
a,  0  is  a-sec^^' sec*^".    Hence 


8T^  =  pp". 


(425) 
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2.  If  T  be  tlie  intenection  of  tangents  at  ^',  ^",  A  the  yertez,  S  the 
focus,  the  angle 

A8T^  ^'  +  ^".  (426) 

For,  subfltitiiting  the  co-ordinates  of  T  and  8  in  the  equation 


y  -'if 
x'  -x' 


n 


tn. 


ibich  giyes  the  direction  tangent  of  the  line  through  two  points,  we  get 


tinX5r=» 


tan^'  4-  tan^" 


Hence  tan  ^i^r  I 


tan  ^'  +  tan  ^" 


tan  ^'.  tan  ^"-1'    **""*~  ■"*      1  -  tan^'tan^"' 

I.  Since  ASF^  =  2<t>'\  ASP'  =  24>'  (§  160,  Cor.  2),  AST  =  }  (^5P' 
+  i5?'0.    Hence  ST  bisects  the  angle  JP'SF'*. 

4.  The  tziangles  P'iSr,  TSF'*  are  directly  similar  (Exs.  1  and  3). 
6.  The  angle  P'TF"  is  the  supplement  of  half  P'SF'. 

6.  If  FT,  P"r,  be  two  tangents, 
nr  the  diameter  through  T,  meeting 
the  duttd  P'P"  in  if,  TJf  is  bisected 
liythecurre. 

for,  draw  the  tangent  AQ,  This  is 
P*nDftl  to  FP";  and  since  the  dia- 
meter through  Q  bisects  ^P"  {Cor,  3), 
^hvn  AN  =:  NF',  Hence  TQ 
» (IP",  and  therefore  T^  =  AM. 

7.  Hod  the  co-oidinates  of  the 
point  if. 


(' 


tan^'  + tan^"\a 


j  ;   y  =  fl  (tan  ^' +  tan  ^"). 


8. 
9. 


AM^al^^Lz^^^y. 


(427) 
(428) 


J5=a8ec*^  =  a(l  +  tanV)  =  a  [l  +  [ 


tan^'  +  tan^"\» 


)  j.     (429) 


^^'  If  a  quadrilateral  circumscribe  a  parabola,  the  rectangle  contained 
^the  distances  of  the  extremities  of  any  of  its  three  diagonals  from  the 
^^  is  equal  to  the  rectangle  contained  by  the  distances  from  the  focus  of 
™*  extremities  of  either  of  the  remaining  diagonals. 

^^-  If  ABCh^n,  triangle  circumscribed  to  a  parabola,  A'B'C*  the  points 
''fontact.    Then    ABjBC  ^  FCfCA, 
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For  if  yi,  y%y  yz  be  the  ordinates  of  -4',  5*,  C,  thoee  of  -4,  -B,  Care 

(ya+y3)/2,     (y3  +  yi)/2,    (yi  +  y2)/2. 
Hence  projecting  on  the  tangent  at  the  vertex  of  the  parabola  ve  luve 
^g  ^  (ys  -f  yO/2  -  (yg  +  y»)/2  ^  yi  -  y2  ^^ 

■»^'  ys-(yi  +  y3)/2       '^ys-yi' 

164.  To  find  the  equation  of  the  parabola  referred  to  »1 
diameter  and  the  tangent  at  its  vertex  as 
axes. 

Let  P'P"  be  a  double  ordinate  to  the 
diameter  AM ;  A  Y  the  tangent  at  A ; 
then  AY  [%  163,  Cor.  1)  is  parallel  to 
P'P".  Let  ^',  4^"  be  the  intrinsic  angles 
of  the  points  P',  P"\  then  (§  5) 

P'P"*  =  a«(tanV  -  tanV)» 
+  4a'*(tan<^'-tan<^'7; 
therefore 


/tan</»'  -  tan<A"\2( 


'H 


/tan^ 


NJan_^YJ 


=  4^5  .  ^if.         (§  163,  Exfl.  8,  9.) 

Therefore,  denoting  -45  by  a',  -4Jf,  MP''  by  a?,  y,  we  have 

y»=4a'a:,  (430) 

which  is  the  required  equation,  and  identical  in  form  with  tt3 
old  one,  y'  =  Aax. 

Cor.  1. — If  the  angle  between  the  axes  AX^  -4Fbe  denote 

by  ^,  and  if  <^  be  the  intrinsic  angle  of  the  point  A,  we  har* 

since 

^  +  </»  =  7r/2,  cosec*^  =  sec*<^ ;    but  AS  -  a  sec*^ ; 

therefore  AS  =  a  cosec'^.  (431) 

Cor.  2. — The  equation  of  the  tangent  to  the  parabola  at  a:* 

point  a/y,  referred  to  the  new  axes  AX,  AY,  is  the  same  as^ 

rectangular  axes,  viz. 

yy'=2a(ar  +  ip'). 


Thv  Vdniliola.  1 8-3 


EXEBOISES. 

1.  From  any  external  point  hk  can  be  drawn  two  tangents  to  a  parabola. 
Par  the  tangent  at  a  point  x'tf  of  the  parabola  is  yy'  =  2a  (:r  +  x') :  if  this 
puses  tiirough  the  point  hk,  we  have 

V=2a(A  +  a;'); 
but  y**  =  Aax', 

Hence  y'«  -  2ky'  +  iah  =  0.  (432) 

^  qnadntic,  giving  two  values  of  y',  proves  the  proposition. 

2.  Find  the  equation  of  the  chord  of  contact  of  tangents  from  hk. 
By  removing  the  accents  from  equation  (432),  we  get 

y*  -  2Ary  +  Aah  =  0. 

^  denotes  two  lines  parallel  to  the  axis  of  x,  and  passing  through  the 
P^ta  of  contact ;  and  since  the  parabola  is  y'  -  iax  =  0,  subtracting  and 
funding  by  2,  we  get  the  required  equation — 

2a(a?  + A)-Ary  =  0.  (433) 

3-  If  the  chord  of  contact  of  two  tangents  pass  through  a  given  point  hk, 
ue  locus  of  their  intersection  is  a  right  line. 

For  if  ojS  be  the  point  of  intersection  of  the  tangents,  the  chord  of  con- 
^^  2a(a;  +  a)  —  iSy  «=  0;  and  since  this  passes  through  hk,  we  have 
^  (*  +  a)  -  i9Jfe  =  0,  or,  putting  ofy  for  ajS, 

2«(«+  A)- A:y  =  0, 

tt  ^Uation  which  is  the  same  in  form  as  (433). 

^^^.—Tks  line  2a{x  +  h)  ^  kff  =  0  ia  called  the  polar  of  the  point  hk. 

^'  If  there  be  two  points  A,  B,  and  if  the  polar  of  A  passes  through  By 
^  lK>]ar  of  B  passes  through  A, 

*-  The  intercept  made  on  the  axis  by  any  two  lines  is  equal  to  the  diffe- 
'^°^^^  cf  the  abscissas  of  the  poles  of  these  lines. 

^*   The  polar  of  the  focus  is  the  directrix. 

'*  Xf  any  chord  pass  through  the  focus,  the  tangents  at  the  extremities 
•"^  *t  light  angles. 

™ckr  m  the  equation  of  the  chord,  viz.  2x  —  (tan  ^'  +  tan  0")  y  + 
**  ^^Hf'  tan  ^"  B  0,  substitute  the  co-ordinates  of  the  focus,  and  we  get 
^^^'tan^"--!. 

y  •  .Any  pair  of  opposite  sides  of  a  quadrangle  whose  summits  are  conoyclic 
^^t«  on  a  parabola  are  antiparallel  with  respect  to  the  axis. 

^*  The  difference  between  the  intrinsic  angles  of  two  points  being  given, 
^  '^d  the  locus  of  the  intersection  of  tangents  at  these  points. 
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Let^'-^"=a;  then  tan»a  = 


(tan  ^'  +  tan  »")»  -  4  tan  ^'  tan  f ' 
(1  +  tan^'tan^")* 


lad 


substituting  -,  -  for  tan  ^' .  tan  ^",  tan  ^'  +  tan  ^",  lespectiTely,  wa  get 


a  a 


(y*  -  Aax)  =  (a  +  a;)*  tan'8,  which  is  the  required  locus.  (434) 

Cor, — ^The  isoptic  curve  (that  is  the  locus  of  the  intersection  of  tangedi 

making  a  given  angle)  of  a  para  bl    is  a  hyperbola. 
10.  Find  the  co-ordinates  of  the  point  of  intersection  of  the  lines  ?T, 

5r(§163,  Ex.  1,  fig.). 

y_  sin  2^'  -f  sin  2^" 

C08V+  C08«^"'      a  " 


X     sin'^  +  sinV 
An9,  -  =         ^ 
a 


(435) 


COS'^'  +  008^^"* 

Dbf. — The  nortnal  at  any  point  of  a  plane  curve  it  the  perpendieukr  t» 
the  tangent  at  that  point, 

165.  To  find  the  equation  of  the  normal  at  the  point  zfjf. 
Since  the  equation  of  the  tan- 
gent is 

the  equation  of  the  normal  is 

y-y'=-^(«-«').    (436) 

Cor,  1. — If  in  the  equation  of 
the  normal  we  put  y  =  0,  we  get 
ar  -  a/=  2a;    but  in  this  case  x  =  AN^  xf  =  AM.     Hea<^ 
x-af=  MN\  therefore  MN=  2a. 

Def. — The  line  MN' intercepted  on  the  axis  between  the  ord*' 
nate  and  the  normal  is  called  the  Subnobmal.  Hence  in  tli-^ 
parabola  the  subnormal  is  constant. 

Cor.  2. — Since  SM=  x"  -  a,  and  if2V=  2a,  we  have  8N=  ^ 
+  fl  =  iSfP. 

Cor.  3. — From  any  point  afi  can  be  drawn  three  normal* 
to  a  parabola. 

For  if  the  normal  (436)  passes  through  a)3,  we  get,  after  si 
stituting  for  x!y'  their  values  in  terms  of  the  intrinsic  angle, 

a  tan'<^  -  (a  -  2a)  tan  <^  -  /?  =  0,  (437> 

a  cubic  giving  three  values  for  tan  </». 
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Cor.  4. — Since  the  cubic  (437)  wants  its  second  tenn,  the 

fiun  of  the  three  values  of  tan  ^  must  be  zero.     Hence,  if  from 

tny  point  three  normals  be  drawn  to  a  parabola,  the  sum  of  the 

odiiiiates  of  their  feet  is  zero.    Hence  the  locus  of  the  mean 

oentro  of  the  feet  of  the  normals  is  the  axis. 

Joacedcsthal's  CmCLE. 

166.  Thu  %B  the  eirele  through  the  feet  of  the  three  nomuUs  that 
MA  U  drawn  from  a  given  point  ap  to  a  given  parabola. 

Its  equation  is 

«»  +  y»  -  (a  +  2a)x  -  /?/2 .  y  =  0.  (488) 

For  if  we  eliminate  x  between  this  and  y^  =  4a^,  and  put 
y  =  2atan^  in  the  result,  we  get  (437). 

Cor.  1. — Joachimsthal's  Circle,   having  no   absolute  term, 

passes  through  the  origin.     Hence,  if  from  any  point  three  nor- 

^  he  drawn  to  a  parabola,  their  feet  and  the  vertex  are  eon- 
Cf/elic, 

Cor.  2. — If  (L,  p  he  the  co-ordinates  of  the  point  whence  the 
iionnala  are  drawn,  the  co-ordinates  of  the  centre  of  Joachim- 
«tiial'8  Circle  are 

(a  +  2a)/2,  )8/4.  (489) 

Circle  of  Cubvatube. 

167.  Dep. — The  circle  throttgh  three  consecutive  points  of  a 
wte  U  catted  its  Circle  of  osculation  or  Curvature,  and  its  centre 
^radius  the  centre,  and  the  radius,  of  curvature  at  the  point, 

K  t,  fy  r  be  the  tangents  of  the  intrinsic  angles  of  three 
P^ts  of  a  parabola,  the  co-ordinates  of  the  circumcentre  of  the 
^gle  formed  by  the  tangents  at  these  points  arc 

a?  =  |(^  +  <^  +  ^'>  +  ^^  +  ^r  +  t"t  +  4), 
y  =  _?(<  +  ^)  (^  +  ^')  (^''  +  /).     (Equation  (98).) 
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Hence,  supposing  the  three  points  to  be  consecutiye,  w< 
co-ordinates  of  the  centre  of  curvatare,  viz. 

I^ow,  let  AE  be  the  tangent  at  the  vertex  of  the  ] 
NR  the  directrix.  Then,  if  0  be  the  centre  of  curvati 
produce  OP  to  meet  the  directrix  in  N^  and  draw  OE 
to  the  axis,  to  meet  AEm  jS'and  the  ordinate  PIT produ 
Then  we  have  EO  =  fl(3^  +  2),  and  EF=  AM^  a^. 
FO  =  2fl  (1  +  ^)  =  2a  sec»<^  =  2SP  =  2PD.  Hence  OP 
that  is,  the  radius  of  curvature  at  any  point  P  ofaparahol 
to  twice  the  intercept  on  the  normal  between  the  point  1 
directrix. 


Cor,  1. — ^The  radius  of  curvature  =  2asec'<^. 

For  PiV=  PB  sec  <^  =  iSP  sec  <^  =  fl  sec»^,  and  OP  = 

Cor,  2. — If  we  form  the  equation  of  the  circle  whoi 
is  0  and  radius  =  2a  sec'<^,  we  have  the  circle  of  ci 
Hence  circle  of  curvature  is 

«»  +  y»  -  2a(3f»  +  2)x  +  Aat^y  =  8a?^ ; 
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r  'd  Tfrf  be  the  point  of  contact, 

«»  +  y»  -  2a?(3a?'+  2a)  +  ?^.y  -  ZxT"  =  0.      (443) 

(V.  3. — Through  any  point  can  be  drawn  four  circles  oscu- 
litmg  a  given  parabola. 

For  if  the  point  be  A,  i& :  substituting  for  Xy  y  vdl  (443),  and 
onittmg  accents,  their  points  of  contact  lie  on  the  conic 

3<w>  +  ^ahx  -  'Ikxy  +  Wh,  -  a  (A»  +  ifc»)  =  0,      (444) 

Mthis  intersects  the  parabola  in  four  points. 

Cw.  4. — When  the  point  hk  is  on  the  curve,  the  circle  oscu- 
kling  at  Ik  counts  for  one,  and  three  others  can  be  described 
OBcolaEting  elsewhere. 

EVOLXTTE   OF  PaRA^BOLA. 

168.  Def. — The  locus  of  the  centres  of  curvature  for  all  the 
P^U  of  any  curve  is  called  its  evolute. 

If  we  eliminate  t  between  the  equations  (440),  we  get 

4  (a?  -  2ay  =  27ay',  (445) 

wlttch  is  the  evolute  of  the  parabola. 

Cor.— Joachimsthal's  Circle  touches  the  parabola  when  two 
^  the  three  normals  coincide ;  then,  if  xy  be  the  centre  of 
cnnature,  and  afi  of  Joachimsthal's  Circle,  we  have,  from 
«^on  (439),  2o  =  a?  +  2a,  4)8  =  -  y.  Hence,  from  (445), 
leget 

2  (o  -  2a)*  =  27a/?»,  (446) 

vbich  is  the  locus  of  the  centres  of  the  Joachimsthal's  circles 
tt«t  touch  the  parabola. 


l>  If  Pi,  Ps,  Fs  be  three  points  whose  normals  are  concurrent,  the  line 
™^  the  vertex  parallel  to  any  side  of  the  triangle  P1P2P3  will  meet 
■Bpinbola  again  in  the  symmetrique  of  the  opposite  vertex. 

^  The  lines  through  Pand  A  (fig.,  §  167)  antiparallel  with  respect  to 
^  ttu  to  the  tangent  at  P,  will  meet  the  parabola  again  in  the  points 
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where  the  osculating  and  the  Joachimsthal's  oirddB  at  F  leepeetmlj 
meet  it. 

3.  The  hyperbola  xy  -  {x*  ^  2a)y  -  %ay'  =  0  (i4T) 
passes  through  the  feet  of  the  normals  from  x*y\ 

4.  The  envelope  of  the  chords  of  osculation  of  a  panbola  is  the  paitbol 

y»  +  \1ax  =  0.  (448) 

6.  If  a  Joachimsthal's  circle  touch  a  parabola  at  T^^y  the  chord  joiain 
this  to  the  intersection,  different  from  the  rertez,  is  x\x'  +  y\y* »  2,  aiid 

enyelope  is 

jf3  +  32a^  =  0.  (449) 

6.  If  x'y'  be  the  co-ordinates  of  the  point  of  intersection  T  of  twotn 
gents  to  a  parabola,  x"y**  the  co-ordinates  of  if,  the  intersectioD  c 
normals 

a:"  =  2«  -  «' +  y'V«»     y"  =  - ^yia.  (4fi0) 

For  if  Pi,  A  be  the  points  of  contact  on  the  parabola,  the  circle  od.  T1 
as  diameter  passes  through  Pi,  Pa,  and  also  the  Joachimsthal  circle  of -S 
Hence  PiP2  is  the  radical  axis  of 

{X  -  *•)(«  -  *")  +  (y-  y-){3,  -  y")  =  0, 


^  .  -.-.  _    V'y 


and  «*  +  y»  -  {«"  +  2«)«  -  '-i  =  0. 

St 

Hence  the  equation  of  P1P2  is  x  {x*  -  2a)  +  y  (y'72  +  y')  -  «V'  -  y'y"  = 
but  P1P2  is  the  polar  of  T  with  respect  to  the  parabola.    Hence  its  equst 
is  yy'  =i2a(x-\-  x')\  and  comparing  coefficients,  &c. 

7.  Two  normals  at  right  angles  intersect  on  the  parabola 

y»  =  fl(a;-3a).  (461 

8.  Find  the  locus  of  the  intersection  of  normals  at  the  extremities  o 
chord  which  passes  through  a  given  point. 

Since  the  chord  passes  through  a  given  point,  the  intersection  of 
tangents  will  be  on  the  polar  of  the  point.    Hence  eliminating  x'y'  betw« 
this  polar  and  eqimtion  (450),  we  get  the  required  locus. 

9.  If  normals  at  ^z^iyi,  2^2 yj,  xzyz  be  concurrent, 

{xi  -  a;2)/y3  +  (X2  -  ars)/yi  4-  (a?s  -  X\)ly%  =  0.  (452 

10.  If  the  normal  at  ^  meet  the  parabola  again  at  ^',  then 

tan  <p  (tan  ^  +  t^n  ^')  +  2  =  0.  (45S 

11.  If  afy'  be  the  co-ordinates  of  the  point  of  osculation,  the  co-ordiiK 
of  the  other  extremity  of  the  chord  of  osculation  are 

Qic',     -3/.  (464 
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12.  If  the  oflculating  drole  at  P  meet  the  parabola  again  at  P,  and  the 

OKolating  circle  at  F'  meet  it  again  at  P",  the  envelope  of  PP"  is  the 

puibolt 

25y3  =  Z^ax ;  (466) 

tadthe  locQB  of  the  centroid  of  the  triangle  PFP"  is  the  parabola 

39y>  >=  28ax.  (466) 

IS.  Show  that  from  any  point  of  a  parabola,  besides  the  normal  [at  the 
point,  two  others  can  be  drawn ;  find  the  envelope  of  the  chord  joining  their 
feet  and  the  locus  of  its  pole. 

169.  To  find  the  polar  eqiiation  of  the  parabola^  the  focus  heing 

Let  iS  be  tlie  focus,  P  any  point  in 

tiie  parabola ;  then  denoting  the  angle 

OSP  (in  Astronomy  called  the  true 

•wnnaly)  by  tf,  and  8P  by  p.     Since  ^ 

SP^PNr.  OIf=  2a  -  8M,  we  have 

0 
p  =  2a  -  p  cos  0 ; 


therefore 


2a 


which  is  the  required  equation. 

Cw.  1. — If  PS  produced  meet  the  curve  again  in  P', 

PP  =  4a  cosec'  6.  (468) 

ftr.  2.—  PS.SP'^PP' . a.  (459) 

^.  3. — ^The  polar  equation  of  the  tangent  at  the  point 
wlwie  angular  co-ordinate  is  a,  is 


2a 

—  =  cosd  +  cos  (0  -  o). 
P 


(460) 


'W this  will  be  satisfied  if  we  make  0  -a\  and  for  other  values 

^  ^»  the  value  of  p  derived  from  this  equation  is  greater  than 

tw  corresponding  value  obtained  from  the  equation  of  the  curve 

^«w»,  except  at  the  point  o,  the  line  (460)  does  not  meet  the 
curre. 
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Cor.  4. — The  polar  equation  of  the  normal  at  the  point  a  ii 

-  =  cot  -  cos  -  sin  {  d  -  -  1 ;  (461 

p  2        2        \       2)*  ^ 

for  if  we  make  tf  =  a,  we  get  p  =  a  sec'  Ja.  Hence  the ! 
passes  through  the  point  a.  Again,  if  we  make  0  =  t,  we 
the  same  value  for  p.  Now,  the  focal  vector  of  the  foot  of 
normal  is  equal  to  that  of  the  point  of  contact  (§  165,  Cor. 
Hence  the  line  (461)  passes  through  two  points  on  the  non 
and  therefore  must  coincide  with  it. 

Cor.  5.  The  intrinsic  angle  at  any  point  of  a  parahola  is  1 
the  polar  angle. 

Cor.  6. — The  polar  co-ordinates  of  the  intersection  of  i 
gents  at  the  points  whose  intrinsic  angles  arc  ^',  ^'^  are 

p  =  a  sec  4^'  sec  <f>",     «  =  <^'  +  «^".  (465 


1 .  Find  the  polar  co-ordinates  of  the  intersection  of  tangents  at  the  p 
whose  angular  co-ordinates  are  (a  +  jS),  (o  —  jS). 

2.  The  equation  of  the  chord  joining  the  points  (a  +  iS),  (a  -  3)  is 

—  s  cos  6  +  sec  jS  cos  (0  -  o).  [v 

P 

3.  Ii  <pit  <P2i  4>3  he  the  intrinsic  angles  of  three  points  on  a  parabola 
circumcircle  of  the  triangle  formed  hy  the  tangents  at  ^i,  ^»  ^  is 


p  cos  <pi  cos  ^  cos  ^3  =  a  cos  (0  —  ^1  +  ^2  +  ^),  (^^ 

make  use  of  (462).  (Ritchi 

4.  If  Oif  O2,  O3,  Oi  he  the  circumcentres  of  the  four  triangles  fonnt 
the  tangents  at  ^1,  <p2i  <t>3t  <pi  the  points  Oi,  (ht  (ht  Oi  are  on  the  ( 
passing  through  the  focus 


2p  cos  ^1  cos  ^2  cos  ^3  cos  ^  =  a  cos  (0  -  91  -f  ^  +  ^  +  ipi).     (^^ 

The  co-ordinates  of  O4  are 

a 
0  =  4>i  +  ^  +  ^3,    f>  =  -  sec  4>i  sec  ^  sec  ^3. 
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5.  If  ^,  ^  ^,  ^4,  ^  be  the  intrinfiic  angles  of  fiye  points,  O'l,  0'%y  O's, 
0^4i  O'ft  the  centres  of  fiye  circles  determined,  as  in  Ex.  4,  by  the  tangents 
It  fi,  ^  ftc.,  taken  four  by  four,  the  points  0*1,  O'a,  &c.,  are  on  the 
drde 


Veotficos^  008^  cos^icos^ftsa  cos(d-^i  +  ^  +  ^3  +  ^4  +  ^5)<   (466) 

{Ibid.) 

6.  Tangents  at  two  points  P,  P*  meet  the  axis  in  the  points  T,  T' ;  proye 

TT's  SP-SF, 

7.  The  polar  equation  of  the  circle  which  touches  the  parabola  at  the 
point  vhoee  intrinsic  angle  is  a  is 

p  cos*  a  =  «  cos  (6  -  3a).  (467) 

8.  If  ii,  ^  be  the  lengths  of  two  tangents  to  a  parabola,  ^  their  con- 

(468) 


tBiuidangle,  then  /i»+  fc*  +  2/iA»  cos  ^  =  (/i^sm^ 

as 


9>  If  p,  p'  be  the  radii  of  curyature  at  the  extremities  of  a  focal  chord, 
dicn 

p-|  +  p'-|  =  (2a)-|.  (469) 

170.  To  find  the  length  of  a  line  drawn  froni  a  given  point  in  a 
P^  direction  to  meet  the  parabola. 

Let  0  be  the  given  point,  OP  the  given  direction,  and  let  the 
octangular  co-ordinates  of  0,  P  be  x'l/,  xy  respectively ;  then 
fcaoting  OP  by  p,  we  have  P 

«  =  ar'  +  p  cos  tf,    y  =  ^4-  p  sin  tf . 

Sobstitiiting  these  values  in  the  equation 
f  =  4«r,  we  get 

p^  rin'tf  +  2 (ysin d- 2fl  cos tf)p 

+  y^  -  ^axf  =  0,  (470) 

*  quadratic  whose  roots  are  the  values 
'quired.  If  the  roots  of  this  equation 
^  Pi,  pj,  and  if  OP  meet  the  curve  again  in  P',  we  may 

Pttt OP=:p„    OF=fH. 

^.  1. — K  PF  be  bisected  in  0,  we  have  pi  =  -  pa,  and  the 
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co-efficient  of  the  second  term  in  (470)  is  zero.  Hence,  if 
constant  and  ^  variable,  we  see  that  the  locus  of  the  middle 
points  of  a  system  of  parallel  chords  is  the  line  y  =  2<io(it( 
(Comp.  }  163.)  (470) 

Cor.  2. — The    product  of  the  roots  of  equation  (470)  it 
(y^  -  ^aaf)  cosec'  0,    Hence 

OP,OF=  (y"  -  Aaaf)  cosec* 0. 

Similarly,  if  another  chord  QQ'  be  drawn  through  0,  making 
an  angle  B'  with  the  axis,  we  have 

OQ.OQf=  (y"  -  Aaa/)  cosec*  ff. 


Hence 


OP.  OP:  OQ.  0Q!\:  cosec* tf :  cosec* ^. 


EXEBOISBS. 

1.  If  AX,  A'X'  be  two  diameters  of  a  parabola,  0,  (/  any  two  painUin 
them,  PFy  QQ  parallel  cbordfl  through  0,  (/  respectively, 

AOiA'O'liOF.OF'iaQ.O'Q. 

2.  If  TR,  TV  be  two  tangents,  8  the  focus, 

TS?:Tr^ii8Ri8r. 

3.  lie^c  be  the  lengths  of  focal  chords  parallel  respectiyely  to  TSi  ^ 

TS?:TV^:ieie'. 

4.  If  a  chord  FF  through  the  point  0  of  a  parabola  make  an  ani 
with  the  tangent  at  ^,  and  an  angle  B  with 
the  axis  p 

PP'cosi^sin'a 


sin^' 


4a 


Let  PTy  FT  be  the  tangents  at  P  P' ;  and 
since  the  angle  MTF  is  the  complement  of 
^,  we  have 

sin  4^:  cos<):  :ifT  (or  2^Jf)  :  JfP; 

therefore        MP  sin  if^  =  2AM  cos  ^. 
Again,  if  /S  be  the  focus, 

iAS.AM=MF^;     (§  164.) 

therefore  2AS .  sin  if^  »  JfP  cos  ^. 
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Enie6 


AS=a  co8ec^0. 


gin^s 


({  164,  Cor.  1.) 


(471) 


5.  If  tliroogih  any  point  ^  on  a  parabola  be  drawn  two  chords  making 

iB|^  ^,  !^'  with  the  tangent  at  ^ ;  then,  if  0,  0^  be  their  lengths,  e,  ,$'  their 

finction  ingles, 

sin  ^ :  sin^' : :  0  sin'  e :  i  do?  9*.  (472) 

ni.  If  \f  fi^  V  denote  the  perpendiculars  from  the  summits 
rfa  cireumserihed  triangle  on  any  tangent  to  a  parabola,  and  if 
^')  i""}  4*'"  ^^  the  points  of  contact  of  its  sides, 

taii<i»'-tan6"     tan  6"  -  tan  «^'"     tan  ^"'- tan  ^'     ^ 
— I— Z—  + T ll_  + Z JL  =  0 ; 

(473) 

ior  fhe  eqnation  of  any  tangent  ib  x  -y  tan  ^  +  a  tan'  ^  =  0  ; 
nd  X  hdng  the  perpendicular  on  this  from  the  intersection  of 
tiiigents  at  <f>\  ^",  we  have 

X  =  a  COS  ^  (tan  ^  -  tan  <^')  (tan  ^  ~  tan  <^") ; 


tttf-tan^'  1 

X  acos^  (tan  ^- tan  ^'     tan^ 

witkomilar  values  for 


I I 

-tan^^'y 


tan  <^^^  -  tan  <!>"'     tan  <!>'"  -  tan  <!>' 


>nd  these  added  vanish  identically.     Hence  the  proposition  is 


e'er.  1. — ^If  y',  y",  y"'  denote  the  ordinates  of  the  points  of 
^^>^t  of  the  parabola  with  the  sides  of  the  triaDgle, 


if'-!/"^  y"-y'\  y'"-/^o. 

X  /A  V  ' 


(474) 
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Cor,  2. — In  like  manner,  if  a  polygon  of  any  number  of  sides 
be  circumscribed  to  a  parabola, 


u'-f    y'^-f' .  y"'-y"" 


+ . . .  ^—r-^  =  0.     (475) 


Cor.  3. — If  the  co-ordinates  of  the  summits  be  a'fi'j  a"^",  &c,, 
it  is  easy  to  see  that 


yp'^  ^4aa':=a  (tan  <!>'  -  tan  «^"). 

But  jS"  -  Aaa'  is  the  power  of  the  point  a'jS'  with  respect  to  the 

parabola.    Hence  \/)8^  -  4aa'  may  be  denoted  by  y/^'.    Hence 
we  have 

yw  ^w  yw 


+  &c.  =  0, 


(476) 


for  any  circumscribed  polygon. 

Cor,  4. — If  a  circumscribed  polygon  consist  of  an  odd  number 
of  sides,  y^y",  &c.,  it  can  be  expressed  in  terms  of  the  ordinatcs 
of  its  summits ;  thus,  in  the  case  of  a  triangle,  if  )^,  p!\  &c.,  be 
the  ordinates  of  the  summits,  we  get,  instead  of  (474),  the 
equation 

(477) 


P'-P'[^^_r^rzZ^Q 


X,  fJL  V 

Cor.  5. — The  perpendiculars  from  the  points  ^^  <!>"  on  the 
tangent  at  ^  are 

a  cos  ^(tan  ^  -  tan  ^')*,     a  cos ^(tan  ^  -  tan  <f>")^ ; 

and  the  perpendicular  from  the  point  of  intersection  of  tangents 

is 

a  cos  <^(tan  <f>  -  tan  <^')(tan  ^  -  tan  if/'). 

Hence  we  have  the  following  theorem — The  perpendicular  from 
an  external  point  R  on  any  tangent  to  the  parabola  is  a  mean 
proportional  between  the  perpendicvlare  on  the  same  tangent  from 
the  points  where  the  polar  of  R  meets  the  parabola. 

Cor.  6. — ^From  Cor,  5  we  have  immediately  the  following 
theorem : — If  a  quadrilateral  oireumscribe  a  parabola,  the  product 
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ihiperpendioularifrom  the  extremities  of  one  of  its  three  diagonals 
I  my  tangent  is  equal  to  the  product  of  the  perpendiculars  on 
n  tame  tangent  from  the  extremities  of  either  of  the  remaining 
isgmls. 

Exercises  on  the  Parabola. 

1.  Knd  the  polar  equation  of  the  parabola,  the  vertex  being  the  pole. 

2.  What  is  the  intrinsic  angle  at  either  extremity  of  the  latus  rectum  P 

5.  What  is  the  equation  of  the  tangent  at  an  extremity  of  the  latus 
wbun? 

4.  ABf  CD  are  two  rectangular  diameters  of  a  circle.     Through  A 
^MAFiM  drawn  meeting  CD  in  B,  and  through  E,  JSKib  drawn  parallel 
o^meeting  i^J'in  K;  prove  that  the  locus  of  JTis  a  parabola. 

(Bbocabd.) 

6.  Find  the  equation  of  the  normal  at  the  extremity  of  the  latus  rectum 

6.  In  the  figure,  {  169,  prove  that  the  points  F',  Ay  JVare  collinear. 

7.  If  the  ordinates  of  three  points  on  a  parabola  be  in  geometrical  pro 
SMBon,  prove  that  the  pole  of  the  line  joining  the  first  and  third  lies 
koriinate  through  the  second. 

8.  If  from  a  point  0  whose  abscissa  is  :p  a  perpendicular  be  let  fall  on 
1^  polar  of  0,  if  this  meet  the  polar  in  R  and  the  axis  in  (?, 

9*  Utwo  equal  parabole  have  a  common  axis,  but  different  vertices,  the 
'Bint  to  the  interior,  and  bounded  by  the  exterior,  is  bisected  at  the  point 
rfeontict. 

10.  Prove  that  the  locus  of  the  pole  of  a  chord  which  subtends  a  right 
■l^ttthepointAifcis 

«j»- Ay»+  (4««+  2ah)x  -  2a*y+  a(A«+ife«)  =  0.  (478) 

The  condition  that  the  extremities  of  the  chord  joining  the  points  ^',  ^ ' 
■ijiobtend  a  right  angle  at  the  point  Kk  is 

(A  -  a<'«)(A  -  a^"*)  +  (it  -  %af){k  -  2at")  =  0 ; 

Bd  tbe  co-ordinates  of  the  pole  of  the  chord  are 

eliminating  T,  1^  we  get  the  required  equation. 

o2 
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11.  If  from  any  point  in  the  line  x^a'  tangents  be  drawn  to  a  parabola, 
the  product  of  their  direction  tangents  is  a  -^  a'.  (479) 

12.  Find  the  locus  of  the  intersection  of  tangents  at  the  points  ^\  ^", 
if  tan  ^'  =  M  tan  <^".  Ant,  y«  =  (/ii  +  ^-l)»  ox.        (480) 

15.  Prove  that  the  equation  of  the  chord  whose  middle  point  is  AA;  is 

ife(y-*)  =  2a(*-A).  (481) 

14.  If  a  chord  of  a  parabola  subtend  a  right  angle  at  the  yertez  the  locus 
of  its  middle  point  is  y>  r=  2a  (a;  -  4a) .  (482) 

16.  The  area  of  the  triangle  formed  by  tangents  at  the  points  ^',  ^" 
and  their  chord  of  contact  is 

l(tan^'- tan^")'-  (483) 

16.  If  a  variable  circle  touch  a  fixed  circle  and  a  fixed  line,  the  locus  of 
its  centre  is  a  parabola. 

17.  If  the  difference  between  the  ordinates  of  two  points  on  a  parabola  be 
given,  tbe  locus  of  the  intersection  of  tangents  at  these  points  is  an  equal 
parabola. 

18.  If  two  tangents  to  a  parabola  from  a  variable  point  P  include  an 
angle  9,  prove,  if  /S  be  the  focus,  FN  a  perpendicular  on  the  directrix, 

PiV  =  5P  cos  a.  (484) 

19.  The  area  of  the  triangle  formed  by  the  points  ^',  ^"  and  the  focus  is 

a«  (tan  ^'  -  tan  ^")  (1  +  tan  ^'  tan  ^").  (485) 

20.  A  triangle  ABC  is  inscribed  in  a  parabola  whose  focus  is  F ;  show 
that  one  of  the  circles  touching  the  perpendicular  bisectors  of  FA^  FB,  FC 
passes  through  the  circumcentre  of  the  triangle  ABC,        (R.  A.  Robekts.) 

Let  p,  ri,  rs,  D  be  the  distances  of  a  point  F  from  P,  A^  B,  C,  respec- 
tively, and  afiy  the  co-ordinates  of  F  with  respect  to  the  triangle  formed  by 
the  perpendiculars  to  FA,  FB,  FC  at  their  middle  points.    Then  we  have, 

evidently, 

f^^r^  ^  IF  A  .  a  =  2a  sec*  ^i .  a. 
Hence 

a  =  cos'  ^1  (p*  -  ri')/2a. 
Similarly, 

jS  =  cos«  4>a  (p2  -  ,.22)/2a,     7  =  co6>  ^  (p»  -  r^^)l2a. 

Now,  the  equation  of  a  circle  touching  a$y  is 

cos  JO87)  \/i  +  cos  J(ya)  \/fi  +  cos  J(ai3)  ^y  =  0. 
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Hence,  by  substitution,  we  get 


sin  {<p2  -  ^3)  cos  4>i  v^p*  -  ri»  +  iin  (^3  -  ^1)  cob  ^2  \/p*  -  r^ 

+  sin  (^1  -  4>a)  cos  ^9  V^P*  -  rs*  =  0, 
but  if  P  be  the  circumcentre  of  the  triangle  ABC,  n  =  ri  s  r^,  and  we  get 

sin  (^3  -  ^)  cos  ^1  +  sin  (^  -  ^1)  cos  ^  +  sin  (^1  -  ^)  006  ^  S5  0, 
which  is  true. 

21.  The  co-ordinates  of  the  centroid  of  a  triangle  ABC  inscribed  in  the 
parabola  y'  =  iax  are  a,  /3 ;  show  that  the  co-ordinates  of  the  centroid  of  the 
triangle  formed  by  the  tangents  at  A,  B,  Care 

^J^.  0.  {IHi.)    (486) 

22.  If  a  series  of  circles  S,  Su  Si,  S3,  &c,,  touch  each  other  conseoutiyely 
along  the  axis  of  a  parabola ;  then,  if  the  first  be  the  circle  of  curvature 
of  the  parabola  at  the  vertex,  and  the  others  have  each  double  contact 
with  the  parabola,  prove  that  their  diameters  are  proportional  to  the  odd 
numbers  1,  3,  6,  &c. 

23.  If  p,  p'  be  two  radii  vectores  of  a  parabola  from  the  vertex  at  ri^t 
angles  to  each  other,  prove  ptp't  =  16a^  {p%  +  p'l).  (487) 

24.  The  perpendicular  from  the  focus  on  any  chord  of  a  parabola  meets 
the  diameter  which  bisects  that  chord  on  the  directrix. 

25.  If  from  any  two  points  <t>',  <l>"  of  a  parabola  perpendiculars  be  drawn 
to  the  directrix,  the  intersection  of  tangents  at  ^',  ^*'  is  the  centre  of  a 
circle  through  the  focus  and  feet  of  the  perpendiculars. 

26.  If  from  any  point  F  a  perpendicular  FQ  to  the  axis  meet  the  polar  of 
FinR,  find  the  locus  of  P,  if  PQ .  Pi2  be  constant 

Ana,  A  parabola. 

27.  Find  the  circle  whose  diameter  is  the  intercept  which  f^  —  ^ax  s  0 
makes  on  the  line  y  =  m^  +  fi. 

Am.  m*  {x^  +  y*)  +  2  (m»  -  2a)  x -  4awy  +  4amfi  +  «'  =  0.     (488) 

28.  If  SL  be  the  perpendicular  from  the  focus  of  a  parabola  on  the  normal 
at  any  point,  find  the  locus  of  X. 

29.  If  a  chord  of  a  parabola  be  bisected  by  a  fixed  double  ordinate  to  the 
axis,  the  locus  of  the  pole  of  the  chord  is  another  parabola. 

30.  If  in  the  equation  w  ^  ^,  w  and  z  denote  complex  variables,  prove, 
if  s  describes  a  right  line,  that  w  describes  a  parabola. 
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31.  Two  chords  from  the  vertex  to  points  ^\  ^"  of  a  panboU  main  n 
intercept  on  the  directrix,  which  is  bisected  by  the  join  of  the  vertex  to  ibe 
intersection  of  tangents  at  ^',  ^*\ 

32.  Two  fixed  tangents  to  a  parabola  are  cut  proportionanj  bj  iij 
variable  tangent. 

33.  If  ^1,  pa,  p3  be  the  focal  vectors  of  three  points,  ^,  ^,  fs  of  apvi- 
bola,  then 

:C8ini(pip8)/V^«0.  (Nbubbbo.)   (489) 

\  (pif>»)  =  (^1  -  ^)    and   pj  =  a  aeo'^. 
Hence,  by  substitution  we  get 

2  sin  (^i  -  ^a)  CO*  ♦s  =  0, 
which  is  true. 

34.  In  the  same  case,  prove  that 

«  =  2pipip8  sin  \  (pipa)  sin  \  (pjpi)  sin  \  (pspi)/3pip»  sin  (pipi). 

(i»Mf.)    (490) 

36.  AB  is  a  focal  chord,  and  AM^  BU  are  respectively  panSel  0^ 
perpendicular  to  the  axis.  If  i\r  be  the  foot  of  the  nonnal  at  3,  K^Ts^ 
perpendicular  to  BN,  (BmooAiD.) 

36.  Trisect  an  arc  of  a  circle  by  means  of  a  parabola. 

37.  The  radical  axis  of  two  circles  whose  diameters  are  any  two  ehfli^ 
intersecting  on  the  axis  of  a  parabola  passes  through  the  vertex. 

38.  A  coaxal  system  of  circles,  having  two  real  points  of  xntsnectiflB^ 
are  intersected  by  two  chords  passing  through  one  of  these  points.  Intv^ 
systems  of  points  P,  F,  P",  &c. ;  Q,  Q*,  Q",  &c.,  prove  that  the  dw* 
FQy  P'Cy,  -P"Q",  &c.,  are  all  tangents  to  a  parabola. 

39.  LOi  the  perpendicular  at  the  middle  point  X  of  a  focal  chord,  mei<0 
the  axis  in  0,  Prove  that  80^  ZO  are  the  arithmetic  and  the  geosMln^ 
means  of  the  focal  segments  of  the  chord. 

40.  If  y  be  the  intercept  which  a  tangent  to  a  parabola  makes  on  tbe  va^ 
of  y,  and  <^  the  angle  it  makes  with  it,  prove  that  r  =  a  tan  ^  is  a  tingwtMl 
equation  of  the  parabola. 

41.  If  two  circles  touch  a  parabola  at  the  ends  of  a  focal  chord,  and  pi** 
through  the  focus,  they  cut  orthogonally ;  also  the  locus  of  their  leeoiid 
intersection  is  a  circle. 

If  2a  be  the  direction  angle  of  the  focal  chord,  the  polar  equatioos  of  tl* 

two  circles  are  . 

p  sin^  a  =  a  sin  (3a  -  0),  (4'M 

p  cos*  a  =  -  a  cos  (3a  -  a).  (492) 
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tbe  locua  of  tlieir  second  point  of  intersection  is 

p»  -  a^  cos  fl  -  2a>  «  0.  (493) 

42.  Give  a  geometrical  construction  for  drawing  a  tangent  to  a  parabola 
fram  la  external  point. 

43.  If  £  be  the  drcnmradins  of  a  triangle  ABC  inscribed  in  a  parabola, 
iboM  ode  AB  makes  an  angle  B  with  the  axis,  prove 

a^B  sine  .sin (a  - ^)  sin(0  +  B).  (494) 

44.  II  pi,  pty  f>3  be  the  distances  from  the  focus  to  the  summits  of  a 
oreofflicribed  triangle,  then,  if  22  be  the  circumradius  of  the  triangle,  proTe 
tbat 

4fl  =  pxpipill?.  (496) 

45.  If  ABC  be  a  triangle  inscribed  in  a  parabola,  A\  B'^  C  the  poles  of 
iC,CAfABf  respectively,  prove  that  the  circumcentres  of  the  triangles 
A'BCf  ABCf  ABCf  and  the  focus  are  concyclic. 

46.  The  area  of  the  parabolic  segment  cut  off  by  any  chord  is  two-thirds 
of  the  triingle  formed  by  the  chord  and  the  tangents  at  its  extremities. 

47.  ProTo  that  the  angle  of  intersection  of  y^  -  iax  &=  0,  x*  ~  43y  =  0,  is 

48.  If  the  normal  at  a  point  ^  on  a  parabola  meet  the  axis  in  JT,  the 
Mvdope  of  the  parallel  through  K  to  the  tangent  at  ^  is  a  parabola. 

49.  If  the  sum  of  the  abscisssD  of  two  points  on  a  parabola  be  given,  the 
sMtt  fd  the  intersection  of  the  tangents  at  the  points  is  a  parabola. 

A).  If  from  the  vertex  ^  of  a  parabola  a  perpendicular  AF  be  drawn  to 
■7  tangent,  the  locus  of  the  point  inverse  to  P,  with  respect  to  a  circle 
^ne  centre  is  ^  is  a  parabola. 

11.  Find  the  locus  of  a  point  P,  if  the  normals  corresponding  to  the 
tVSenU from  Pmeet  on  the  line  Ax  +  By  +  C^O.  (497) 

Ant.  A^ -  Bxy  -  Aax  +  2fl^-4  +  a(7=  0. 

fl.  If  nonnals  be  drawn  from  the  point  ^y'  to  the  parabola,  prove  that 
^cireamdrole  of  the  triangle  formed  by  the  corresponding  tangents  is 

(x  -  a)  (a?  +  a?'  -  2a)  +  y  (y  +y')  «  0.  (498) 

M.  Two  parabolsB,  5',  ^,  have  a  common  focus,  parameter,  and  axes, 
Tertices  being  on  opposite  sides  of  the  focus ;  show  that  if  from  any 
Piiat  on  8  two  tangents  be  drawn  to  S^,  the  drcumdrde  of  the  triangle 
""■•d  by  these  tangents  and  their  chord  of  contact  touches  £^. 

(F.  PUMBU) 
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64.  Two  equal  parabolse,  8,  S',  Havd  coincident  axes,  ▼hich  bate  the 

same  direction,  while  the  focua  Foi  Sib  the  vertex  of  SC.    Show  that  if  P 

he  a  point  on  S*,  the  chord  of  S  through  P,  which  passes  through  JP,  istlte 

minimum  chord  through  P. 

(IhU.) 

56.  If  tif  ii,  iif  ti  denote  the  tangents  of  half  the  inclinations  to  tlie  aiu 
of  four  concyclic  tangents  to  a  parahola,  ^i^a's'i  =  1-     (Nsubxbg.)    (499) 

Dbf. — Four  lines  are  taid  to  be  eoneyelie  when  they  touch  the  tame  nnU. 

The  tangent  at  the  point  ^  to  a  parahula  ia  x  ^f/  tan  ^  +  a  tan'^  =  0; if 
this  touch  the  circle  {x  —  o)'  +  (y  -  /3)*  =  JZ*  the  perpendicular  on  it  from  the 
point  a/3  is  equal  to  £.    Hence  we  get 

a  cos'  ^-/Ssin^cos^  +  a  sin'  ^  =  22  cos  ^. 

Now,  putting 

l-tan»tf      1-^ 

sm  ^  s  cos  20  s  ; — - — 5-  ■»  ^ -=, 

^  1  +  tan«0       1  +  <^ 

we  get 

a^  -  2  (i^  -  jS)  ^»  +  2  (2o  -  a)  ^-  2  (-B  +  jS) «  +  a  =  0. 

In  this  equation  the  roots  are  t\,  ^2,  tz,  ti.   Hence  the  propositioii  is  prorei 
56.  If  a  circle  osculates  a  parahola,  and  if  20  he  the  inclination  of  tte 
tangent  at  the  point  of  osculation,  and  20i,  of  the  other  common  tangent, 

tan0i  =  cot»0.  {Ibid,}    (500) 

67.  The  diameter  of  the  circle  inscribed  in  the  quadrOatenl  fonnedliy 
concyclic  tangents  of  a  parabola  is  equal  to  the  sum  of  the  perpendicalm 
from  the  focus  on  the  tangents.  (i^) 

For  the  equation  in  t  gives 

2  tan  0  =  2  (22  -  i8)/a,    2  cot  0  =  2  (22  +  i8)/«. 
Hence,  by  addition, 

4i^/aB2(cot0  + tan0)«=:  22  cosec  20  =  2:C  sec  ^ ; 

.'.  222  =  2a  sec  ^  =  sum  of  peipendicolais. 

58.  The  ordinate  of  the  centre  of  the  circle  is  the  arithmetic  mean  of  th* 
simi  of  the  ordinates  of  the  points  of  contact  on  the  parabola.  {M) 

69.  If  22i,  222,  223,  224  be  the  radii  of  curvature  at  the  points  of  oonttft 
with  the  parabola  of  concyclic  tangents, 

2i5  =  af(72iJ+222i+228J+224i).         {Ibid,)    (501) 

For  22i  =  2a  sec'^i,  equation  (441). 

Hence,  a  sec4>i  =  (a'22i/2)i,  &c. 

60.  If  four  circles  osculate  at  the  points  of  contact  of  concyclic  tang«*^ 
the  other  common  tangents  of  these  circles  and  the  parabola  are  concyclic* 


CHAPTER  VI. 


THE  ELUFSE. 


position  a  point  8,  and  a  lint 


Def.  I. — Seinff  givm 
Th»  loeut  of  a  variabU 

whott  dittanee  from 

itt  ptrpmiieular  di»- 
M  NN'  a  givm  ratio 
«»  wuty,  w  eaUed  an 

n. — The  point  8  it 
k*    rocus,     the    line  ^ 

Ju       SIBKCIBIZ, 

I  «  the  ECCEDTaicm  of  the  tllipM. 
To  find  the  equation  of  the  ellipu. 
tke  the  focns  as  origiii,  atid  the  line  through  8  per- 
Bi  to  the  directrix  aa  the  axis  of  x,  and  a  parallel  to 
ctiix  throagh  jS  p»  the  axis  of  y ;  also  denote  the 
Icniar  80  from  8  on  the  directrix  hy  /;  tiien,  if 
)rdiimte8  8M,  MP  be  xy,  we  have  SP*  -  «*  +  y», 
+/;  hot  {Def.  i.)  8P  4-  PN=  » ;  therefore 


^  +  y»-^  (»+/)', 


(502) 


I  the  required  equation. 


nUon. — It  Till  bq  leen  that  equation  (602)  include*  tbe  Ikrm 
J<Hu.    Thui,  when  *  ii  leM  than  unit7,  it  lepiCMnta  (ui  oUipM ; 
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when  equAl  to  unity,  a  parabola;  and  when  greater,  a  hyperb< 
the  general  equation,  aup'  +  2hxy  +  ^'  +  ^»  +  2fy  +  0^0  may 
be  written  in  the  form  («  -  o)'  +  (y  —  jS)'  «  (2»  +  my  +  n)' 
expanding  and  comparing  coefficients,  we  should  obtain  a  sufficiec 
of  equations  to  determine  a,  jS,  &c.,  in  terms  of  the  coefficients  of  t 
equation.  And  it  is  evident  that  ('  -  a)'  +  (y  —  i9)'  ^{Jix^mjf 
by  transformation  be  reduced  to  the  form  (502). 

2°.  If  in  (502)  we  put  a?  =  a?  +  --^, 


we  get 


ar»  + 


Hence,  if  (7  be  the  new  origin. 
Now,  putting  y  =  0  in  (i.),  we  get 


(1  -  *»)•' 

giving  for  x  two  values,  equal  in  magnitude,  bnt  of 
signs.  Hence,  denoting  the  points  where  the  ellipc 
the  axis  of  x  by  -4,  -4',  we  have 


C-4'  = 


ef 


CA^^ 


^f 


therefore  AC  =  CA\  and   the  line  AA'  is  bisecte 
Hence,  denoting  AA'  by  2a,  we  have 

a  =  — - — • 

Again,    putting  x  -0,   and   denoting   the   points  wl 
ellipse  cuts  the  axis  of  y  by  J9,  JB\  we  get  in  the  same 


CB^ 


CB'^" 


(l-.^2)4»       —  (l-<^)* 

Hence  BB'  is  bisected  in  C\  and,  denoting  jSj^  b^ 
have 

»f  . 


h= 


(1  -  *>)» 
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Bow,  rince  equation  (i.)  may  be  written 

(1  -  »»)'«»  .  (1  -  »»)y' 


tram  (m.)  and  (it.)  we  get 


1, 


This  is  the  standard  form  of  the  equation  of  the  ellipse. 

BsF.  m. — 7^  lines  AA\  BB*  are  called^  retpectively^  the 
mvsnsss  axis  and  the  conjugaib  axis  of  the  ellipse^  and  the 

fW^  C  the  CENTBB. 

DiF.  IV. — The  double  ordinate  LL'  through  8  is  called  the 

UIU8  RICIUH   or  PAEAMEIBB. 

T^^isoA  parameter  is  alao  employed  by  xnathematicianB  in  another  and 
ft  videlj-different  aignification.  Hence,  to  ayoid  confuBion,  it  would  be 
Wttv  to  diflcontinue  its  use  as  a  name  for  the  latue  rectum, 

174.  The  following  deductions  from  the  preceding  equations 
•w  very  important : — 

1'.  «» =  0*  (1  -  O,  from  (ni.)-  and  (iv.) 

2°.  If  C8  be  denoted  by  (?,  ^  =  ae,  from  (ii.)  and  (in.) 

«".  eO»?,  for  (70=  (7.^+/  =  -^+/=-^. 
e  1-rl-r 

4°.  J»  +  c»  =  a«,  from  1°  and  2°. 

5'.  C8.C0  =  a\  from  2°  and  3°. 

^.  Latns  Eectum  =  2a(l  -  ^).  For  in  equation  (502)  put 
'"O,  and  we  get  8L  =  ef\  therefore  LL'  =  2ef  =  2a(l  -  «*), 
fctttt(ni.) 

^.  From  1°  and  6°,  we  infer  that  the  transverse  axis  AA'^ 
tte  conjugate  axis  BB^^  and  the  latus  rectum  LL',  are  con- 
***^  proportionals. 

^.  From  the  equation  (503)  it  is  evident  that  the  ellipse 
^  ^pnmetrieal  with  respect  to  each  axis.  Hence,  if  we  make 
^^  ■  8C,   the   point   8'  will  be   another   focus.    Also,   if 
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we  make  C(y  ^  OC,  and  through  (y  draw  MM'  perpendicniar 
to  the  transverse  axis,  the  line  MM'  will  be  a  second  directrix, 
corresponding  to  the  second  focus. 


1.  Giyen  the  base  of  a  triangle  and  the  sum  of  the  aides,  find  the  loenrf 
the  Tertex. 

Let  SS'F  be  the  triangle,  let  the  sum 
of  the  sides  equal  2a,  half  the  base  =  c, 
und  xy  the  co-ordinates  of  P ;  then  SP 

Hence  {{e  +  j?)»+  y»)»  +  {(c  -  ar)«  +  y«}l     §* 
8  2a.  (X.) 

This  cleared  of  radicals  gives 


(a«-c»)«»  +  a>y» -«»(«»-«»); 


or,  patting  a*  -  ^  =  ^, 


Hence  the  locus  is  an  ellipse,  having  the  extremities  of  the  base  u  foo. 
Cor.l.—  ST^a^ex.  (604) 

For  in  clearing  (z.)  of  radicals,  we  get 

a{(<r-j:)»  +  y»}»  =  «»-«F; 
that  is,  a  S'P  s  a'  -  aex :  therefore  ST  =«-««. 

Cor.  2.—  5P=«  +  «r.  (506) 

2.  Given  the  base  of  a  triangle  and  the  product  of  the  tangents  of  As 
base  angles,  the  locus  of  the  vertex  is  an  ellipse. 

3.  Given  the  base  and  the  sum  of  the  sides,  the  locus  of  the  oentie  ol  As 
inscribed  circle  is  an  ellipse. 

For  if  xy  denote  the  co-ordinates  of  the  incentre  of  SPS^  we  ham  the 

perimeter  =  2a  +  2r. 

,  ^,     #  —  fl         a  1 

tani^.taniSf'  = 


<  ~a  - 


Also 


Now, 


y 


a  +  0      1  -I-  # 

y  . 


tanJ5  =  -2-,    tanJ5'= 


hence 


««-«»      l+# 
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1. 


(606) 


Qir  way  it  may  be  proyed  that  the  locus  of  the  centre  of  the 
ircle,  which  touches  the  base  externally,  is  the  ellipse 


y» 


c»"*">(l+*) 


:=1 


(607) 


D 


loei  of  the  centres  of  the  escribed  circles  which  touch  the  base 
are  the  directrices  of  the  ellipse  which  is  the  locus  of  the  yertez. 
'  is  a  parallel  to  the  diagonal  AC  of  &  fixed  rectangle  ABCD» 
ide  equal  to  AD ;  and  EM,  DN 
>roye  that  the  locus  of  their  inter- 
is  an  ellipse.  (Poulxb.) 
I  line  AB  of  giyen  length  slide 
two  rectangular  lines   OA,  OB, 
of  a  point  P  fixed  in  the  sliding    ^ 
ellipse.  For  let  AP ^h,  BP^a\ 
oting  the  co-ordinates  of  Pby  xy, 
Dgle  OAP  by  0,  we  haye 

s  ss  a  cos  9,    y  s  &  sin  0. 

iminating  B  we  get 


1. 


I  fixed  point  8,  and  a  fixed  circle,  whose 

Oj  be  both  at  the  same  side  of  a  fixed  line 

.  through  8  any  line  be  drawn  meeting  the 

P,  and  Nir  in  B\  then  if  220  be  joined, 

.  parallel  to  OP,  drawn  through  5  in  p,  the 

>  is  an  ellipse.  (BoscoyicH.) 

re  that  the  radius  of  the  Boseovich  Circle, 

f  the  distance  of  its  centre  from  the  fixed  line, 

9  the  eccentricity. 

as  a  fixed  diameter  of  a  given  circle,  A  a 

it  in  CB  produced.    Through  A  draw  any 

ing  the  circle  in  D  and  E,    Join  CJ)  and  produce  to  F,  making 

';  the  locus  of  jP  is  the  ellipse 


AC^      AB* 


-  1. 


(SirW.  Hamilton.) 


306  The  SlUp9e. 

175.  To  exprett  the  eo-ordinatet  of  a  point  P  om  mi  illqw 
ASA'ff  in  term»  of  a  »inglt  variahh. 

"Let  AA',  Biy  b<3  the  transrorae  and  conjugate  uw  d  Ot 
ellipse  upon  AA'  as  diameter ; 
describe  the  circle  AP'A',  Let 
P  be  any  point  of  the  ellipse, 
MP  its  ordinate;  produce  MP 
to  meet  the  circle  AP'A'  in  P", 
Join  OP",  and  denote  the  angle 
MOP'hj  ^;  then,  sinoo  0U=-  x, 
OP"  -  a,  we  have  «  -  a  cos  ^. 
This  Talne,  eubetituted  in  the 
equation  (503)  of  the  cllipeo, 
gives  y-  i  ein^:  therefore  the  co-ordinates  of  i'are  a  coif 
I  ain^. 

Def. — Tht  circle  deieribed  on  AA'  as  dianuUr  it  eaSfi  tb 
AUxiLUKT  eirelt  of  the  ellipse,  and  the  angle  ^   the  eteatf 

The  leim  eccentric  hu  been  tek^a  from  Aitronomy ;  the  angle  f  in  ^ 
idence  being  called  the  eccentric  anomolf  ■ 

Cor.  1.— Since  PJf  =  i  ain  ^,  and  P'M=  a  sin  ^ 

P'M :  P2f : :  a  :  b.  (SOS) 

Hence  we  have  the  foUotving  theorem  : — The  locns  of  a  poiDti' 
which  divides  an  ordinate  of  a  semicircle  in  a  given  ratio  is  m 
clIipBc  J  or  again,  Jf  from  all  the  point*  in  the  eireum/erena  tf* 
circle  in  one  plane  perpendicular*  be  let  fall  on  another  jrfoM,  *•■ 
elined  to  the  former  at  any  angle,  the  loeu*  of  iheir  feel  itan^if 
(^called  THE  OKTHoooiTAL  FBOJECTioir  or  TBI  cibcle)-  For  the 
diameter  of  the  circle  which  is  parallel  to  the  intersection  of  the 
planes  is  unaltered  by  projection  ;  and  the  ordinates  of  the  cinle 
perpendicular  to  this  line  are  projected  into  lines  having  t 
given  ratio  to  them. 
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— ^If  through  P  the  line  PiV^be  drawn,  making  with 
erse  axis  an  angle  equal  to  the  eccentric  angle,  PNj3 
16  semi-conjugate  axis  h. 

—NN'  =  a  -  3.  (509) 

—If  p  be  the  radius  vector  from  the  centre  to  any 
the  ellipse,  then 

p  =  aA(<^),  where  A(<^)  =  v^l  - tf»  sin'^^.       (510) 

bion. — If  the  equation  of  the  ellipse  be  written  in  the  form 

(-  3  (-  9  -  (?)  * 

2  B  ^  (tan  9  +  cot  0), 

0 

tan  9  by  <, 

y^JL.    ?«l:i^  (611) 


iziliary  circle  touches  the  ellipse  at  the  two  points  A,  A' ;  hence 
e  contact  with  it. 

he  conjugate  axis  as  diameter  a  circle  he  described,  and  ordi- 
wn  parallel  to  the  transverse  axis,  the  ordinates  of  the  ellipse 
of  the  circle  as  a :  &. 

ylinder  standing  on  a  circular  hase  be  cut  by  any  plane  not 
Jie  base,  the  section  is  an  ellipse. 

ircle  roU  inside  another  of  double  its  diameter,  any  point  in- 
onected  with  the  rolling  circle,  but  not  on  its  circiunference, 
ellipse. 

be  the  point,  C  the  centre  of  the  rolling  circle  X.  Join  CP, 
to  meet  Z  in  X  and  M\  then  X,  M  are  fixed  points  in  the  dr- 
of  X.  Hence  when  X  rolls  the  locus  of  each  is  a  right  line ; 
Qts  X,  M  describe  two  rectangular  diameters  of  the  circle  on 
Is.    Hence,  £x.  5,  page  205,  the  locus  of  P  is  an  ellipse. 
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176.  Th$  heus  of  the  middle  poinU  of  a  iff  item  of  perM 
chords  of  an  ellipse  is  a  right  line. 

Let  PP'  be  a  chord  of  the  ellipse,  and  let  the  eccentric  anglei 
of  P,  P'  be  (a  +  p\  (a  -  P) 
respectively ;  then  (§  31,  Ex.  3) 
the  equation  of  PP'  is 

^  cos  a .  ^  +  a  sin  a .  y  =  a3  cos  p. 

Now,  it  is  evident  that  if  a  be  con- 
stant and  P  variable,  PP'  will  be 
one  of  a  system  of  parallel  chords. 

Let  a?!,  yi  be  the  co-ordinates  of  the  middle  point  of  PP,  then 
we  have 

^1  =  rt  (^^s  (*  +  i^)  +  ^^^  (a - ;8) )  =  a  cos  o  cos  j8, 

yi  =  -  {sin  (a  +  ;8)  +  sin (a-;8))  =  i  sin  a  cos  j8. 
Hence  h  sin  a  .  :ri  -  a  cos  a .  yi  »  0 ; 

and  the  locus  of  the  middle  point  is 

^  sin  a  .  ^  -  a  cos  a  .  y  =  0. 
This  is  the  line  QQ. 

Cor,  1. — Let  RB!  be  the  diameter  parallel  to  PP\ 
since  RR  passes  through  the  origin,  its  equation  must  contain 
no  absolute  term.  Therefore  from  (i.),  cos  ^  =  0,  or  ^  =  90*J 
hence  the  equation  of  RR'  is 

&  cos  a .  0?  +  a  sin  a .  y  B  0.  (513) 

Cor.  2. — If  PP*  move  parallel  to  itself  until  the  points  fi 
P'  become  consecutive,  then  PP'  will  become  the  tangent  at  ft 
and  evidently  we  must  have  P  =  0  ;  therefore  the  tangent  at  C^ 

h  cos  a .  X  +  a  sin  a .  y  ^  ah.  (5H) 

Now,  if  x'j  y'  be  the  co-ordinates  of  Q,  we  have  x'-acos^ 
y'  =  J  sin  a  ;  hence,  from  (514)  we  get  the  tangent  at  xf^t 


(512) 
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3. — ^If  the  angles  which  QQ!y  JRBf  make  with  the  axis 
9  denoted  by  0,  ffj  respectivelyy  we  have  from  (512), 


tan  tf  =  -  tan  a,     tan  ^  =  -  -  cot  o ; 
a  a 

tantf.tantf'  = — -* 


(516) 


this  remains  unaltered  by  the  interchange  of  $  and  0', 
>WB  that,  if  two  diameters  QQ^y  RB!  of  an  ellipse  be  such 
he  first  bisects  chords  parallel  to  the  second,  the  second 
iflects  chords  parallel  to  the  first. 

p. — Two  diameters  which  are  such  that  each  hieeets  chords 
^d  to  the  other  are  called  conjugate  diameters. 

^  4. — Since   the    eccentric   angle  of  Q  is  a,  and  of  R 

{Cor.  l)y  we  see  that  the  difPerence  between  the  eccen- 

(ngles  of  the  extremities  of  two  conjugate  semi-diameters 
ight  angle. 

r.  5. — If  x^',  jf"  denote  the  co-ordinates  of  R,  we  haye 


a  cos 


(a+j)     y"  =  irin^«+|); 


lore 


^  s  a  cos  a,     y'  ^hana; 


(617) 


686  formnlsB  are  due  to  Chasles. 

r.  6. — If  the  conjugate  semi-diameters   CQ,  CR  be  de- 
Iby  tf',  h',  respectiyely,  we  have 

tf^  =  a;^  +  y^  =  a'cos'a  +  *>  sin'a  »  i'  +  ^a/* ;      (518) 

V*  «  a?"«+  y"»  «  a^sin'a  +  J»co8*a  =  a«  -  &^xf^;      (519) 

0^  +  ^  =  0?  +  ^;  (520) 


96  the  sum  of  the  squares  of  two  conjugate  semi-diameters 

Xiituit. 

p 
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Cor.  7. — The  tangent  at  Q  is  parallel  to  the  diameter  RSf. 


Cor.  8.— The  area  of  the  triangle  QCR  • 
a  COB  a,        i  sin  a,     I 


-i 


•'I  ah;         (521) 


therefore  the  ariea  of  the  parallelogram  QCRT  U  equal  to  ab. 
Hence  it  followB  that  tht  area  of  th*  paraiUhgraM  formed  hy  the 
tangmti  at  tht  txtromtioM  of  any  two  eonjt^aU  diamtUrt  of  an 
tUipit  it  eomtaiU. 

The  results  proved  in  Con.  6,  8  are  called,  respectively,  Oie 
Jtrit  and  teoMtl  theorem  of  Afolloxius. 

BXXB0ISB8. 

1.  GiTsn  amj  two  eonjag&ts  sami-diameten  OP,  OQ  at  sn  sUipie,  to 
find  the  magnitude  and  direction  of  its  uiea. 

Fnmi  P  let  fall  the  perpendicular  PJT  on  OQi  produM  and  cut  off 
FS  =  OQ;  join  OD,  and  on   OD  aa  diameter  describe  a  circle ;  let  (7  be 


;  join  iV,  cutting  the  circle  in  the  pointa  S,  F;  join  OE,  OF, 
a  OB  -  EP,  taA  OA  B  FP.    Then  OA,  OB  are  the  semiozea 
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y^ML'-OA^  +  0^  «  ^P*  +  J-P*  =  2CF*  +  2CF»  a  2(7P»  +  20(7« 

1 11,  equal  to  the  turn  of  the  squares  of  the  semi-conjugate  axes. 

OA.OB^ FF, SFrx DF.NF^OQ. NF=  paraUelogiam  OFQR, 

nee  (Cbrt.  6,  8)  OA^  OB  are  the  semiaxes  required. 

the  foregoing  beautiful  constructioa  is  due  to  Mannheim.  SeeiVbtfv.  An. 

IfsU.,  1857,  p.  188;  also  Oiom^irie  Analytique,  tome  1,  p.  467,  par 

•  0.  LONOCHAMPS. 

1  Being  giyen  the  transrerse  and  conjugate  diameters  of  an  ellipse  to 
Mtnict  a  pair  of  equiconjugate  diameters. 

t  Prove  that  the  acute  angle  between  a  pair  of  equiconjugate  diameters 
kii  than  the  angle  between  any  other  pair  of  conjugate  diameters. 

177.  To  Jmd  the  equation  of  an  eUipie  referred  to  a  pair  of 
njugeU  diametert. 

Let  CPy  CD  be  two  semi-conjugate  diameters  of  lengths 
',  V\  let  RB!  be  a  chord 
inllel  to  CD ;  then  RR  is  bi- 
5cted  by  CP  in  N.  Hence, 
enoting  CN^  NR  by  ar,  y,  and 
tu  eccentric  angles  of  i2,  R!  by 
»+ j5),  (a  -  P)j  respectively,  we 
are 

(tfcos(a  +  ;8)  +  acos(a-j8)ia    j3sin(a  +  j8)  +  5sin(a-^)|« 

M  2  r(  2  i 

« («"  cos'a  +  ^  sin'a)  co8*j8  =  fl"  cos'jS.    (§  176,  Cor.  6.) 
In  like  manner  y*  =  J^Bin'jS ; 

l»wse  _.  +  ^  =  1.    (Compare  §  156,  3*^.)    (522) 

Cdt.  1. — ^The  co-ordinates  of  any  point  on  an  ellipse  referred 
w  I  pair  of  conjugate  diameters  can  be  represented  by 


a!  cos  ^,    V  sin  p. 
p2 


(523) 
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Cmr*  2. — ^The  equation  of  the  tangent  to  an  ellipse  nbmd 
to  a  pair  of  conjugate  diameters  is 


xco%P     yfonp 


^       .       y       -1.       (514) 

Cmr.  3. — If  tlie  tangent  at  R  meet  CP  produced  in  T, 

CN.CTr.CP^'^  (525) 

for  the  tangent  at  i2  is  —  +  -^  =  1 ;  and  putting  y  «>  0,  we 

get  xx'^i/*,  or  CN.  CT=  CPK 

Cor.  4. — ^The  tangents  at  the  extremities  of  any  douUe  ordi- 
nate RB!  meet  its  diameter  produced  in  the  same  point. 

Cor.  5. — The  line  joining  the  centre  to  the  intersectiiA  ^ 
two  tangents  bisects  their  chord  of  contact. 


1.  If  AB  be  any  diameter  of  an  ellipse,  AS,  BD  tangents  at  iti  ntni^ 
ties,  meeting  any  third  tangent  ED  in    ^ 

E  and  D,  prove  that  AE .  BD  »  square 
of  semi-diameter  conjugate  Ui  AB. 

For  denoting  AC  and  its  conjugate 
by  a',  h\  the  equation  of  ED  is 

^rcosjS     ysinjS 

(Equation  (624).) 
Hence,   denoting  AE,  BD  by  yi,  ys, 

respectively,  we  have,  substituting  -  a',  4-  a',  respectiyelj,  for  s, 

yisini8  =  5'(l  +  cosi8), 

yi  sin  iS  s  y  (1  -  cos  iS) ; 
hence  yi  yt  =  *''•  (^ 

2.  If  CD,  (7£  be  drawn  intersecting  the  ellipse  in  D',  B\  prorv  thit 
(72/,  C!7  are  conjugate  semi-diameters. 

3.  The  equation  of  the  ellipse  referred  to  equioonjogate  diamstaiii 

«a  +  y«  -  («^  +  5«)/2. 


I 
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k.  JiAB  be  the  tnnsrene  asds,  the  circle  described  on  BJS  as  diameter 
mm  through  the  f odL 

(.  If  CF,  CD  be  any  two  aemi-diameters ;  FT,  LE  tangents  at  P 
d  D,  meeting  CD,  CP  produced  in  T  and  E\  proye  that  the  triangle 
fT«  CDS. 

6.  In  the  same  case,  if  FN,  DM  be  parallel,  respectively,  to  DB  and  FT, 
ore  that  the  triangle  CFN=  CDM, 

Tha.—Two  ehordt,  tueh  at  AF,  BF,  joining  any  point  F<m  the  ellipte  to 
^ixtnmiiin  of  any  diameter  A3,  are  ealled  sxtpplskisntal  chords. 

7.  Diameters  parallel  to  a  pair  of  supplemental  chords  are  conjugates. 

8.  If  a  paralld  to  a  fixed  line  meet  a  given  semicircle  in  C  and  its  dia- 
^  in  D,  prove  that  the  locus  of  the  point  E,  which  divides  CD  in  a 

iitio,  is  an  ellipse. 


9.  If  a  line  AB  of  given  length  slide  between  two  fixed  lines,  prove 
it  the  locus  of  the  point  F,  which  divides  AB  in  a  given  ratio,  is  an 

>v«. 

10.  If  a  given  triangle  ABC  slides  with  two  vertices  A,  B  on  two 
ad  lines  OX,  OT,  prove  that  the 
nd  Tertex  C  describes  an  ellipse 
ciooTEN,  Organica  Conieorum 
miftio^  1646,  c.  3,  Ex.  Math,  iv.) 
About  the  triangle  DBA  describe  a 
idseutting^Cini);  join  BD.OD; 
n,  because  the  angle  AOB  is  given, 
e  angle  ADB  is  given ;  hence  the 
ne  angles  of  the  triangle  BCD  are 
ran:  and  since  BC  is  given,  CD  is 
««i;  also  the  angle  BOD,  being  0^ 
MtoBAC,  is  given.  Hence  the 
M  OD  is  given  in  position ;  and  the 

QpQBtion  is  reduced  to  the  following :-  AD,  a  line  of  given  length, 
ides  between  two  fixed  lines  OX,  OD,  and  (7  is  a  fixed  point  in  it : 
*sfore  (Ex.  9)  the  locus  is  an  ellipse. 

11.  If  a  circle  pass  through  the  foci  of  an  ellipse,  and  intersect  it  on  one 
^  of  the  transverse  axis  in  the  points  O,  H,  and  on  the  other  side  in  the 
te  I,  K,  the  rectangle  contained  by  the  perpendiculars  from  the  foci  on 
"ydthe  four  chords  IQ,  IE,  KQ,  KM  is  equal  to  ft*/c». 


B 

_\l 

// 

V 

A    ItJA    I 
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178.  7b  find  Ote  tqvatim  of  the  normal  to  the  tBipu  it  Oi 
point  «'/. 

Let  a.  be  the  eccentric  angle  of  the  point  x'y';  thentht 
equation  to  the   tangent   at 
a  (§  176,   Cor.  2)  is 

hence 

asino  («-«*)- JcoBo()r-y')EO 
IB  the  equation  of  the  normal ; 
and,  patting  for  y,  y'  their 
Talnea  in  tenns  of  a,  we  get 

OEdna.x-icoaa.y-o'ainacoea, 

or  —7 r-**^; 

*'      y' 

Cor.  1. — In  equation  (527)  puty^O,  and  we  getiF  =  fl^M'*' 
or  C&=.M;  (539) 

hence  MG  =  {1  ~  »*)  a  eoa  a. 

Cor.  2.—PG' =  P3f  +  M0' =  S»Bin*a+ (1 -b')*»'wi*iI 
but  1  -<*-  -j;  therefore  Pff»  =  J»  (sin'a+  (1  -  »')«^'»l 
=  i'(l  -  <' 008*0) ;  therefore 

(SM) 


(53!) 
(SM) 


In  liken 


Pff  =  JV^1  -«»C08'tt. 


> 


therefore  i»G.i'ff'-«'(l  -  Ccos'a).  (5!1) 

Cor,  3. — If  p,  p'  be  the  focal  vectors  to  P,  we  have 
P''a  +  »x'  =  a{l  -t-  tfcosa), 
p'=ii  — *r'  =  a(I—  «cosa); 

therefore  i>(?  .Pff' « pp'.  {5S3) 
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i. — U  CR  be  the  semi-diameter  conjugate  to  CPy  we 

CR}  =  a»8iii»o  +  i'cos'a  »  a»  (1  -  ^C08«a). 
9  pp'  =  Ci2»  =  V*.  (533) 

PG^.  P^'  =  V^.  (534) 

». — It  CL  be  perpendicular  to  the  tangent  at  P, 


Ci?  = 


1  -  tf*  C08*  a' 

•e  CL.PQ^H',  and  CL.PO'^a\  (535) 

L — ^If  through  ^,  6^'  parallels  be  drawn  to  the  axes, 
in  ^the  locus  of  ^  is  an  ellipse. 


oo-ordinates  of  the  inteneotion  of  normalB  at  the  points  (a  +  iS), 


■.coB(a-t-/B)cofl(a-iS)              g^sing.  gin(a4-/B)  8in(a--/B) 
„ ^   y  =  — 


^coeiS 


(636) 


1, 

1, 
1 


aO. 


(687) 


acosiS 
i»  nonnaU  at  a,  3,  7  be  concurrent, 
sec  a,        cosec  a, 

sec  /3,        ooflec  iS, 

sec  7y        ooseo  7, 
lation  may  be  reduced  to  the  product 

r)  +  Bin(7  +  a)  +  8in{a+i8)}{8in{/3-7)  +  8in(7-.o)  +  Bin{o-/3)}a0 

(688) 
tor  factor  of  which,  viz. 

■in  (3  -  7)  +  Bin  (7  -  a)  +  sin  (a  -  /3) 

irhen  any  two  of  the  points  a,  jS,  7  are  conseoutiye.    Hence  the 
that  normals  at  three  distinct  points,  a,  jS,  7  may  be  concurrent  is 

^(fi  +  i)  +sin  (7+  a)  +  sin  (a+/3)  =0.  (639) 

two  foci  and  the  points  P,  6^  are  concyclic. 

I  the  co-ordinates  of  the  intersection  of  two  conseoutiye  normals. 
K  0,  in  Ex.  1,  we  get 


C*  C08*O 


a 


-,    y- 


tf*8in*o 


(640) 
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Or  thus : — the  co-ordinates  of  a  point  equally  distant  from  a,  /S,  7  ({ 32, 
Ex.  3)  are 

-cos}(o+/3)co8j(i8+7)co8}(7+o),  -  jBin}(a+i3)BinJ(i3+7)BmJ(7+a); 

and,  supposing  the  points  to  become  consecutiye,  we  get,  for  the  oentnof 
a  circle  passing  through  three  consecutive  points,  the  same  co-OEdiiiitel 
as  before. 

6.  Find  the  locus  of  the  centre  of  curvature  of  all  the  points  of  an  eDipM- 
Eliminating  a  from  the  equations  (640),  we  get 

(ajp)l  +  {by)l  =  «l,  (Ml) 

which  is  the  wciute  of  the  ellipse. 

It 
6.  The  radius  of  curvature  at  a  is  «  — ,  where  p  is  the  peipendienltf 

from  the  origin  on  the  tangent. 

The  radius  of  curvature  is  the  distance  between  the  points 

'c^cos'o        €^sin*o^ 


(c'cos'o        c»sin*o\     ,  .    .     ^ 

—^ — > -^ — I ;  (a  cos  a,  a  sin  o), 


which  by  an  easy  reduction  can  be  shown  =  — .  (54!) 

7.  In  the  figure,  {  176,  if  we  complete  the  rectangle  NOIfQ,  prorethit 
the  normal  at  P  passes  through  Q, 

8.  In  the  same  case  if  OF"  be  produced  to  Funtil  PT=  b  and  PrjiM 
prove  that  FY  is  the  normal  at  P. 

9.  The  join  of  the  points  MN  (fig.,  §  178)  is  normal  to  another  ellipi0< 

179.  The  feet  of  the  normals  that  can  he  draum  frimi  any  j^ 
to  an  ellipse  lie  on  an  equilateral  hyperbola, 

Dem. — The  normal  at  a  point  x^y'  is  a^x/xf  -  h'^y/y'  «=  «•,  an^ 
if  this  pass  through  a  fixed  point  hk,  we  have  o'A/a/  -  J^hj^^^' 
Hence,  omitting  accents,  we  get 

i^xy  +  h^Jcx  -  a%  =  0,  (543) 

which  denotes  an  equilateral  hyperbola  passing  through  the 
centre,  and  thJDugh  the  feet  of  the  normals  from  hk. 

Cor.  1. — Since  the  hyperbola  (543)  intersects  the  ellipse  u* 
four  points,  four  normals  can  be  drawn  from  any  point  to  ^ 
ellipse. 
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Vvr,  2. — ^The  equation  of  the  normals  from  Kk  to  the  ellipse  is 

(a»a^  +  hY)  {hx  -  hyf  =  ^a^y\  (544) 

Por,  transforming  the  ellipse  and  hyperbola  to  the  point  hk  as 
g;in,  we  get 

these  equations  change  x  into  A^,  and  y  into  Xy,  and  elimi- 
teX. 

It  was  by  the  hyperbola  (543)  that  ApoUonius  solved  the 
oblem  of  drawing  normals  to  an  ellipse.  It  is  called  the 
fMmian  hyperbola.  From  equation  (543)  it  is  evidently  the 
me  for  all  homothetic  ellipses. 

BXEBOISES. 

1*  The  product  of  the  absciBssB  of  each  pair  of  opposite  vertices  of  the 
■ftplete  q[iiadrilAteral  formed  by  tangents  to  an  ellipse  at  the  feet  of  normals 
tt  tnj  point  hk,  is  equal  to  —  a^,  and  the  product  of  ordinates  =  —  d'. 
^*'^if]3fi,  ^1^2  be  a  pair  of  opposite  vertices,  their  polars,  viz. 

«xi/«'  +  yyi/*'  -1=0,    and    afX2/«'  +  yt/^lb^  -1  =  0, 

'I^  he  aline  pair  passing  through  the  feet  of  normals,  and  therefore  through 
B  intersection  of  eUipse  and  the  Apollonian  hyperbola  of  the  point  hk. 
^^  for  some  value  of  X  we  must  have 

X(c*a?y  +  «>*«-  a«Ay)  -  {xxija^  +  yyi/i»  -  1} 

{zxija^  +  yy2/6'  -  1 }  »  «»/a»  +  y»/6»  -  1.  (i.) 

Aad  hy  comparing  coefficients  we  haye 

a?iiP2  =  -  a',     yiya  =  -  ft'.  (645) 

^  If  the  foot  of  one' of  the  four  normals  be  the  point  x*p',  the  triangle 
'^  by  the  tangents  at  the  feet  of  the  three  other  normals  is  inscribed  in 
•hyperbola 

«'/*+y7y  +  i  =  o.  (546) 

^^  three  of  the  opposite  summits  lie  on  the  tangent  at  3^y\  that  is,  on 

aFa?'/a«  +  yy'/ft*  -1=0, 

*  changing  x  into  -  a^jx  and  y  into  -  ft'/y. 

«•  By  oomparing  coefficients  in  (i.)  we  get  hk  in  terms  of  xiyi : 
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thus,  X<J»  =  (afiya+artyi)/a'*«,    -  X^Ar « (afi  +  «»)/«?,    A4i?*«(yi4 

hence  («iya+«2S^)/^    =-{«!  +  »»)/*    -  (yi  +  ya)/*i ; 

and  eliminating  j^a^s  between  these  and  equation  (645)  we  get 

*  -  tf»yi  («i«  -  a«)/(aVi»  +  «*«i«).        I 
Dbf. — The  point  hk  %a  called  the  normal  pole, 

4.  If  from  a  given  point  ciyi  tangents  be  drawn  to  a  system  • 
conies,  the  circiimcirdes  of  the  triangles  formed  by  the  tangents 
of  contact  are  coaxal.  (Towitsbkd,  Bishop  La%o*9  iVtM  Sxamina 
Allbrsxa,  Mathetie,  tome  y.,  page  39,  1886.) 

For  if  AA  be  the  normal  pole,  the  circumcirde  will  haye  the 
points  xif/if  hk  as  diameter.    Hence  its  equation  is 

*'  ■»■  y*  -  (*i  +  *)«  -  (yi  +  *)y  +  *«i  +  *yi  =  o ; 

and  substituting  for  hk  from  (547)  we  get 

.      o    y(a?iHyi«-K>')  a«(ariHyi'-c«)  <^(«V- 

which  may  be  written  1^8  +  tf*/^'  =  0,  where 

-Se  («i2  +  y i«)  («»,+ y»)  -  (iPi»  +  yi«  +  c*)  af«i  -  (a? i»  +  yi«  -  ««)  yyi  +  c» 

^=yi*  («* + y«)  -  («i«  +  yi«  -  c^  yyi  -  c*yi«. 

Joachihsthal's  Cibclb. 

180.  If  from  any  point  hk  in  the  normal  at  the  point 
ellipsef  three  other  normah  he  drawn,  their  feet  and 
-  a/  -  y'  are  coney clic, 

Dem. — Since  the  hyperbola  <^xy  +  l^hx  -  a^hy  passes 
x'y\  we  have  <^afy'  +  h^hif  -  a^hy'  =  0.  Hence  by  su 
we  get  a  result  which  may  be  written  either 

(a?  -  or')  (y  +  h^hji^)  +  (y  -  y')  (^r'  -  a»A/^)  =  0, 
or 

f  (a:  -  ar')  (y' +  i«^/c»)  +  (y  -  y')  (a:  -  a'A/^)  =  0 ; 

and  from  the  ellipse  we  have 

{x-af){x  +  af)    .   {y^y'){y^y') 


a» 


0. 
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Hence,  eliminating  x  -  x',  y  -  y'  quantities,  which  vanish 
when  ar  =  a/  and  y  =  y^i  first  between  (i.)  and  (ni.),  and  then 
between  (n.)  and  (m.),  and  adding,  we  get  the  circle 

«»  +  y*  +  la/  +  yy'  -  A  (a?  +  a?')  -  ^  (y  +  y') 

2?bw,  patting  i«  =  a*  +  h^hjy^  =  3*  +  a*A/«',   and  remembering 
tkat  .ar^/o^  +  y^jl^  =»  1,  this  equation  may  be  written 

«» +  y»  +  ««' +  yy' -  tt  (a^ar'/a' +  yyV*' +  1)  =  0.     (549) 

Tliia  is  called  Joachimsthal's  Cibcle.     It  passes  through  the 
feet  of  the  three  normals ;  and  since,  manifestly,  the  co-ordinates 
-  ^  ~-  y'  satisfy  it,  it  passes  through  the  point  diametrically 
oppoiite  to  «y . 

Cor. — If  0  be  the  centre  of  the  ellipse,  and  P  the  point 
-5^-/,  «*+y*  +  ay/  +  yy'  =  Ois  the  circle  on  OP  as  diameter, 
«d  «r'/fl^  +  yy'l^^  +  1  =  0  is  the  tangent  at  P,  and  these  inter- 
net, not  only  at  P,  but  at  the  foot  of  the  perpendicular  from  0 
oa  the  tangent  at  P.  Hence  we  have  Laouerrs's  theorem. 
^^hifmthaVt  eircle  passes  through  the  foot  of  the  perpendtcttlar 
/^  the  centre  on  the  tangent  at  P. 


!•  I!  from  a  fixed  pomt  a  perpendicular  be  drawn  to  a  diameter  of  a  conic, 
wloeos  of  its  intersection  with  the  conjugate  diameter  is  the  Apollonian 
^MKda.  (Chaslbs.) 

^  The  locus  of  the  middle  points  of  the  chords  of  intersection  of  circles 
^''oihed  from  a  given  point  with  the  ellipse  is  the  Apollonian  hyperbola. 

{Ibid,) 

S.  If  the  equation  of  any  pair  of  opposite  sides  of  the  quadrangle  whose 
'^B'nato  are  the  feet  of  the  four  normals  that  can  be  drawn  from  any  point 
^  fe/«  +  my  lb  -1  =  0,    and    rxja  +  m'yib  -  1  »  0,    then 

2r  +  1  B  0,     mm'  +  1  =:  0.  (560) 

*%  if  siyi,  xty%  be  the  poles  of  these  sides,  we  have  xi  so/,  yi  »  bm. 
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fl^  =  oT,    y2  «  hm\    but  x\Xt  b  —  a\    yiys  b  —  &',  equatioa  (646).  Hnoe 
the  proposition  is  proved. 

4.  If  x'y'  be  the  foot  of  one  of  the  normals  to  an  eOipoe,  the  sidMof  ^ 
triangle  whose  summits  are  the  feet  of  the  other  normals  are  tangentitoi 
parabola.  (F.  PumB.) 

This  is  the  reciprocal  of  the  hyperbola  a^/s  +  y/y  +  1^0,  with  iMpect 
to  the  ellipse.    Its  equation  is 

{xx'la^  -  yj/'ll>^)'^  +  2xx'la^  +  2yy'/*«  +  1  =  0.  (Ml) 

I  shall  call  it  Purser's  Parabola.  See  Quarterly  JoumtU^  tome  Tiii.,  p-  ^ 
1867. 

5.  The  focus  of  Purser's  parabola  is  the  point  where  Joachimsthal's  cotS* 
meets  the  tangent  at  P,  §  180,  Cor, 

6.  If  a,  /3,  7,  8  be  the  eccentric  angles  of  the  feet  of  nonnals, 

tan  J  (a  +  /3)  tan  J  (7  +  J)  -  1  =  0,  (6tt) 

or  o  +  i8  +  7  + J  =  (2fi  +  1)».  (6M) 

This  may  be  deduced  from  equation  (639). 

7.  If  from  an  extremity  of  the  major  axis  of  an  ellipse  perpendicdtn  h0 
drawn  to  the  four  normals  from  any  point,  they  meet  the  ellipse  igiQi  ^ 
concyclic  points.  (JoACHmsraiL.) 

8.  If  CP(fig.,  {  178)bejoined,andaperpendicularto&Pat&me0t(?Pi>^ 
/,  the  perpendicular  /JTfrom  /  on  the  transverse  axis  passes  through  tli^ 
centre  of  curvature.  (Maxxhidc.) 

Prom  the  construction  we  have  CT\  CQiiCF:  CJi :  CMi  CK.    Baoee 
a^lx:e^s^::x':CK,    .-.  CJT- A;'»/fl^Btf«  ooe»ci/«, 
.*.  CK  is  equal  to  the  abscissa  of  the  centre  of  curvature. 

181.  To  find  the  lengths  of  the  perpendtctdara  from  ihefod^ 
the  tangent  at  any  point  ^. 

The  tangent  is 

h  cos  <l> , X  +  a  Bm<l> ,  y -  ah  =  0, 

and  the  co-ordinates  of  the 
focus  S  arc  ae,  0.  Hence  the 
perpendicular 

ah{l  -  e  CO8  0) 


SL  = 


a(l-<J«cos»<^)» 

^    / 1  -  tf  cos  ^Y 
\  1  +  tf  cos  ^/  ' 


8'L 
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(554) 

(555) 
(556) 


'SL^P  =  ^,^l,^^^iin8FL^8TL'.   (557) 

—The  tangent  LL'  bisects  the  external  angle  at  P  of 
le  SF8',  and  the  normal  FG  the  internal  angle. 

-The  first  positive  pedal  (§  162)  of  an  ellipse  with 
either  focus  is  the  auxiliary  circle.  For,  since  the 
BTis  bisected  by  PZ,  we  have  SL  =  ZJJ;  therefore 
)cted  in  Z,  and  88'  is  bisected  in  C\  therefore,  if  CL 
CZ  =  i  8'R=  i{8'P  +  P8)  =  a.  Hence  the  locus  of 
ioxiliary  circle.  And  conversely,  the  first  negative 
circle  with  respect  to  any  internal  point  is  an  ellipse, 
3  point  for  one  of  its  foci. 

—If  any  point  in  LL'  be  joined  to  8y  the  circle 
on  the  join  will 

the  auxiliary 
€•  Hence  may 
d  a  method  of 
tangents  to  an 
»m  an  external 
lus  if  Q  be  the 

Q^;andonQ^ 
ter  describe  a 
tersecting  the 
circle  in  Z  and 
llf  are  the  tan- 
16  ellipse. 

—The  two  tangents  from  Q  are  equally  inclined  to 
rectors  Q8j  QS', — (Ponc£Lei.)    For,  join  the  centres 
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C,  O  of  the  circles;  then  CO  is  parallel  to  8'Q;  therefore  it 
bisects  the  arc  HSj  but  the  line  joining  the  centres  also  bisects 
the  arc  ML.  Hence  the  arc  RM=  8L,  and  the  angle  iS'OV 
=  8QL. 


1.  Find  the  relation  between  the  eooentric  angles  of  two  pointi  ▼bos^ 
joining  chord  passes  through  a  focus. 
If  the  eccentric  angles  be  (a  +  fi),  (a  —  fi),  the  chord  wiU  be 


and  if  this  passes  through  the  focus  {ae,  0),  we  get 

tf  cosaBcos^. 

Hence  the  equation  of  any  focal  chord  is 

d;  cos  a      V  sin  a 

+ — r —  =  itf  oosa, 


(6») 


(66>> 


the  sign  depending  on  the  focus  through  which  the  chord  passes. 

2.  The  tangents  at  the  eztrenuties  of  a  chord  passing  thioag}i  d 
focus  meet  on  the  corresponding  directrix.    For  the  tangents  at  the 
(o+i3),    {o-)8),   are  *  cos(o  +  )8)*  +  a  sin(a  +  3)  y  «  «*; 

d  cos  (a  —  )8)  a?  +  a  sin  (a  —  )8)  y  as  aJ  ; 

and  the  co-ordinates  of  the  point  where  these  intersect 

b  sina 


a  cos  a 
cosiS  * 


cosiS 


(5eo> 


Substituting  the  value  of  cos  3  from  (558),  we  get 

a        6  tana 


(661> 


e  e 

which  are  the  co-ordinates  of  a  point  on  the  directrix. 

3.  In  the  same  case  the  join  of  the  intersection  of  tangents  to  the  focr>> 
is  perpendicular  to  the  chord.     For  the  line  joining  m,  0  to  the  pff^ 

(561)  is  a  sin  a .  d;  —  &  COS  a .  y t=  0,  which  is  peipendicular  to  tJ»^ 

chord  (559). 

4.  If  the  co-ordinates  in  (560)  be  denoted  by  ^'y'>  ^^  got 

z'  cos  $  y'  cos  3 

oosa  = ,    sin  as — - — , 
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ig  tiiete  in  the  equation  of  the  chord,  we  get 

J  +  ^  =  1.  (662) 

chord  of  contact  of  tangents  from  afy'  is 

le  chord doosa.^  +  arina.ysod  oo8)9  pass  through  a  fixed 
the  locus  of  the  intersection  of  tangents  at  its  extremities  is 

ting  the  co-ordinates  (560)  by  xy^  and  substituting  in  d  cos  a .  d^ 
/  B  o^  cos  i3>  we  get 

(663) 


xi^     t/y* 
7%#fiiitf-j  +  ^«l  it  called  the  polak  of  the  point  9f}f  with 

Ihe  eUipee.    (Compare  §}  89,  149.) 

"he  directrix  is  the  polar  of  the  focus. 

be  Tariable  and  fi  constant,  the  chord  joining  the  points  (a  +  fi)^ 
a  tangent  to  the  ellipse 

le  same  case  the  locus  of  the  intersection  of  tangents  is 

(i)'+  (I)  =•«''*•  («««) 

equation  of  the  perpendicular  from  the  point  (660)  on  the  chord 
B  points  (a  +  i9),  (a  -  3)  is 


ax 


cos  a      sin  a      cos  3 
9ts  the  axis  in  the  points 

C08a\  a' 0^  sin  a 


(compare  §  178), 


(666) 


the  points 


(aco8a\  a^€ 


e^^,    - 


a'^r*/ 


(667) 
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9.  Find  the  condition  that  the  join  of  (a  +  ^),  (a-fi)  dialltood  A» 
ellipBe 

If  ^  be  the  point  of  contact,  the  equations 

^coea.tf  +  asina.y  — «3coei3»0 

must  represent  the  same  line ;  hence,  eliminating  ^  from  the  eqnatiflDi 

cos^       cosa  sin^       sina 


we  get 


ai        a  cos  )9'  bi 

ai*  cos*  a      h\*  sin*  a 


^006/9* 

scosS/S, 


which  is  the  required  condition. 
10.  If  ^  denote  the  angle  between  the  tangents  at  (a  +  iS),  (a  -  fi)f  povt 


**°  ^  -  (a?  _  4J»)  cos  2a  -  (a' +  «»)  cos  2/8* 


(669) 


11.  If  the  angle  ^  be  right,  we  get  (a'  -  ^)  oos  2a  »  (a*  +  ^  0Qi2A 

or  (a*  +  ^*)  cos*  )8  =  a*  cos*  a  +  4"  sin*  a. 

.      u  cos  a      b  sin  a  , 

Hence,  denoting — , by  J^  y,  we  get  the  circle 

cos  p        cos  p 

a?  +  y*  «  a«  +  «»  (670) 

as  the  locus  of  the  intersection  of  rectangular  tangents. 

12.  If  in  Ex.  9  we  put  <ii>  =  ««  -  X«,  fti«  =  ft»  -  x«,  the  ellipses  willta 
confocal,  and  equation  (568)  reduces,  if  ^  denote  the  aemi-diamstsr  oos- 
jugate  to  that  drawn  to  the  point  a,  to 


smB  « — • 


(671) 


which  is  the  condition  that  the  join  of  the  points  (a  +  iS),  (a  -  ^)  on  UN 
ellipse 

^  +  ^=1 

shall  touch  the  confocal 
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tangents  to  an  ellipse  be  at  right  angles,  their  chord  of  contact 
focal  ellipse  (£x.  11,  12). 

Mr  focal  9eetor9  drawn  to  any  two  pointi  of  an  ellipse  have  on$ 
miial  circUf  whou  centre  it  the  pole  of  the  chord  Joining  the  two 

JS,  a  -  )i  in  the  points,  then  the  pole  of  their  chord  is  the  point 

(  sin  a/cos  i3f  and  the  perpendicular  from  this  on  the  focal  chords 

mon  yalue,  h  tan/3.    Hence  the  proposition  is  evident. 

(Chables.) 
3n  of  the  circle  is 

;  cofliS  -  a  oosa)'  +  (y  cos/S  -  &  sina)'  «  ^  an^fi.         (572) 

gle  ^  between  the  tangents  to  an  ellipse  from  a  point  0  can  be 
lerms  of  the  focal  yectors  to  their  point  of  intersection, 
be  the  foci,  T  one  of  the  points  of  contact.  Join  FT,  F'T 
0  8,  making  TS^  TI*,  Join  08,  OF,  OF,  then,  denoting 
p,  p',  the  sides  of  the  triangle  0F8  are  respectively  equal  to 
iie  angle  J'0i9=^. 

ooB<p^^ 2^' »  <^^^) 

+  p'  B  2a',  we  get 

PR 
',  /i"  he  the  semi-axes  major  of  three  confocal  ellipses,  and  if 
int  in  the  outer,  tangents  be  drawn  to  the  three;  then,  if 

the  angle  between  tangents  to  the  confocals  /i,  fi, 

Ein»  (/Oi') :  sin«  oi^")  ::/**-  m'^  :  M*  -  m"*,  (676) 

^ts  to  two  confocals  be  at  right  angles,  the  locus  of  their 
B  a  circle. 

lote  the  length  of  the  chord  joining  the  points  (a  +  0),  (a  -  0), 
1.  {  177)  c>  ^  ib'^  sin>)3,  and  from  Ex.  12, 


sin'  $  = 


2x*'» 

ab  ' 


(Bu&NSiDB.)  (576) 


igent  to  one  confocal  be  peipendicular  to  a  tangent  to  another, 
tontact  is  bisected  by  the  line  joining  their  intersection  to  the 
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Let  the  confocaU  be 

the  points  of  contact,  then  the  co-ordinatee  of  the  middle  point  of  flue  M 
of  contact  are  }  (:?'  +  x"),  }  (y'  +  y").  Alao  the  line  joining  tha  eotnto 
the  intersection  of  the  tangents 

ir«7a»  +  yy74»  -  1  =  0,    aaT'/a'*  +  jy/^'*  -  1  =  0 
X  {if  la*  -  xT'la'^  +  y  (//i»  -  y"/***)  »  0 ; 

and  substituting  the  co-ordinates  }  (s*  +  «")  }  (/  +  y")»  we  find  that  it  ii 
satisfied  if  arV'/aV  +  f^y^jm'*  »  0,  which  is  the  oondxtion  that  tho  tn- 
gents  are  perpendicular. 
20.  If  tangents  to  the  confocals 


y» 


^        yt 


-T  +  ^-l  =  0,    --+|--1  =  0 

be  at  right  angles  to  each  other,  the  line  joining  the  point  of  contset  <&■• 
to  the  point  of  contact  on  the  other  is  a  tangent  to  a  third  ooDfoeal,  Ai 
squares  of  whose  semi-axes  are 

Let  PT,  Q7  be  the  tangents  to  the  confocals  «,  «i ;  (7  the  osntn^  4  ^ 


the  foci:  join  PQ,  SQ,  CT,  and  draw  CIT,  CF parallel  to  8Q,  FQ,^ 
(Ex.  19)  PQ  is  bisected  in  E.    Hence  2!Sb  J^Q;  .*.  CT-  (7r.    HffM 

Cr  =  \/a»  +  *i»,  and  CCr=  ai.    Hence  the  ratio  of  CIT":  CTis  gifen,  tW 
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tbntbof  sin  CVU:  an  CUV,  or  of  sin  TQP:  sin  TQS  is  given.  Hence 
iz.  16),  the  envelope  of  PQ  is  a  confocal  conic.  Let  a$  be  (the  semiaxes, 
m  ¥6  have  (£z.  16), 

sin*  TQF:  sin*  TQ8:  :  ai»  -  o«:  *i», 
It  tin*  TOP :  sin'  TQS : :  (7[7» :  (7F» : :  ai»  :  a*  +  *i«. 

(noe  o'  =  a'ai'/(«'  +  *i') 

inilidy,  0*  =  *«*i«/(a«  +  *i*). 

SI.  If  tangents  to  two  confocal  ellipses  be  parallel,  the  angles  subtended 
ttba  foci  by  the  points  of  contact  are  equal. 

Fbegier's  Theobsm. 

182.  If  from  a  point  a  on  the  ellipse  rectangular  chords  AB, 
4C be  drawn,  meeting  it  again  in  the  points  B,  C,  BCiateT' 
leeti  the  normal  at  ^  in  a  point  2),  whose  co-ordinates  are 

<w»  cos  o/(fl?  +  5'),     -  hci^  sin  a/(a*  +  i»). 

Ihai, — Let  the  eccentric  angles  of  the  points  B,  C  he  fi,  y, 
^  the  equations  of  AB,  AC  are 

lcoBi{a  +  l3)x4-a  sin  J(a  +  )8)y-a5  cos  J  (a  -  )S)  =  0, 

i  cos  J  (a  +  y)  a?  +  a  sin  J  (a  +  y)  y  -  tf^  cos  J  (a  -y)  =  0, 

lad  smee  these  lines  are  at  right  angles, 
i^cos  J  (a  +  )S)  cosi  (a  +  y)  +  a'  sin  J  (a  +  )S)  sin  J  (o+y)  =  0. 

Haice      (fl?»  +  i»)  cosi  08 -y)  - c*  cos  (a  +  Ji^  +  fy)  =  0. 

Again,  if  we  substitute  the  co-ordinates  of  D  in  the  equation 
^  "^C,  we  get  the  same  result.  Hence  the  proposition  is  proved. 

Cor. — ^If  the  point  A  moves  along  the  ellipse,  the  point  JD  will 
wribe  another  ellipse,  viz. 

«»/a*  +  yV^  =  ^/(a»  +  ^)'.  (678) 


1.  If  0  be  the  bentre,  the  angle  AOD  is  bisected  by  the  transverse  axis. 
1  If  perpendiculars  be  drawn  from  A  to  any  pair  of  conjugate  diametetf 
i  fiat  joining  their  feet  bisects  AD, 

a2 


i 
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188.  The  loeua  of  the  pole  of  any  tangent  to  am  eUipUf  wiHk 
retpeet  to  a  circle  whose  centre  is  one  of  the  foci,  i*  a  eireU, 

Dem. — Let  8  (see  fig.  §  181)  be  the  focnSy  R  the  radius  «l 
the  circle  whose  centre  is  S^  and  with  respect  to  which  tb 
poles  are  taken.  Let  fall  SL  perpendicular  to  the  tangent  to 
the  ellipse,  and  make  SL  .  SQ  ^  B?  \  then  Z,  Q  are  invene 
points  with  respect  to  the  circle  whose  radius  is  R ;  and  once 
the  locus  of  L  is  the  auxiliary  circle,  the  locus  of  Q  is  itsinTene, 
and  is  therefore  a  circle ;  but  Q  is  the  pole  of  LL'y  and  id  the 
point  whose  locus  is  required ;  hence  the  proposition  is  proved. 

Def. — The  locus  of  the  poles  of  aU  the  tangents  to  any  curve  wiA 
respect  to  a  circle  is  caUed  the  becipbocal  polab  of  that  curvs  M 
respect  to  the  circle, 

From  this  definition  we  see  that  the  foregoing  propositioi 
may  be  enunciated  as  follows  : — The  reciprocal  polar  rf^ 
ellipscy  with  respect  to  a  circle  whose  centre  is  one  ofthefoci,  u^ 
circle. 

Cor,  1. — If  we  take  two  consecutive  tangents  to  the  ellipse, 
their  poles  will  be  consecutive  points  on  the  circle  which  is  tix 
reciprocal  polar  of  the  ellipse  ;  but  the  join  of  the  poles  of  tft 
lines  is  the  polar  of  the  point  of  intersection  of  the  lines.  Hencf 
the  locus  of  the  pole  of  any  tangent  to  a  circle  is  an  ellipse.  Ii 
other  words,  The  reciprocal  polar  of  a  circle  with  respect  to  enoUe 
circle  is  an  ellipse,  having  the  centre  of  the  reciprocating  circle  je 
one  of  its  foci. 

Or  thus : 

Let  S  be  the  centre  of  the  reciprocating  drcle,  Q  any  paid 
on  the  circle  whose  reciprocal  polar  is  required ;  join  iSQ,  ao( 
make  SQ  .  SL  =  i?,  and  dr^w  LL'  perpendicular  to  SQ,  Now 
since  SQ ,  SL  =  IP,  the  locus  of  L  is  the  circle  which  is  tb 
inverse  of  that  which  is  to  be  reciprocated ;  and  since  LL'  i 
perpendicular  to  SL,  the  envelope  of  LL'  is  the  first  negttiT 
pedal  of  a  circle  with  respect  to  a  given  point. 
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— Since  tho  anxiliary  circles  of  a  system  of  confocal 
I  a  system  of  concentric  circles,  and  the  inverse  of  a 
concentric  circles  is  a  system  of  coaxal  circles,  we  have 
ing  theorem : — The  reciprocal  polara  of  a  system  of  eon- 
M»,  with  respect  to  a  circle  whose  centre  is  one  of  thefod, 
I  of  coaxal  circles^  having  the  focus  as  one  of  the  limiting 
!onyersely,  The  reciprocal  polars  of  a  system  of  coaxal 
Ith  respect  to  one  of  the  limiting  points^  is  a  confocal 
ving  that  point  for  one  of  the  foci. 


quadrilateral  AA'BJB*  be  inscribed  in  a  circle  X,  and  if  the 
\B,  A'B*  touch  a  circle  F  of  a  system  coaxal  with  X,  then  the 
I  to  Euclid,  Fifth  Edition,  p.  126),  AA',  ^^  touch  another  circle 
I  tyttem,  and  the  four  points  of  contact  are  collinear.  Recipro- 
fuadr%lat$ral  he  cireumteribed  to  an  eUip$$y  and  if  two  of  it$ 
'tices  lie  on  a  confocal  ellip»e,  two  of  the  remaining  vertieet  lie 
wtfoeal,  and  the  four  tangente  at  these  vertieet  are  concurrent, 

Bciprocal  polar  of  the  directrix  of  an  ellipse  with  respect  to  a 
centre  of  the  circle  into  which  the  ellipse  reciprocates. 

aiiable  chord  of  a  circle  subtend  a  right  angle  at  a  fixed  point 
circle,  its  enyelope  is  an  ellipse,  having  the  fixed  point  for  one  of 


be  one  of  the  limiting  points  of  two  circles  0,  (/,  and  LA,  LB 
'ectors  at  right  angles  to  each  other,  and  terminating  in  those 
locus  of  the  intersection  of  tangents  at  A  and  ^  is  a  circle  coaxal 
[Sequel  to  Euclid y  Fifth  Edition,  p.  162).  Reciprocally,  If  two 
e  to  each  of  two  confocal  ellipeetf  be  at  right  angles  to  each  others 
of  the  line  joining  the  points  of  contact  is  a  confocal  ellipse, 

enyelope  of  the  chord  of  contact  of  tangents  to  a  circle  which 
l^yen  angle  is  a  concentric  circle.  Reciprocally,  the  locus  of  the 
of  tangents  to  an  ellipse^  whose  chord  of  contact  subtends  a  given 
foeuSf  it  an  ellipse,  having  the  tatnefocttt  and  directrix, 

he  rectangle  contained  hy  the  segments  of  any  chord  passing 
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through  a  fixed  point  in  the  plane  of  an  eUipse,  it  to  Ou  ifi^ 
of  the  parallel  semidiameter  in 
a   constant    ratio.     (Compare 
§  156.) 

Let  0  be  the  fixed  point, 
and  take  the  lines  OX,  OYaa 
axes  of  co-ordinates  parallel  to 
the  axes  of  the  ellipse ;  let  the 
co-ordinates  of  the  centre  with 
respect  to  OX,  OT  he  x',  y* ; 
then  transforming  to  0,  as  origin,  the  equation  of  the  eUipeeii 


(*-£7      (y-y)» 

o  T  «.  ^     *• 


w 


a'  b* 

Now,  take  any  point  It  in  the  ellipse,  join  OR^  meeting  the 

curve  again  in  It' ;  then,  if  r,  ^  be  the  polar  co-ordinates  of  J, 

we  have  a?  =  r  cos ^,  y  -r  wa.0.    Hence  from  equation (i.) f« 

get 

(a»  sin'tf  +  5»co8«  ^)r»  -  2  (aV  sin^  +  i»«'  cos  e)r 

Now,  the  roots  of  this  quadratic  in  r  are  022,  OBf. 


(II.) 


Hence 


OR .  OR'  = 


a»sin«tf+^co8»tf* 

Again,  if  p  be  the  radius  vector  through  the  centre  paialld*^ 
OR,  we  have 


.2M 


P'  = 


a»6in»^+i«co8»^' 


therefore 


OR.  OR     tx^     y^     , 


(579) 


that  is,  equal  to  the  power  of  the  point  with  respect  to  ft* 
ellipse.     Hence  the  proposition  is  proved. 

Cor,  1.— If  OS  be  another  line  through  0  cutting  the  dlip* 
in  8,  S',  and  p'  the  parallel  semidiameter, 

OS .  OS'     a/^     y'» 


v'2 


=  ^^V-*- 
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36 


OR .  OR     p' 


(680) 


08  .  08'  "  p'>' 

2. — ^If  throngh  another  point  o  two  chords  be  drawn 
I  to  the  chords  OR^  08,  and  cntting  the  curve  in  r,  r' 
spectiyely, 

OR .  OR'     or  .or' 

08.08'^  os.oi''  ^     ^ 

3. — If  the  points  R,  Rf  coincide,  OR  becomes  a  tangent, 
8,  8'  coincide,  08  becomes  a  tangent;  hence  from 
Any  two  tangents  to  an  ellipse  are  proportional  to  their 
temidiameters. 


)  rectangle  EP.  FJ)  (see  fig.,  §  177,  Ex.  1)  is  equal  to  the  square 
nllel  semidiameter. 

iny  tangent  meets  two  conjugate  semidiametezs  of  an  ellipse,  the 
I  under  its  segments  is  equal  to  the  square  of  the  parallel  semi- 
bough  any  point  0,  in  the  plane  of  an  ellipse,  a  secant  be  drawn 
Jie  ellipse  in  two  points  E,  R,  the  locus  of  the  point  Q,  which  is 
Qoic  conjugate  of  0  with  respect  to  R^  E\  is  the  polar  of  0,    For 

OQ^  OR'^  OR'  ^     \  aV'  +*»«'»-  a»*»  /  ' 
denoting  OQ  by  p,  we  get,  putting  pcosOa^;,  psinO-y, 

*»«'  {x'  -  «)  +  a«y'  (y'  -  y)  =  a'6», 
brming  to  the  centre  as  origin, 

xx'     yy'     , 

T.  +  F  +  '  =  "' 

the  polar  of  the  point  -  x'  -  y'  (see  §  181,  Ex.  4). 

l,Bhe  any  two  points,  C  the  centre  of  the  ellipse,  and  itAO,  BR 
parallel  to  CB^  CAy  intersecting  the  polars  oi  B,  A,  respectively, 
ints  (?,  M;  then  AO  .  CB :  AC .  BE:  :  square  of  semidiameter 
9 :  square  of  semidiameter  through  A, 

iN  be  the  polar  of  the  point  A ;  P  any  point  on  the  ellipse ;  AF 
icular  to  the  tangent  at  P;  FO  the  portion  of  the  normal  inter- 
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oepted  between  the  curve  and  the  transrene  axis ;  PM  a  peipendieols 
from  Pon  MN\  then  PG .  AF  yaries  as  FM,  For  if  the  co-oidiniM <)< 
AUa^y'\  of  P,  iF"y";  then 

therefore  Pif  ^_+ ^)*  «  __-. 

This  theorem  giyes  an  immediate  proof  of  Haicilton'8  Law  of  font.' 
Froeeedingt  of  the  Royal  Irish  Academy,  No.  ltit.  yoI.  iii.,  p.  308.  All 
Quarterly  Journal  of  Mat hematiet,  vol.  t.,  pp.  233-235. 

6.  Find  the  equation  of  the  line  through  the  point  x'y'  parallel  to  it 
polar.  If  (a  +  0),  (a  -  i9)  be  the  eccentric  angles  of  the  points  of  ooDtM 
of  tangents  from  x'y,  the  line  required  is 

a?  cos  a.  y  sin  a  _      .       _  ..-m 

+  '— r —  -  sec  i9  s  0  a  X.  (682) 

a  b 

7.  In  the  same  case  the  line  through  the  centre  and  «V  ^ 

1^"  _  yf2^  =  0  -  Jf .  (68J) 

a  h 

8.  The  equations  of  the  tangents  through  x'y'  to  the  ellipse  are 

Xcos)9  iJfsiniS^O.  (684) 

9.  The  product  of  the  equations  of  the  tangents  is 

(^S-)(S*S-)-(5-^-V-»-  '- 

Compare  §§  85,  150. 

*  185.  To  find  the  major  axis  of  an  ellipse  eonfoeat  to»p^ 
one  and  passing  through  a  given  point. 

Let  hk  be  the  given  point,  i  +  v,  -  1  "■  0  tlie  given  ellip 
then,  putting  a"  -  5*  =  c*,  the  equation  of  the  required  ellip* 

will  be  of  the  fonn  —  +  -if—*  =  1,  and  substituting  the  giv 

% 

*  The  student  is  recommended  to  omit  this  proposition  until  he  hii « 
the  chapter  on  the  hyperbola. 
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tea  we  get 

a'*  -  (A>  +  jt»  +  i*)a^  +  o»A«  =  0.  (586) 

:ly       5'*  -  (A»  +  if  -  tf»)  5'»  -  tf»;fe«  =  0.  (587) 

e  roots  of  these  equations  be  a'*,  «"*, ;  5",  5"*,  respec- 
hen 

aV'=<?A,     i'3"=tf;fev^^.  (588) 

we  have  the  following  theorem  : — Two  amfocaU  to  the 

+  jT  -  1  3  0  can  he  drawn  through  the  point  hh :  the 
r 

ftofthe  semiaxes  major  of  these  confoeaU  is  ch^  and  of  the 

minor f  ehi;  where  i  denotes,  as  usual,  ^y/-  1. 
I  be  seen  in  Chapter  tu.  that  one  of  these  confocals 
a  hyperbola  unless  i^  =  0,  in  which  case  one  of  them 
sist  of  the  two  foci. 

•The  semiaxes  major  a\  a"  of  the  two  confocals,  which  can 

to  a  given  ellipse  through  a  given  point,   are  called 

TIC  co-o&DiNATEs  of  the  point  (Lame,   ''Co-ordonne6s 

les"). 


A>+it» 


a'^o"'  -  hn"^     a'2  (a"»  -  3"»)  +  *"»  (a"  -  h"^) 


=  a'»  +  3"»  =  «"«  +  h\        (589) 

. — The  two  confocals  to  a  given  ellipse  which  can  be 

Tough  any  point  cut  each  other  orthogonally.    For  the 

are 

hx     ky     ^     ^     hx      hy     ^     ^ 

)  tangents  are  perpendicular  to  each  other  if 


+ 


«^a"»  '  h'^V'^  ^  ^'    ^'  ^  "  o» '" 
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Cor*  8. — Let  p\  p"  denote  the  perpendicnlars  from  the  oentre 

on  the  tangents  to  the  confocals  through  hk  at  that  point,  and 

fi\  ft"  the  Bemidiameters  conjugate  to  the  semidiameter  dnwB 

to  hk, 

)S'»  +  A»  +  ;fe«  =  a^  +  i'»;      [Equation  (620)] 

therefore  ^^a^-- a^\    ( Cor.  1).  (590) 

Similarly,  )S"»  =  ^"»  -  h\  (691) 

But        p'p'  =  a'^'  [§  176,  Cor.  8]  ;  .-.  p''  -  ^^^^.    (592) 
SimUarly,  p"*  -  ^^.  (5ilJ) 

Cor.  4. — ^By  means  of  the  values  of  h\  ife*,  Cor.  1,  we  fin4 
after  an  easy  reduction, 

(o^ -a»)  +  (a"«  -  a*)  "    A»  +  ife»  -  («» +  ^)    ' 

and  substituting  for  hk  the  values ;r- 1   ;r  f?  181,  Ei.  2} 

cos)8       cos^  *-^ 

this  reduces  to  .-- — ttt .  f    .,, -3.    Hence  [§  l^t 

(a*  -  h^)  cos  2a  -  (a'  +  ^)  cos  2)9  '•^ 

Ex.  10]  we  have  the  following  theorem : — i/*^  denote  th^ 
between  the  tangente  to  the  ellipee  -^  +  ^  «  1  ■="  0,  from  the  f^m 
whose  elliptio  co-ordinates  are  a',  a", 

^      (a'»  -  fl»)  -  (a»  -  a">)  ^     ' 


therefore 


*^**=>/^3^-  (^'^^ 


Therefore  if  ^  denote  the  angle  which  the  tangent  9k  f^ 
the  conf ocal  a'  makes  with  the  tangent  from  P  to  the  origiB'^ 
ellipse,  we  have 


cot^ 
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aoce 


Cor,  5. — The  results  proved  give  a  new  demonstration  of  the 
cq^ositLons,  §  181,  Ex.  16. 

The  principal  theorems  in  (hrs.  4  and  5  were  first  published 
a  Paper  of  mine  in  the  Messenger  of  Mathematies  in  the  year 
)66,  and  were  extended  to  sphero-conics,  and  to  curves  on  con- 
ical qnadrics.  Corresponding  theorems  were  given  by  Chaslss 
IT  geodesic  tangents  to  lines  of  curvature  on  the  ellipsoid. — 
MJiJiLLE^B  Journal,  1846. 


1.  The  locus  of  the  pole  of  the  line  /ix-k-  rp^l,  with  respect  to  ft  system 

.     .  «»     y* 

■  comes  conf ocal  to  —  +  71-IBO,  is  the  line 

a*      er 

--??  =  «».  (697) 

fi     p 

^  The  equation  of  the  director  circle  of  an  ellipse  in  elliptic  co-ordinatee 
I.  U  from  the  centre  of  the  ellipse  -^  +  ^  » 1  a  parallel  be  diawn  to  the 

a*       ir 

■l|Qit  from  any  point  Pon— +^=1  toa  given  confocal  (a'),  to  meet 

tb  tangent  at  P  to  the  first  ellipse,  the  locus  of  the  point  of  intersection  is 
I  circle. 

^  If  a',  a"  be  the  elliptic  co-ordinates  of  any  point,  ^  the  angle  included 

Wtteia  the  tangents  from  this  point  to-r  +  ^-l  =  0;  then 

a  '  8in»  \^  +  a"«  cos«  i  ^  =  a«.  (598) 

^  If  from  the  intersection  of  tangents  to  an  ellipse  distances  be  measured 
^'^  the  tangents  equal  to  the  focal  vectors  of  the  intersection,  the  length 
''^  join  of  their  extremities  s  2a. 

^*  The  difference  between  the  sqiiares  of  the  perpendiculars  from  the 
'^^  on  parallel  tangents  to  two  confocals  is  constant. 
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7.  The  locus  of  the  points  of  contact  of  parallel  tangents  to  a  system  of 
confocal  ellipses  is  a  hyperbola. 

8.  The  locus  of  the  point  (a)  on  a  system  of  confocal  ellipses  is  a  confoeal 
hyperbola. 

9.  The  eccentric  angles  of  the  points  of  intersection  of  a  system  of  con- 
focal ellipses  by  a  confocal  hyperbola  are  all  equal. 

10.  If  two  secants,  OB,  OS,  cut  the  ellipse  in  the  points  B,  Jff;  8,  S^ 
tespectively,  and  be  tangents  to  a  confocal, 

5s-^'=rs--k-      (M.BoB»a«.)        (899) 

For  let  a'  -  \\  i*  -  x'  be  the  semiaxes  of  the  confocal ;  6%  h"  the  semi- 
diameters  parallel  to  OR,  OS;  then 

J 1_  _      JRJi'  __  2a*'» 

OB      0R'~ 

In  like  manner, 


OM .  OS 


LKO* 


1_ 

08 


2\b"^ 


OS'     ab  08,08'" 
But  OR,  on: -.08,08'::  b'^  :  T*.     [Equation  (580)] 

Hence  the  proposition  is  proved. 

186.  To  find  the  polar  eqtiation  of  an  ellipse,  the  focus  heingpnh, 
K  the  focus  be  origin  the 
equation  of  the  ellipse  is 

a:»  +  y«  =  (j»(a:+/)«.    [§  173] 

Hence,  putting 

:r  =  p  cos  ^,     y  =  p  sin  tf , 
we  get 

^        1-tfCOS^' 


that  is, 


1  -  tf  COS  ^* 


(600) 


It  is  usual  in  Astronomy,  when  the  polar  equation  is  em- 
ployed, to  denote  the  angle  ASP,  called  the  true  anomaly, 
by  6 ;  then  the  polar  equation  is 

,  ,  £(i^  (601) 

^       1  +  tf  COS  tf  ^         ' 
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Since  0  (1  -  ^)  «  ^  latus  rectum  =  /  suppose,  the  polar  equa- 
tion is  p  » -^.  (602) 

'^     1  +  tf  cos  tf  ^       ' 

Cor.  1. — If  the  angular  co-ordinates  of  two  points  on  the 
ellipse  be  a  +  )3,  a  -  ^,  the  equation  of  their  joining  chord  is 


I 

-  =  tf  cos  fl  +  sec  )5  cos  (0  -  a). 
P 


(603) 


Far  aasmning  it  to  be  of  the  form 

-  a  -4  cos  fl  +  -5  cos  (tf  -  a), 
P 

and  putting  in  succession  for  0  the  values  a  +  )?,  a  - )?,  we  get 
1  +  d  co8(a  +  j8)  =  -4  cos(a  +  j8)  +  -5  cosjS, 
1  +  tf  cos  (a  -  j8)  =  -4  cos  (a  -  j8)  +  J9  cos  )5, 
A  =  e,    «?  «  sec  jS. 


Cbr.  2. — The  equation  of  the  tangent  at  the  point  a  is 


-  =  tf  cos  tf  +  cos  (tf  -  a). 
P 


(604) 


Cor.  3. — The  polar  co-ordinates  of  the  intersection  of  tangents 
mt  the  points  whose  angular  co-ordinates  are  a-\-  p,  a-  fi  are 

fl  =  a,     p  =  ll{e  cos  a  +  cos  P).  (605) 

Ckw.  4. — The  equation  of  the  normal  at  a  is 

-  tf  sina  B  (1  +  d  co8a)|tf  sintf  +  sin(tf-a)}.         (606) 
P 

Yor,  if  we  put  0  «  a  we  get    //p  «  1  +  *  cos  a,    and  if  we  put 
0  »w   we  get  Ijp  a  (1  +  tf  cosa)/^. 


1.  If  Pf  p'  denote  the  segments  of  a  focal  chord, 


1      1      4 

-  +  -  -  7. 
P     P       i 


(607) 


r 

I 
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2.  The  rectangle  contained  by  tlie  segments  of  a  focal  ohofd  is  propoi* 
tional  to  the  length  of  the  chord. 

3.  Any  focal  chord  is  a  third  proportional  to  the  transTerse  axiB  andtks 
parallel  diameter. 

4.  The  sum  of  the  reciprocals  of  two  perpendicular  focal  chotdf  a  v^' 
stant. 

5.  If  any  chord  BSf  of  an  ellipse  meet  the  directrix  in  D,  the  line  f 
bisects  the  external  angle  of  the  triangle  BSSf. 

6.  The  join  of  the  intersection  of  two  tangents  to  the  focus  Wsectoto 
angle  made  by  the  focal  vectors  of  the  points  of  contact. 

7.  If  any  point  on  an  ellipse  be  joined  to  the  extremities  of  the  tiu*- 
yerse  axis,  the  portion  of  the  directrix  which  the  joining  lines  intentp* 
subtends  a  right  angle  at  the  focus. 

8.  The  angle  subtended  at  the  focus  by  the  portion  of  any  Tariibletia* 
gent  intercepted  by  two  fixed  tangents  is  constant. 

9.  If  a  tangent  from  a  variable  point  subtend  a  constant  an^  8  it  the 
focus,  the  locus  of  the  point  is 

-  =  cos  8  +  *  cos  ^.  (608) 

P 

10.  If  a  chord  PQ  subtend  a  constant  angle  28  at  the  focus,  the  keoiol 
the  point  where  it  meets  the  bisector  of  that  angle  is 


-asec8  +  0COB9. 
P 


m 


11.  If  0  denote  the  true  anomaly ,  ^  the  supplement  of  the  eccentric  aogl0 


tan  ^$  .  tan  }4>  =  ^- . 


(610) 


12.  If  a  circle  passing  through  the  focus  of  an  ellipse  touch  it  at  the  poin^ 
whose  angular  co-ordinate  is  a,  prove  that  its  equation  is 

f>(l  +tf  cosa)2=^{cos(a  +  o)  +  tfcos(«-2a)},  (611) 
and  that  the  common  chord  is 

f>  («*  cos  «  +  ^  cos  («  +  a))  «  / (1  +  2«  coea  +  «^,  (61?) 
and  if  a  vary  the  envelope  of  the  chord  is 

p(i»»-«»cos«)  =  /(l-i»).  (61S) 
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Exercises  on  the  Ellipse. 

I.  Find  the  eccentricity  of  the  ellipse  3x'  +  4y'  =  1. 

L  If  two  central  Tectors  of  an  ellipse  be  at  right  angles  to  each  other 
)  ram  of  the  squaree  of  their  leciprocals  is  constant.  (Stbineb.) 

S.  Find  the  equation  of  the  circle  through  either  extremity  of  the  trans- 
ne  axis  and  both  extremities  of  the  latus  rectum. 

i.  Find  the  equation  of  the  tangent  at  either  extremity  of  the  latus 
ctum. 

6.  The  locus  of  the  middle  points  of  chords  of  an  ellipse  passing  through 
l^ren  point  is  an  ellipse  whose  axes  are  parallel  to  those  of  the  giyen 


6.  If  from  any  point  in  a  circle  a  line  he  drawn  making  a  giyen  angle 
vifii  i  fixed  line,  and  divided  in  a  giyen  ratio,  the  locus  is  an  ellipse. 

7.  If  a  transrersal  cut  the  conies 

»*/•»  + y*/J»  -  1  =  0    and    «»/a«  +  y'/**  "t  A  («*  +  y»)  -  1  =  0 

vto  X  is  any  constant  in  the  points  F,  Q;  P*,  (^  respectiyely,  proye  if  O 
h  the  common  centre  that  the  angle  FOP=  QOQf,  State  what  this  theorem 
*«>mesifx  =  -  l//»». 

!•  The  reciprocal  polars  of  the  conies  in  Ex.  7»  with  respect  to  a  con- 
cntrie  circle  are  confocal  conies. 

9.  If  a  common  tangent  to  the  two  ellipses 

Ml  the  first  in  a^y*,  and  the  second  in  x' V'  i  ^^^  ^^"  ^  equal  to  the 
Ittie  of  the  abscissa  of  either  of  their  points  of  intersection,  and  y'y"  to 
^i^nsie  of  the  corresponding  ordinate. 

10.  If  the  sum  of  the  tangents  drawn  from  a  point  to  two  circles  be  giyen, 
HI  locus  of  the  point  is  an  ellipse. 

U.  If  a  circle  described  through  any  point  P  on  the  minor  axis  of  an 
*^^  and  through  the  two  foci  intersect  the  ellipse  in  the  points  Q,  Q ; 
^^  that  PQ,  PQ*  are  either  tangents  or  normals  to  the  ellipse. 

12.  Tangents  are  drawn  from  a  fixed  point  P  to  a  system  of  oopfboil 
''^;  if  T,  T'  be  the  lengths  of  the  tangents  to  any  of  the  sHiptMi 
Qttr  included  angle,  prove 

(\jT  +  I/TO  008  i^  B  constant.     (Osowair.) 
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Let  8j  Sr  be  the  foci,  produce  ST,  8T,  and  make  TU=  TS,  TV^Tf, 
UR  =  Vr.    Join  RP,  UP,  VP,  then  RP=  PT,  and  it  is  ea«y  towetbit 


the  angle  TPR  -  SPS\  and  is  given,  since  5,  P,  ^  are  given  points.  Uti*^ 
bisect  the  angle  SPU,  then  it  also  bisects  TPR,    Now,  in  the  \jrm^ 

TPR,  SPU   \lPT-k-  IjPR  =  2  C08  iRPTIPW, 

1/5P+  l/PCr=  2  cos  J  SPUIPJF, 

\IPT+  1/Pr  =  2  fio%\8PS'IPW, 

IISP+  1/-S'P=  cosj  TPTIPJF^  2  coaJ«/P»^, 

.-.     (l/r+  1/r)  cos  ja  =  (1/-SP+  1/-S'P)  COB  J^PiS', 
and  is  given. 

13.  The  area  of  the  triangle  fonned  by  the  tangents  from  the  paint 

cos  a      &  sin  a^ 


and 
that  is, 
and 


(- 


■)■ 


cos  i9  '      cos  6 
and  their  chord  of  contact,  is  ab  sin'jS  tan  $. 

14.  If  from  any  point  T  in  PT  (the  tangent  at  P)  a  perpendionlar  fS^ 
drawn  to  the  focal  vector  SP,  and  a  perpendicular  TM  on  the  direetnxi 
then  SR  =  eTM, 

15.  Find  the  equation  of  the  circle  described  on  the  intercept  which ^ 
ellipse 

-  +  --1=0 

makes  on  the  line  y  =  mz  +  n ;  and  thence  show  how  to  find  the  length  d 
the  normal  at  any  point  of  an  ellipse  until  it  meets  the  ellipse  again. 
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ens  ol  Uie  intersection  of  tangents  at  the  extremities  of  a  pair 
diameters  is 

5  +  ^-2.  (616) 

ope  of  the  join  of  their  extremities  is 

he  co-ordinates  of  the  pole  of  the  normal  at  the  point  a,  and 
)  locus  of  the  pole  is 

«•/»»  +  ««/y»  =  c*.  (617> 

agent  at  any  point  P  meet  the  transyerse  axis  in  T\  then,  if  8 

cos  SPT  =  «  COS  STF,  (618) 

that  the  pedal  of  the  ellipse  with  respect  to  its  centre  is 

that  two  of  the  normals  drawn  from  the  point  whose  oo-ordi- 
^  cos  a  cos  2a        e'  sin  a  cos  2a 


V2 


*V2 


we  at  the  extremities  of  a  pair  of  conjugate  diameters. 
B,  CfDhe  the  feet  of  four  normals  drawn  from  a  point  if  to  an 
lose  centre  is  0,  the  perpendicular  from  drcumcentres  of  the 
led  hy  any  three  of  the  points  A,  3,  C7,  2)  upon  the  common 
and  the  osculating  circle  of  the  fourth  bisects  the  line  OM. 

8.) 

nation  (649)  may  be  written  in  the  form 

1  side  equated  to  zero  represents  the  circle  A,  described  on  OM 
the  second  side  equated  to  zero,  represents  a  line  8,  parallel 
at  at  the  point  D^tbe  symmetrique  of  D  with  respect  to  the 
18  of  j^,  and  therefore  parallel  to  the  common  chord  of  £  and 
I  drde,  the  line  9  being  the  radical  axis  of  the  circle  (649)  and 
.e  proposition  is  proved. 

he  equation  of  the  pair  of  lines  joining  the  centre  of  the  ellipse 

of  contact  of  tangents  horn  x*y\ 

im  of  the  eccentric  angles  of  four  concyclic  points  on  an  ellipse 
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24.  If  a  circle  OBCulate  an  ellipse  at  the  point  a,  the  co-ordinttes  of  the 
point  where  it  meets  the  ellipse  again  are,  a  cos  3a,  —  6  sin  3a. 

26.  The  sum  of  two  focal  chords  of  an  ellipse  parallel  to  two  conjugate 
diameters  is  constant. 

26.  Any  two  fixed  tangents  are  cut  homographically  by  a  Tariable  tan- 
gent. 

For  the  angle  which  the  intercept  on  the  yariable  tangent  subtends  at  the 
focus  is  constant. 

27.  If  i^  be  the  focus,  Tany  point  on  the  tangent  at  P,  TMn,  perpen- 
dioolar  on  the  directrix ;  then,  if  ST=  $'  TM^ 

coeP^Ta^. 

28.  If  a  chord  FF*  of  an  ellipse  pass  through  a  fixed  point  T,  and  if 
8T=$'  Tif,  then 

«-/ 

tan  \  PST.  tan  \FST^ ;.      (M'Cullaoh.)    (620) 

p  "t"  p 

29.  If  tS,  iS'  be  the  foci,  and  if  the  circle  described  on  8S^  as  diameter 
meet  two  conjugate  diameters  in  JT,  JT',  proTe  that  the  sum  of  the  squares 
of  the  perpendiculars  from  if,  H'  on  any  tangent  is  constant. 

30.  If  all  the  tangents  to  an  ellipse  be  inyerted  from  any  internal  point, 
the  locus  of  the  centres  of  all  the  circles  into  which  they  inyert  is  an  ellipse. 

31.  If  r  be  the  intercept  which  any  normal  to  an  ellipse  makes  on  the 
transverse  axis,  and  ^  the  angle  which  it  makes  with  it,  proTe 

(621) 


(aa  +  ft«tan»4>)r 

82.  If  two  sides,  AB^  BOottk  triangle  be  fixed,  but  the  third  moving  in 
any  way,  prove  that  the  drcumcentre  0,  and  orthocentre  S  of  the  triangle 
ABC  describe  curves  inversely  similar.    (Nbubbbo.) 

For  AO  and  AB  make  equal  angles  with  the  bisector  of  the  angle  BAG 
and  AH^a  2A0  coaA. 

33.  If  two  central  vectors  of  an  ellipse  be  at  right  angles  to  each  other 
the  envelope  of  the  join  of  their  extremities  is  a  circle. 

34.  If  the  chords  joining  the  pairs  of  points  a,  /3 ;  7,  8,  respectively, 
meet  the  transverse  axis  in  points  equally  distant  from  the  centre,  prove 

tan^tan^tan^tanlsl.  (622) 

2  «         2         « 
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S5.  If  the  oo-ardinates  in  £z.  20  be  denoted  by  a?,  y,  proTe 

2  (a  V  +  4  V)*  =  «*  («'«'  -  *y )'.  (623) 

M.  If  CP,  (7i)  be  two  conjugate  eemi-diameten,   and  if  the  normal  at 

f  bo  piodaced  both  ways  to  Q,  Qf,  making  PQ,  FQ[  each  equal  to  CD, 

pnvB  that 

CQ^a^-h,    CQf^a^h.        (M'Cullaoh.)    (624) 

17.  If  :riyi,  siyi,  «sys  be  any  three  points,  and  if 


«i'  .  yi' 


5.J+g-i=o,  /?,.-^  +  ^-i.  r„ 


fnyre  that  -  4  (area  of  triangle  formed  by  these  points)*  -r  a'^  is  equal  to 

'    8u         Til,        Tia, 

Tui        8% 


^is» 

Tit, 
Vnlliply  the  determinants 

«*/«.      yi/*.      1 


(625) 


«i/«,      yi/*f     - 1 
*»/«!      y»/*,     - 1 


18.  If  the  three  points  form  a  self -conjugate  triangle,  with  respect  to  8, 

area  «  a/^i  8%  8zl(2ah).  (626) 

1^  r»,  Tjs,  7ts  each  «  0  in  Ex.  37. 

W.  If  they  form  a  triangle  circumscribed  about  8, 

area  =  ab  (n/ST  +  >/^  +  V^}. 

lit  .^C7  be  the  circumscribed  triangle  A\  B\  C*  the  points  of  contact, 
B  the  centre,  and  let  A'B^  be  the  polar  of  C  (xsys)*  then,  if  4>  be  the  eccentric 
d  ^y  the  area  of  \he  quadrilateral  OA'CB'  equal 


IaOA^C  b  a  cos  ^ya  -  6  sin  4>  dT}. 
IliD  nbetitating  the  oo-ordinates  of  the  point  A*  in  the  equation 

W«*  +  yy*/**  -1  =  0, 

rUib  » the  polar  ol  C,  we  get 

^  cos^  jRi  4- a  tin^ yi «  a3. 
b2 
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Hence  square  and  add,  and  we  get 

*W  +  aV  =  «'**  +  {OA*CBr^\  .-.  OA'CB'  »  «*  V^. 
Similarly, 

OB'AC'^abyfsl,    and  OCBA' =r  ab^ 

.-.    ABC=ai{y/si^+Vsi-¥'/si}. 

40.  If  the  triangle  be  inacribed  in  S, 

area  =  y/ Tu  T23  Tzil{2ab). 

41.  If  PM  be  an  ordinate  at  any  point  F  of  an  ellipse,  find  the  loeoief 
the  intersection  of  PJC  with  the  perpendicular  from  the  centre  on  thetfl* 
gent  at  P. 

42.  If  a  point  P  whose  eccentric  angle  is  0  be  joined  to  the  fod,  and  the 
joining  lines  produced  meet  the  ellipse  again  in  Q,  jS  ;  find  the  equsdonof 
QB,  and  prove  that  its  polar  lies  on  the  normal  at  $. 

43.  If  ^  be  the  eccentric  angle  of  the  point  Pof  an  ellipse,  Q  the  point 
on  the  auxiliary  circle  corresponding  to  P ;  prove  that  the  ares  of  tbt 
parallelogram  formed  by  the  tangents  at  the  points  P,  Q  and  the  poJBii 
diametrically  opposite  to  them  is  8a^&/(a  -  ^)  sin  2^.  (629) 

44.  If  the  normal  at  P  meet  the  transverse  and  the  conjugate  axes  uitfci 
points  O,  0\  respectively,  prove  that  the  middle  point  of  CO  is  the  ceDtM 
of  a  circle  through  Pand  the  extremities  of  the  minor  axis  ;  and  the  Diddb 
point  of  CO*  the  centre  of  a  circle  through  P  and  the  extremities  of  tfci 
transverse  axis. 

46.  If  the  product  of  the  direction  tangents  of  two  lines  touching  v 
ellipse  be  given,  and  negative,  the  locus  of  their  point  of  intersecti(mi>ii 
ellipse. 

46.  If  0  be  the  angle  between  a  central  vector  to  .and  the  nonnalsttbt 
pointy,  prove 


tan9  = 


^  sin  2^ 
.2«4     ' 


47.  The  lengths  of  the  tangents  from  the  point  x'y'  to  the  ellipse 

0 


^ 


are  roots  of  the  equation  in  T, 


a  b 


eVS\    (Croftok.)    (631) 
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OCif' 


ele  has  doable  contact  with  an  ellipse  at  the  points  P,  F,  Prove 
m  of  the  distances  of  the  points  P,  P'  from  either  f ocas  is  half 
the  distances  from  the  same  focus  of  the  points  in  which  the 
tersected  by  any  circle  concentric  with  the  former.    (Ihid,) 

on  any  point  on  an  ellipse  tangents  be  drawn  to  the  circle  on  the 
and  if  the  chord  of  contact  meet  the  major  and  the  minor  axes 
B  X,  Jf  respectiyely,  prove, 


+ 


ex*      CM>  "  *a 


(682) 


the  locns  of  the  middle  points — 1**.  of  chords  of  a  given  length 
e.    2*.  Of  chords  whose  distance  from  the  centre  is  given, 
the  co-ordinates  of  the  orthocentre  of  the  triangle  formed  by 
s  and  the  chord  of  contact. 

)  and  (a  —  0)  be  the  points  of  contact,  the  orthocentre  is  the 
>n  to  the  perpendiculars  from  (a  +  0)  on  the  tangent  at  (a  -  0), 
-  0)  on  the  tangent  at  (a  +  0).    Hence  it  is  the  inteiseotiQii  of 

I  (a  +  /8)«  -  2*  cos(a  +  /8)  y  =  <j»  sin 2a  +  (a»  +  ^)  sin 2/3, 

I  (a  -  /8)  J?  -  2*  cos(a  -  /8)  y  =  c«  sin2a  -  (a»  +  1^)  sin  2/3. 
we  get  by  addition  and  subtraction 

acosa.«  +  &8ina.y  =  (a'  +  ^c08/3, 

«  sec  a .  dP  -  6  cosec  a .  y  s  ^  sec  /3. 
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Hence 


«  =  {(a»  +  *a)  ain^a  +  «»  8m»/8}/a  cosa  ooe/8, 
y  «.  {(a'  +  ^)  cos</3  •  «3  cos^al/^  8ina  008/3. 


(683) 
(634) 


62.  The  sum  of  the  squares  of  the  perpendiculars  from  the  extremities  of 
any  two  conjugate  semidiameters  on  any  fixed  diameter  ib  constant. 

63.  If  CFf  CI^  be  two  semidiameters  of  an  ellipse  ;  CD,  CXf  their  con- 
jugates ;  prove,  if  FP  pass  through  a  fixed  point,  that  DJOf  also  passes 
through  a  fixed  point. 

64.  The  locus  of  the  points  of  contact  of  tangents  to  a  system  of  conf  ocal 
ellipses  from  a  fixed  point  on  the  transverse  axis  is  a  circle. 

66.  Ifdpcoea  +  ysina-i>  =  0bea tapgent to -^+^-18  0,  prove, 

p3  =  a3cos*a+^sin>a.  (636) 

66.  If  the  circle  d:'  +  y'  +  Igx  +  %fy  +  0  «=  0  passes  thxougli  the  extremi- 
ties of  three  semidiameters  of  the  ellipse 


prove  that  the  circle 


*■    y*    ,    A 

;^+i«-^=^' 


«»  +  y»  +  ^«-^y-(a»+*»  +  ff)  =  0. 
a  h 

passes  through  the  extremities  of  the  three  conjugate  semidiameters. — 

(B.  A.  BoBBRTS.)    (636) 

67.  Show  that  if  the  first  circle  in  Ex.  66  be  orthogonal  to  «*  +  y*  -  2a« 
-  2/9y  +  0'  B  0,  the  second  is  orthogonal  to 

,2  +  y24.?f^»?^  +  a»  +  ia-tf'«0.      (iWrf.)  (637) 

68.  A  trisagle  is  inscribed  in  the  ellipse 

prove,  if  dp'i  y'  be  the  co-ordinates  of  its  centroid,  and  x^  y  those  of  the 
ciroumcentre, 

I6(a>««+^')  +  9fl*  (^  +  ^\  -12<j»(«*'-yy')-fl*  =  0. 

{Ibid.)        (688) 
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69.  If  a'f  V  be  conjugate  Bemidiameten,  making  anglea  ^, 

semiaxeB,  proye 

a*^-b'^     cofl(4>-f»0 
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^*  with  the 
(639) 


60.  If  the  rectangle  contained  by  the  perpendiculars  on  a  yariable  line 
from  its  pole,  with  respect  to  a  given  ellipsei  and  from  the  centre  of  the 
ellipse,  be  constant,  the  envelope  of  the  line  is  a  confocal  ellipse. 

61.  liSfS^'^  confocal  conies,  and  PT,  PT  tangents  to  8,  and  PF  a  tan- 
gent to  S\  then  the  angle  TFT*  is  bisected  by  PF.    (M'Cat.) 

Let  the  normal  VUKiVtaS  meet  TT  produced  in  TI.  Then,  since  8^  S' 
are  confocal,  the  pole  of  PF  with  respect  to  iS  is  on  the  normal  VU.  Again 


the  pole  of  FV  with  respect  to  8  must  be  on  the  line  TT,  Hence  IT*  is  the 
pole  of  Pr,  and  the  pencil  (P.  TTUV)  is  harmonic.  Hence  V.  TTFUiM 
harmonic,  and  the  angle  TVV  is  right.    Hence  T  VTSm  bisected. 

62.  If  a  conic  have  double  contact  with  8  and  one  focus  on  fff  the  other 
focus  must  also  be  on  S^, 

63.  If  FF*  be  a  diameter  of  an  ellipse,  prove  that  the  locus  of  the  inter- 
section of  the  normal  at  P  with  the  ordinate  at  P*  is 


«V«*  +  ^V(«*  +  «^'=l- 


(640) 
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64.  The  dide  whose  diameter  is  any  ohcnd,  paiaUel  to  the  eoqui 
axis  of 

has  doable  contact  with  the  ellipse 

**     +^  =  1.  (641 


66.  If  focal  sectors  from  any  point  Pmeet  the  eUipse  again  in  Qui 
and  if  the  tangent  at  Pmake  an  angle  0  with  the  tranareise  axis,  mi 
line  QR  an  angle  ^,  proTe 

I  -^ 
*»»♦=»; ztana.  (W 

66.  If  Pbe  the  focus,  and  A  one  of  the  extremities  of  the  transrene 
of  a  given  ellipse  Ey  prove  that  the  major  axis  of  a  conic  passing  throo; 
whose  fociis  is  A,  and  directrix  any  tangent  to  the  ellipse  is  constant, 
that  the  envelope  of  its  second  directrix  is  a  conic  whose  foci  ars  on 
transverse  axis  of  E. 

67.  Being  given  two  confocal  ellipses,  prove  that  the  distance  beh 
the  point  ^  on  the  first  and  the  point  ^'  on  the  second  is  equal  to  the 
tance  between  ^'  on  the  first  and  ^  on  the  second.  (Ivoii 

68.  If  from  an  external  point  0  a  secant  ORS  be  drawn,  cutting 
ellipse  in  12,  K \  then  if  0Q>  =  OR.  OK,  the  locus  of  Q  is  an  ellipse. 

69.  If  t,  V  be  the  lengths  of  tangents  from  any  point  P  to  an  ellipsBf 
the  parallel  semidiameters,  and  p,  p  the  focal  vectors  of  P,  prove  thst 

«'  +  *y  o  p/.  (64 

70.  Two  chords,  (7i,  ^  of  an  eUipse  are  at  right  angles,  and  touch  a 
focal ;  prove  that  l/Ci  +  l/C'a  is  constant. 

71.  If  normals  at  A,  B,  0,  D  meet  in  M,  and  intersect  the  ellipse  i 
in  A\  B\  C\  Jffy  prove  that  the  latter  points  lie  on  an  equilateral  hyper' 
and  touching  at  I£  the  Appolonian  hjrperbols  through  A,  E,  (7,  B. 

72.  If  the  angles  which  any  two  conjugate  diameters  subtend  at  snj] 
of  the  ellipse  be  denoted  by  x,  \\  respectively,  then 

cot*  \  +  cot'  \'  =  (a*  -  ^)V4a»ft».  (6^ 

73.  If  a  normal  to  an  ellipse  be  parallel  to  one  of  the  equiconji 
diameters,  it  outs  the  eUipse  again  at  a  minimum  angle. 

(PaoF.  J.  PUBSII 
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74.  Two  parallel  focal  chordB  of  an  ellipse  meet  it  in  the  points  (?,  JT, 
yn  the  same  side  of  the  transverse  axis ;  if  the  join  of  (?,  H  make  intercepts 
t,  ^  on  the  axes,  proye 

(645). 


J.  _  B  a' 


75.  If  two  normals  to  an  ellipse  cut  at  right  angles,  the  intercepts  made 
on  them  bj  the  ellipse  are  divided  proportionallj  at  their  point  of  intersec- 

tiflB.  (PnOF.  J.  PUBSBB.) 

76.  Prore  that  if  a  parabola  be  described  with  a  point  on  an  ellipse  as 
bens,  tnd  the  tangent  at  the  corresponding  point  on  the  auxiliary  circle  as 
&Ktnx  it  passes  through  the  foci  of  the  ellipse.  {Ibid) . 

77.  If  FM,  F*M'  be  parallel  focal  vectors,  the  tangents  at  if,  M*  meet  in 
ipointPof  the  auxiliary  circle,  and  the  angle  FPF*  =  J  {FMF'  +  FM^F), 

(LONGCHAMPB.) 

78.  In  the  same  case  the  locus  of  the  point  of  intersection  of  MF\  M'F 
iiAeo&focaleUipse.  {Ibid.) 

79.  If  an  ellipse  and  a  hyperbola  have  a  pair  of  oonj  agate  diameters, 
*iiBmioii  both  in  magnitude  and  direction,  each  curve  is  its  own  reciprocal 
^reepect  to  the  other. 

80.  CoQBtmct  an  ellipse,  being  given  1^  a  focus,  and  three  points,  T  a 
'moi,  aod  three  tangents. 


CHAPTER   VII. 

THE  HTPEEBOLA. 

187.  Def.  I. — B&ing  given  in  posiiion  a  paint  8,  and  u  Vm 
NN'y  the  locus  of  a  variahle 
point  P^  whose  distance  from 
8  has  to  its  perpendicular 
distance  from  NN'  a  given 
ratio  e  greater  than  unity ^ 
is  called  a  hypsebola. 

Dep.  n. — The  point  8  is 
called  the  focus  ;  the  line 
NN'  the  riRECTEix,  and 
the  ratio  e  the  eccentbicitt  of  the  hyperbola. 

188.  To  find  the  equation  of  the  hyperhola, 

1^.  Take  the  focus  as  origin,  the  line  through  8^  perpendicxto 
to  the  directrix,  as  axis  of  x,  and  a  parallel  to  the  directrix 
through  S  as  the  axis  of  y ;  also  denote  the  perpendicular  &0 
from  8  on  the  directrix  hy/;  then,  denoting  the  co-ordinates  ot 
P  hy  X,  y,  we  have  8P^  =  «» +y*,  and  PN^  x  +/;  but  (DeL i.) 
8P  -r  PN^  e  ;  therefore 

ar»  +  y»  =  (j»(a:+/)».  (646) 

2°.  In  equation  (646)  put 


x- 


and  we  get 


«•- 


d»-i "  (i>*-i)» 


(I.) 
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Sence,  if  C  be  the  new  origin,  we  have 
Now,  putting  y  a  0  in  (i.)}  we  get 

pmg  for  X  two/valaes  equal  in  magnitude,  but  of  opposite 
■gns.    Hence,  denoting  the  points  where  the  hyperbola  cuts 

ilie  axis  of  x  by  A^  A\  we  get  CA 


*^  ,CA'^-    'f 


*»-!' *»-l* 

Eieace  A'C'^  CA ;  tiierefore  the  line  A' A  is  bisected  in  C,  and 

ianoting  it  by  2a,  we  have 


AgaiB,  patting  «  ■>  0  in  (i.),  -we  get 

Vds  gjyes  two  imaginary  values  for  y,  viz. 

+  -^  and      "^  "^ 


(m.) 


-  » 


Aoiring  that  the  hyperbola  does  not  cut  the  axis  of  y. 
Dip.  m. — The  line  AA'  is  called  the  tkansyiebse  axis  of  the 


IgrirMa  ;lttHd  if  tet  make  CB  =  BfC 


J^l 


,  the  line  BB!  is 


mBei  the  coitjugatk  axis,   and  the  point   C  the  centrb.      The 
'm  BB  is  denoted  by  23. 

S®.  Since  a  ^ , .     ,>,    h  =  .^     ,.,,  equation  (i.)  can  be 

(d*-  1)  (r-  1)* 

nitten 


^-^-1. 


(647) 


Idi  iBjfiie  standard  form  of  the  equation  of  the  hyperbola. 


252 


The  Hyperbola. 


Def.  ly.—The  double  ardinaU  LL'  thriAigh  8  u  edM  tk 

LATus  KECTUM  of  the  hyperhola. 

189.  The  following  dedactions  from  the  preceding  equtiou 
are  important : — 

1^  a«  =  a»(i^-l). 

If  C8  be  denoted  by  ^,  ^  =  ae. 


2°. 
8°. 


e 


^f 


d«-l 
0^  +  ^  =  c*.    From  1°  and  2°. 

C8  ,  CO^  a\    From  2°  and  3°. 


-/ 


/ 


d«-l 

6°.  Latns  rectum  =  2a  («»  -  1).     For  in  (646)  put  ar  =  0, 
we  get  8L^ef\  therefore  LL' ^  2ef^  2a  («*  -  1). 

7^.  The  transverse  axis :  conjugate  axis  ::  conjugate  axis: 
latus  rectum.     From  1°  and  6°. 

8°.  Since  from  the  form  (647)  of  the  equation  of  the  hypaboU 
each  axis  is  an  axis  of  symmetiy  of  the  figure,  it  follows  that,  i 
we  make  C8'  -  8C,  the  point  5'  will  be  another  focus;  aluH 
if  C(y  =  OCj  and  through  O'  aline  M2f  be  drawn perpendicokr 
to  the  transverse  axis,  JOT  will  be  a  second  directriXi  ctf- 
responding  to  the  second  focus  8\ 

Def.  v. — If  the  semxazes  a^hofa  hyperbola  he  equal,  ihifftrtf 
%8  called  an  equilateral  htpekbola. 


EXAKFLES. 

1.  Given  the  base  of  a  triangle  and  the  difference  of  the  sides,  ibd  tki 
lociu  of  the  vertex. 

Let  S'SF'  be  the  triangle ;  let  the  base 
8S'  =■  2ef  and  the  difference  of  the  sides 
equal  2a.  Let  ^'i^  produced  be  taken  as 
axis  of  X,  and  the  perpeDdicular  to  S'S  at 
its  middle  point  as  axis  of  y  ;  then,  if  ^,  y 
be  the  co-ordinates  of  P,  we  have 

8-F^l{x +  <,)*  + !/>}*,     ffP-{(«-*)»+y»)«; 


The  Hyperbola.  253 

«*»  {(«  +  «)*  +  y"}*-{(«-«)*  +  y'l*  =  2a;  (i.) 

rdeued  of  radicals, 

(«»  -  «»)«»  -  a»y»  =  a»(fl»  -  a>); 

rpotting  «»-a»  =  *»,    ^-^'  =  1. 

C»r.  1.—  8F^ex-a.  (648) 

For  in  dealing  (i.)  of  radicaU,  we  get 

ftitii,  a.SF'^aex-a^. 

0»r.  2.—  iS'PsMJ  +  a. 

S.  GiTen  the  base  of  a  triangle  and  the  difference  of  the  base  angles,  the 
loeu  of  the  yertez  is  an  equilateral  hyperbola. 

3.  QiTen  the  base  of  a  triangle,  and  the  ratio  of  the  tangents  of  the  halyes 
tf  the  bate  angles,  the  locus  of  the  vertex  is  a  hyperbola. 

i  The  locus  of  the  centre  of  a  circle,  which  passes  through  a  given  point 
ttl  ents  a  fixed  line  at  a  given  angle,  is  a  hyperbola. 

&•  Trisect  a  given  arc  of  a  circle  by  means  of  a  hyperbola. 

I.  If  the  base  of  a  triangle  be  given  in  magnitude  and  position,  and  the 
ttmee  of  the  sides  in  magnitude,  then  the  loci  of  the  centres  of  the 
■■fted  drcles  which  touch  the  base  produced  are  the  two  branches  of  a 
■THriMla ;  and  the  loci  of  the  centres  of  the  inscribed  circle,  and  the 
■Mnbed  which  touches  the  base  externally,  are  the  directrices  of  the  same 
kypttbda. 

7.  If  in  Ex.  6,  Art.  119,  the  <<Bosoovich  Circle  "  cut  the  line  NN\  show 
Mtte  locus  of  F  will  be  a  hyx>erbola« 

8.  CBiBtL  fixed  diameter  of  a  given  circle ;  and  through  a  fixed  point  A 
^  CB  draw  any  chord  DE  of  the  circle ;  join  CD,  and  on  CD  produced,  if 
inasry,  take  CF  b  AE  :  the  locus  of  the  point  P  is  a  hyperbola. — 

tuOLTON. 

1  ABCD  is  a  lozeuge  whose  diagonals  are  2a,  23,  respectively ;  prove,  if 
•  diagonals  be  taken  as  axes,  that  the  locus  of  a  point  P,  such  that  the 
iangle  AF .  CP  s  the  rectangle  BF .  DP,  is  the  equilateral  hyperbola 

a*  -  h^ 
.»-ya«^_.  (649) 

• 

0.  OX,  OF  are  the  axes,  A,  A*  two  fixed  points  on  OX  on  different  sides 

)y  A,  A*  are  joined  to  any  point  /  on  0Y\  then  if  a  perpendicular  AF  to 

Biaet  A'l  produced  in  Pthe  locus  of  Pis  a  hyperbola. 
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190.  To  expresi  the  eo-erdinaUe  ofapoini  on  the  hyperhoh  if 

a  eingle  variable. 


Let  AA'^  BB*  be  the  transyerse  and  conjugate  axes,  npm 
A  A'  as  diameter  describe  a  circle.    Let  P  be  any  point  in  tbi 
hyperbola,  MP  its  ordinate,  MT  a  tangent  to  the  circle  on  AA\ 
Then  denoting  the  angle  MCT  by  ^  we  have  xja  «  mc  ^; 
.'.  yjb  B  tan  ^.    Hence  the  co-ordinates  of  P  are 

a  sec  ^,    ^  tan  ^.  (650) 

Cor.  l.—MTiMPi\a\b. 

Cor.  2.— If  Pi\rbe  parallel  to  CT,  MNiA  -  b. 

Cor.  3. — If  p  be  the  radios  yector  from  the  centre  to  aay 
point  P  of  the  hyperbola 


p-a\/l  +  d«tanV.  (651) 

Cor.  4. — ^If  the  equation  of  the  hyperbola  be  written  in  the 


form 


(^?)(^f) 


i> 


ire  may  put 
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*  +  |-cottf, 
a     0 

from  which  we  get 

:rBaco8eo2tf,    y^hcot20.  (652) 

191.  2%e  laetu  of  ihe  middh  points  of  a  sysUm  of  parallel 
Aords  of  a  hyperbola  u  a 


line. 
Let  the  equation  of  one 
ol  the  chords  be 

y/b  s  mx/a  +  it. 

Sow,  if   m   be   constant 

tnd  n  variable,  this  will 

lepiesent    a    line   which  ^  ^ 

moTes  parallel  to  itself ;  and  eliminating  y  between  it  and  the 

eqiution  of  the  hyperbola,  we  get 

(1  -  m')  «•  -  2mnax  -  aV  -  a'  =  0. 

findlarly,  by  eliminating  a?,  we  get 

(1  -  «i»)  y»  -  2nby  +  J«n«  -  bW  =  0. 

Benoe  the  equation  of  the  circle,  whose  diameter  is  the  intercept 
vhich  the  hyperbola  makes  on  the  line 

ylh  a  mx/a  +  », 

(653) 
tcfw,  if  the  co-ordinates  of  the  centre  of  this  circle  be  x^y  y',  we 


mna 


nb 


I-  m^    ^      l-w»' 

Sime$^  eliminatiny  n  and  omitting  accente,  the  locus  of  the  centre, 
(kai  ioofihe  middle  point  of  the  chord,  is  the  diameter 

ylh  =  zjma.  (654) 

IhiB  is  the  line  QQf  in  the  diagram. 


i 
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Cor.  1. — ^If  a  line  be  drawn  through  the  centre  parallel  to 
PP,  or,  in  other  words,  a  diameter  conjugate  to  QQ',  its  equa- 
tion must  contain  no  absolute  term  ;  hence  its  equation  is 

ylh  =  mxja.  (655) 

Hence  the  product  of  the  tangents  of  the  angles,  which  two 
conjugate  diameters  make  with  the  transverse  axis  of  a  hyper- 
bola, is  ^/a*. 

Cor.  2. — If  the  line  PP*  move  parallel  to  itself  until  the 
points  P,  P*  become  consecutive,  then  PP'  becomes  a  tangent 
such  as  at  Q ;  and  if  the  co-ordinates  of  Q  be  afy^  we  must 
have 

and  since  the  line  QQ!  passes  through  it,  we  must  have  (478) 

y^jl  =  xlma. 

Hence  m  =  hx^jay*^    n  =  -  J/y', 

which,  substituted  in      yjh  =  rnxja  +  n. 


gives 


xsf     yy* 


a 


(656) 


which  is  the  equation  of  the  tangent. 

Cor,  3. — The  equation  of  the  tangent  at  the  point  ^  is 


X     y 

—  f-  sin  ^  =  cos  ^. 

0        0 


(667) 


Cor,  4. — To  find  the  equation  of  the  chord  of  contact  of 
tangents  from  the  point  hk. 

Let  d/y',  af'y",  be  the  points  of  contact;  then,  since  the 
tangent  at  afy^  passes  through  hk,  we  have 


^-¥«1 


Similarly, 


hx^' 


ky" 


Hence  it  is  evident  that  the  line 


»1. 


^     ^     1 


(658) 
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68  ihiongli  each  point  of  contact,  and  therefore  must  be  the 
!d  required. 

hr.  5. — If  two  diameters  QQ!^  RBf  of  the  hyperbola  be  such 
b  the  first  bisects  chords  parallel  to  the  second,  the  second 
I  Insects  chords  parallel  to  the  first. 

bMnrmtion. — It  is  not  necessary  that  both  extremities  of  the  chord  FF 
dd  be  on  the  same  branch  of  the  hyperbola ;  the  chord  may  take  the 
tknjgji^,  where  they  are  on  different  branches. 
92.  Dep. — It  has  been  proved  that  if  we  eomtruet  the  hyper- 

H»  exee  are  AA\  BJff^ 

9iUh$  thefigwre  HHHH 

ike  diagram.    Again,  if 

eomtruet  the  hyperbola, 

uk  hoe  BB*  for  its  trani' 

M  exiij  and  AA'  for  ite 

jugate  axis,  it  will  he  the  figure  M'WH'H'  in  the  diagram. 

» teeend  figure  is  called  the  conjitoate  hyperbola. 

f  instead  of  hk  we  put  x'y',  we  see  that  the  chord  of  con- 

;  cf  tangents,  from  afyf  to  the  hj^erbola,  is 


xx'     yy' 
a»  "  3»  "  ^* 


(659) 


br.  6. — If  through  any  point  x'y'  a  chord  of  the  hyperbola 
rawn,  the  locus  of  the  intersection  of  tangents  at  its  extre- 

B8  is 


>r.  7. — ^The  line 


xx'     yy' 


SM^     y£ 
a*  "   3»  " 


>h  that  any  line  passing  through  x^y'  is  cut  harmonically  by 
1  the  hyperbola. 


8 
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193.  To  find  the  equation  of  the  conjugate  hyperbola. 

If  the  line  BB*  were  the  axis  of  x,  and  AA'  the  axis  of  y ; 
since  BB'  is  the  transverse  axis  and  AA'  the  conjugate  axis, 
the  equation  of  the  figure  WWWE'  would  he  (§  188), 

Hence,  interchanging  x  and  y,  the  required  equation  is 


(660) 


Cor,  1. — If  CQ,  CR  be  conjugate  diameters  with  respect  to 
the  hyperbola  JT,  they  are  conjugate  diameters  with  respect  to 
the  hyperbola  W. 

For  the  required  condition  with  respect  to  J?  is 

tan^(7C.tan^Ci2  =  ~  (§  191,  Cw.  1); 

a' 
therefore  tan  ^  Ci2 .  tan  ^Cfi  =  tt 

r 

Hence  the  proposition  is  proved. 

Cvr,  2.—  The  tangent  at  i2  to  the  hyperbola  W  is  parallel  to 
QQ,  For  the  diameter  RB!  of  W  bisects  chords  parallel  to 
QQ',  and  the  tangent  i2  is  a  limiting  case  of  a  chord. 

Cor,  3. — If  the  co-ordinates  of  Q  be  jfy'^  the  co-ordinates 

For  these  satisfy  the  equation  (660)  of  the  hyperbola  W  and 
the  equation  of  the  line  RR'  is 

??:-?(y:=o. 

Cor.  4. — If  the  conjugate  semidiameters  CQ,  Ci2  be  denoted 
by  a',  i',  respectively,  then  al^  -  *'»  =  a«  -  3».  (662) 


of  iS  are 


(661) 


For 


«^- *'»=  CQ»  -  CiP-«^  +  y'»- 


3V« 


(*^-  ^)  -  (^  -  y'')  -  ^-  ^'  ^^  (^^^> 
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'or.  5. — ^Every  diameter  of  an  equilateral  hyperbola  is  equal 
s  oonjagate. 

Ir.  6.— The  area  of  the  triangle  QCB^  iab.  (668) 

or  the  area 

ce  the  area  of  the  parallelogram,  whose  two  adjacent  sides 
;wo  conjugate  semidiameters,  is  constant. 

w.  7.  The  equation  of  the  line  QE  is 


ii-m*'^-'- 


se  QR  is  parallel  to  the  line 


a     b 


r.  8. — ^The  equation  of  the  median,  which  bisects  QR^  is 

(664) 


a     b 


H.  To  find  the  equation  of  an  hyperbola  referred  to  two 
fate  diameters. 

;  CQ,  CR  be  two  conjugate  semidiameters  (see  fig.,  §  191), 
ike  CQj  CR  as  the  new  axes  of  ^,  y.  Let  x,  y  be  the  old 
linates  of  any  point  P  of  the  hyperbola,  afi^  the  new ;  then 
ing  the  angles  QCA^  RCA  by  a,  )9,  respectively,  we  have 

x-x'  QOBa-i-y'  coBp^     y  =  a/ sin  a  +  y' sin  ^. 

tute  these  values  in  the  equation  b^a^  -  t^y*  =  a'J* ;  then 

a^  (J»  cos*a  -  tf»  sin'a)  -  y^  («»  sm^fi-  b^  co8»^) 

+  a/y'  (b^  cos o  cos^  -  a'  sin  o  sin  ^)  =  0* ^ ; 

ace  CQf  CR  are  conjugate  semidiameters, 

tana  tan  )9s  — 
<r 

s2 
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(§  191,  Cor,  1).    Hence  the  coefficient  of  x^y'  yamshes,  andfl 
equation  may  be  written 


s^ 


(l^  coB'a  -  a*  sin'oX        ^  /a*  sin'iS  —  l^  C08*fl\ 


Now,  when  y'  =  0,  we  have  a/  =  CQ.    Hence,  denoting  CQ 
a',  we  have 

6*  cos'a  -  a'  sin'a* 

Again,  if  i2  be  the  point  where  CR  meets  the  conjugate  hyj 
bola  (§  192),  we  get 


CiP- 


a*  sin*^  -  3»  co8«)8  ' 


and,  denoting  this  by  h'^^  we  see  that  the  equation  can 
written 

x^       y/l 

Z ^=s  1« 


or,  omitting  accents  on  ^,  y'. 


«*      y* 

-^  -  Tzr  =  1. 


a 


/a 


ft'* 


(665) 


This  is  the  same  in  form  as  the  equation  referred  to  the  tta 
verse  and  conjugate  axes.     (Compare  §  155.) 

Cor,  1. — The  equation  of  the  tangent,  when  the  hyperbub 
referred  to  a  pair  of  conjugate  dia- 
meters as  axes,  is 

for,  taking  two  points  ^V,  af'^'  on 
the  hyperbola,  the  curve 
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ntly  passes  throngli  both  points.    Hence  the  chord  joining 
points  is 


,  if  the  points  become  coiuecatiTe,  this  reduces  to 

dw.  2.— K  the  tangent  at  R  meet  CP  in  T,  CJV.  CT=  CJP^. 

Oor,  8. — The  tangents  at  the  extremities  of  any  chord  meet 
the  diameter  conjugate  to  that  chord. 

Oor.  4. — The  line  joining  the  intersection  of  two  tangents  to 
!  centre  bisects  the  chord  of  contact. 


.  If  a  chord  of  a  circle  be  parallel  to  a  line  given  in  position,  the  locus 
point  vhich  divides  it  into  parts,  the  sum  of  whose  squares  is  constant, 
1  equilateral  hyperbola. 

If  CP,  CD  be  any  two  semidiameters  of  a  hyperbola,  PJV,  DM  tan- 
I  meeting  CD,  CFmKand  M,  respectively ;  triangle  CPifa  CDM. 

In  the  same  case,  if  FT,  DE  be  parallels  to  the  tangents  meeting  CD, 
Kodnoed  in  Tand  ^;  the  triangle  CDErz  CFT. 

If  a  quadrilateral  be  circumscribed  to  a  hyperbola,  the  join  of  the 
k  points  of  its  diagonals  passes  through  the  centre. 

If  AB  be  any  diameter  of  a  hyperbola,  AE,  BD  tangents  at  its  eztre- 
I  meeting  any  third  tangent  in  E  and  D,  the  rectangle  AE .  BD  is 
to  the  square  of  the  semidiameter  conjugate  to  AB, 

If  in  the  fig.  of  Ex.  6,  CD,  CE  be  drawn  meeting  the  hyperbola  and 
ajogate  in  D^  and  E'\  CD',  CE'  are  conjugate  semidiameters. 

Diameters  parallel  to  a  pair  of  supplemental  chords  are  conjugate. 

find  the  condition  that  the  line  \j;  +  fiy  +  r  =  0  shall  touch  the 

X)ila. 

Am,  a»\»  -  62m»  -  r»  =  0, 

ii  the  tangential  equation  of  the  hyperbola. 
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9.  If  AA*  be  any  diameter  of  an  ellipse,  PF*  a  doable  ordinate  to 
AFy  A'T*  be  produced  to  meet,  the  locus  of  their  point  of  i 
hyperbola. 

10.  Tangents  to  a  hyperbola  are  drawn  from  any  point  in  ons 
branches  of  the  conjugate  h3rpArbola ;  prove  that  the  enyelope  of  the 
of  contact  is  the  other  branch  of  the  conjugate  hyperbola. 

195.  To  find  the  equation  of  ihe  normal  to  the  hyperbola  i 
point  a/y'. 

The  equation  of  the 
tangent  at  gfy'  is 

Hence  the  equation  of 
the  perpendicular  to 
this  at  xY  is 

which  is  the  equation  of  the  required  normal. 

Cor.  1. — In  equation  (667)  put  y  «  0,  and  we  get 

CG  =  e'x^.  (e68) 

Hence  iffi^  =  (d«  -  1 )  a/.  (6e9) 

Cor.  2,—P€P  =  PM^  +  MG"  -  y^  +  (*«  -  !)«««  .  (after  ^ 
easy  reduction)  to 

^(.»4/»-a«). 


Hence 


^^--y?^^ 


a\ 


In  like  manner,  O'P  =  - ./ ^^n  »  ^». 


Hence 


&P.PQr.^3f^^a\ 


(6705 
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Cor.  3.— If  p, /be  the  focal  vectors  to  P, 

O'F.PG^pp'.  (671) 

Cor.  4. — In  an  equilateral  hyperbola 

PG  =  G'P.  (672) 

Cor.  6. — ^If  CR  be  the  semidiameter  conjugate  to  CP, 

G'P  ,PG^CB}^V^^  pp'.  (673) 

Cot,  6. — ^If  CL  be  perpendicular  to  the  tangent  at  P, 

CL.PG^V",     CL,G'P^a\ 


^-  The  paints  ^y  P,  T*  and  the  two  foci  are  ooncyolic. 

^  3-  A  right  line  parallel  to  the  conjugate  axis  of  a  hyperbola  meets  it  and 
w  conjugate  in  the  points  if,  N\  show  that  normals  to  these  curres  at  the 
I^^  Jf,  iV  intersect  on  the  transverse  axis. 

3.  If  the  h  jperbola  be  equilateral,  and  if  CL  produced  meet  the  curre  in 
i'l  prore  CL  .  CL'  =  ««. 

4.  If  through  the  points  (?,  O'  parallels  be  drawn  to  the  axes,  the  locus 
^tf  their  intersection  is  a  hyperbola. 

fi.  In  an  equilateral  hyperbola  half  the  difference  of  the  base  angles  of 
^triangle  8TS  is  equal  to  one  of  the  angles  which  CP makes  with  i^^'. 

(•  If  from  any  point  in  a  hyperbok  perpendiculars  be  drawn  to  the  axes, 
^  jean  of  their  feet  is  always  normal  to  a  hyperbola. 

7>  If  through  the  point  T,  where  the  tangent  at  P  meets  the  transverse 
^  a  parallel  to  the  conjugate  axis  be  drawn  meeting  the  join  of  the 
P^  Ay  P,  in  /,  the  locus  of  /  is  an  ellipse,  haying  the  same  axes  as  the 

^Tptthola. 

8.  If  the  co-ordinates  of  a  point  on  the  hyperbola 

w  denoted  by  a  sec  ^,  6  tan  ^,  prove  that  the  co-ordinates  of  the  intersec- 
tion of  nonnals  at  the  points  (a  +  iS),  (a  -  /3)  are 

^  008)8  c* 

;  •  7^^^  I    .  av 'i :ri      -  T-t"i« •**"!(«+ /3)«  tan  (a- /3).    (674) 

•   c«aco8(a  +  i8)cos(a-i8)'  h  \       ^i         \       ^i     \       i 
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9.  The  co-ordinates  of  the  point  of  intersection  of  two  oonaecotife  nor 
malsare 

—  sec'a,     -  -  tan*a.  (•T6) 

a  o 

10.  The  locus  of  the  centre  of  cuirature  of  the  hyperbola  is 

{ax)i  -  (*y)l  =  <jt.  («7«) 

196.  The  feet  of  the  normals  that  can  he  drawn  finm  anf/  ff^ 
to  an  hyperbola  lie  on  an  equilateral  hyperhola, 

K  hk  be  the  points  whence  normals  are  drawn  to  a^/«^-  ^{^^  If 
the  feet  of  normals  lie  on  the  hyperbola 

d^hjx  +  W/y  =  o».  (677) 

See  Demonstration  of  §  179. 

Cor,  1. — Four  normals  can  be  drawn  from  any  point  to  as 

hj^erbola. 

Cor.  2.  The  equation  of  the  normals  from  Kk  to  the  hyper* 

bolais 

aV  -  hy  {ho  -  hyy  =  <^«»y».  (678) 

Cor.  3. — The  product  of  the  abscissae  of  each  pair  of  oppoaito 
vertices  of  the  complete  quadrilateral  formed  by  tangents  to  9^ 
hyperbola  at  the  feet  of  normals  from  any  point  hk  is  equal  t^ 
-  a'  and  the  product  of  the  ordinates  s  l^. 

Cor.  4.  If  the  foot  of  one  of  the  four  normals  be  the  poii^ 
x^y'  the  triangle  formed  by  the  tangents  at  the  feet  of  the  thr^** 
others  is  inscribed  in  the  hyperbola 

«'/«  +  y'/y  +1  =  0.  (679) 

197.  Joachimsthal's  Cibcle. 

If  from  any  point  hk  in  the  normal  at  the  point  s^yf  of  an  hyper^ 
hola  three  other  normals  be  draum,  the  feet  lie  an  the  circle 

«»  +  y»  +  «aj'  +  yy'-«(«ar'/«?-yy'/^+l)-0,      (680) 
where  «  =»  a*  -  ii^k/y'  =  e^h/x'  -  h\ 
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ailed  Joachdcsthal's  Cibclb  of  the  li3rperl)ola.    The 
be  inferred  from  §  180  by  changing  the  dgn  of  5*. 

-Joachimsthal's  Circle    passes   through    the  point 
the  h3rperbola. 

-Joachimsthal's  Circle  passes  through  the  foot  of  the 
lar  from  the  centre  on  the  tangent  at  -  4/  -  y\ 

find  the  lenyihs  of  the  perpendieulan  from  the  foci  en 
at  any  point  of  the  hyperbola, 

o-ordioates  of  the  point  P  be  a  sec  ^,  h  tan  ^,  the 
f  the  tangent 


tan^ 


-1=0, 


o-ordinates  of 

8  are  ae^  0. 

)   perpendicu- 


\tf  sec  ^  +  1  /  ' 
;  the  focal  yectors  by  p,  p\ 


8'L 


8L .  8fL'  =  V. 


»         h 
-8£^p  =  -^  =  J-.    (§  195,  Cor.  5.) 


(681) 

(682) 
(683) 

(684) 


-The  tangent  at  P  bisects  the  internal  angle  at  F  of 
e  8P8\  and  the  normal  bisects  the  external  angle. 


■  I 


rh 


I ' 
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Cor.  4. — Since  the  angle  8FH  is  bisected  by  PZ,  we  have 
8L  ^  LS^  and  8C^  C8\  because  C  is  the  centre.    Hence 

(7Z  =  i  flf'  il  =  i  ( flf'P  -  ^P)  =  a ; 

therefore  the  locus  of  Z  is  the  auxiliary  circle. 

Cor.  5. — If  a  line  move  so  that  the  rectangle  contained  by 
peipendiculars  on  it  from  two  fixed  points  on  opposite  sides  is 
constant,  its  enyelope  is  a  hyperbola. 

Cor.  6. — The  first  positive  pedal  of  a  hyperbola,  with  respect 
to  eitiier  focus,  is  a  circle. 

Cor.  7. — ^The  first  negative  pedal  of  a  circle,  with  respect  to 
any  external  point,  is  a  hyperbola. 

Cor.  8. — ^The  reciprocal  of  a  h3rperbola,  with  respect  to  either 
focus,  is  a  circle. 

199.  The  rectangle  eontained  hy  the  seymentg  of  any  chord  pass- 
ing  through  a  fixed  point  in  the  plane  of  the  hyperbola  is  to  the 
equare  of  the  parallel  semidiameter  in  a  constant  ratio. 

The  proof  is  the  same  as  that  of  the  corresponding  propo- 
sition (§  184)  for  the  ellipse,  and  similar  inferences  may  be 
drawn. 


1.  If  an  equilateral  hyperbola  pass  through  the  angular  points  of  a  tri- 
angle, it  passes  through  the  orthocentre. 

2.  The  locus  of  the  centres  of  all  equilateral  hyperbolas  described  about 
a  given  triangle  is  the  '  nine-points  circle  '  of  the  triangle. 

3.  If  P  be  any  point  in  an  equilateral  hyperbola  whose  vertices  are  A,  A\ 
prove  that  the  nonnal  at  P  and  the  line  CT  make  equal  angles  with  the 
transverse  axis. 
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200.  To  find  the  polar  equation  of  the  hyperhola^  the  centre  heing 
pole. 

Let  jBTbe  the  hyperbola, 
A^A  its  transverse  axis,  and 
B^B  its  conjugate  axis,  P 
any  point  in  the  curve  ; 
then,  if  :r,  y  be  the  rect- 
angular co-ordinates  of  P, 
p,  ^,  its  polar  co-ordinates, 
we  have 

a?  =  p  cos  ^,  y  =  p  sin  ^ ; 
and,  substituting  these  in  the  equation  of  the  hyperbola,  we  get 

1      cos*^     sin'tf 


Hence 


p»  = 


d»C08«d-l' 


(685) 


which  the  polar  equation  required. 

Cor,  1. — The  polar  equation  of  the  conjugate  hyperbola  W  is 


l-tf>COS»d' 


(686) 


Cor,  2. — If  the  hyperbola  be  equilateral,  V  «  a*,  and  the  polar 

equation  is 

p«  cos  20  =  «».  (687) 

Cor.  3. — If  in  equation  (685)  the  denominator,  ^  cos'd  -  1, 
vanish,  we  get  p'  =  infinity ;  therefore  p  =  ±  infinity ;  but  if 

^  cos*  ^-1  =  0,  we  get  tan*  tf  =  —  and  tan  =  ±  -.     Hence,  if 

a"  a 

LBf  be  erected  at  right  angles  to  CA^  and  if  AL  and  lyA  be 

made  each  equal  to  ^,  and  CB^  CJy  joined,  these  lines  produced 

both  ways  will  each  meet  the  curve  at  infinity. 
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Car.  4. — The  equations  of  the  line  Ci),  Ciy  are  respectively 

--^  =  0,     -  +  ^  =  0.  (688) 

ah  a      0  ^       ' 

Each  of  these  lines  touches  the  curve  at  infinity,  or,  in  other 
words,  is  an  asymptote.     (§  153.) 

For  the  tangent  at  afy'  may  be  written 

X      y%f      1 

Now,  if  s^y^  be  the  point  where  the  line  —  ^  =  0  meets  the 

a      0 

y*    b 

curve,  we  have  — ;  =  -•    Hence  the  tangent  may  be  written 

—  T  =  -;,    or  —  T  =  0,  since  a/  is  infinite. 
a      o     X  a      0 

Cor.  5. — Since  the  product  of  the  equations  of  the  two  asymp- 
totes  (688)  is  —  -  -^  =  0,  we  see  that  the  equation  of  the  hyper- 
bola difPers  from  the  equation  of  its  asymptotes  only  by  the 
absolute  term.     (§  153,  Cor.  1.) 

Cor.  6. — The  asymptotes  of  an  equilateral  hyperbola  are  at 
right  angles  to  each  other.  On  this  account  the  equilateral 
hyperbola  is  also  called  the  rectangular  hyperbola. 

Cor.  7. — The  secant  of  half  the  angle  between  the  asymptotes 
is  equal  to  the  eccentricity. 

Cor.  8. — The  lines  joining  an  extremity  of  any  diameter  to 
the  extremities  of  its  conjugate  are  parallel  to  the  asymptotes. 

201.  To  find  the  equation  of  the  hyperbola  referred  to  the  asymp- 
iotee  oi  axes. 

Let  H  be  the  hyperbola,  CX\  CY*  (see  last  fig.)  the  asymp- 
totes, P  any  point  in  the  curve ;  draw  PM'  parallel  to  CT' ; 
then,  denoting  CW^  WP^  the  co-ordinates  of  P  with  respect  to 
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the  new  axes,  by  aff/^  and  half  the  angle  between  the  asymptotes 
by  a,  we  have,  since  CM^CO^  WN'^  and  PM^PIT  -  JTJV, 

a?  =  (a?'  +  /)  cos  a,     y  =  (y'  -  «')  sin  a ; 

and  substituting  in  the  equation 


a 


we  get 


{pif  4-  5^)»  ops'  a      (/-a;^)«sin»a  __ 


But 
Hence 


cos' a 


sec  a  =3  tf. 


sin*  a 


(§  200,  Cor.  7.) 


V 


a«  +  ft' 


<r»  +  ^' 


therefore 


or  4a:'y'  =  a'  +  i' ; 

and  omitting  accents,  as  being  no  longer  necessary, 

xy  «  (a«  +  i»)/4,  (689) 

which  is  the  required  equation. 

Cor.  1. — The  area  of  the  parallelogram  formed  by  the  asymp- 
totes, and  by  parallels  to  them  through  any  point  in  the  curve, 
is  constant. 

Cor.  2. — Since  the  product  xy  is  constant,  the  larger  x  is,  the 
smaller  y  will  be,  and  conversely ;  hence  the  hyperbola  con- 
tinually approaches  its  asymptotes,  but  never  meets  them,  until 
it  goes  to  infinity,  where  it  touches  them. 


1.  A  Tariable  line  has  its  extremities  on  two  lines  giyen  in  position  and 
passes  through  a  given  point ;  prove  that  the  locus  of  the  point  in  which  it 
is  divided  in  a  given  ratio  is  a  hyperbola. 
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2.  From  a  point  P perpendiculan  are  let  fall  on  two  fixed  lines;  if  the 
area  of  the  quadrilateral  thui  formed  he  given,  proTe  that  the  locus  of  P  is 
a  hyperhola. 

3.  If  any  line  cuts  a  hyperhola  and  its  asymptotes,  proTe  that  the  intercepts 
on  the  line  hetween  the  curve  and  its  asymptotes  are  equal. 

4.  If  a  Tariahle  line  form  with  two  fixed  lines  a  triangle  of  constant  area, 
the  locus  of  the  point  which  divides  the  intercept  made  on  the  variahle  line 
in  a  given  ratio  is  a  hyperhola. 

6.  If  two  sides  of  a  triangle  he  given  in  position,  and  its  perimeter  given 
in  magnitude,  the  locus  of  the  point  which  divides  the  hase  in  a  given  ratio 
is  a  hyperbola. 

6.  The  equation  of  a  hyperbola  passing  through  three  given  points,  and 
having  its  asymptotes  parallel  to  two  lines  given  in  position,  is 


y,     1, 

y".    1, 
y'",   1, 


(690) 


the  axes  being  the  lines  given  in  position. 

If  the  lines  given  in  position  be  denoted  by  5  ■  a^+  2Ajcy  +  iy*BO,  the 
equation  will  bo 


8, 

*, 

y, 

1, 

sr. 

«'. 

y', 

1, 

S". 

*", 

y". 

1. 

8"', 

*   » 

y"' 

1, 

aO. 


(691) 


7.  The  equation  xy^J^,  being  a  special  case  of  the  equation  LM^  IP 
({  160),  the  co-ordinates  of  a  point  on  the  hyperbola  can  be  expressed  by 
a  single  yaiiable.  Thus  x^sk  tan  ^,  y  s  A;  cot  ^.  Thi*  will  he  called  the 
pottit  if>* 

8.  Prove  that  the  equation  of  the  join  of  the  points  ^',  ^"  on  the  hyper- 
bola is 

*  y 


or 


tan^'  +  tan^''     cot^'  +  cot^' 


X  y 

-  +  e  1 


-  a  it 


«*  +  x"     y'  +  y' 
9.  The  intercepts  on  the  axes  are  «*  +  x'\    y'  +  y". 


(692) 
(693) 
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10.  The  tangent  at  the  point  ^  is 


X      y 
«  cot^  +  y  tan ^  =  2A?,    or  -,  +  -,  =  2. 

9 


(694) 


11.  The  area  of  the  triangle  formed  hj  the  asymptotee  and  any  .tangent 
to  the  hyperbola  «=  21^. 

12.  If  a  Tariable  point  xy  on  the  hyperbola  be  joined  to  two  fixed  points, 
the  intercept  on  the  asymptotes  made  by  the  joining  lines  is  constant. 

13.  The  co-ordinates  of  the  point  of  intersection  of  tangents  at  ^',  ^'\ 
are 

(696) 


cot  ^'  +  cot  ^'"         tan  ^*  +  tan  ^"* 

«14.  The  area  of  the  triangle  formed  by  tangents  at  the  points  ^',  ^*% 
^'"is 

2;fcMsin»y^(8in2<^'^-8in20+8in»^^'(Bin2^"^~Bin2^')+sin»^*'*(Bin2^'-sin2^'T} 

sin  (^'  +  ^")  sin  (^"  +  ^'")  sin  (^'"  +  ^') 

(696) 

15.  The  normal  at  the  point  ^  is  dp  tan  ^  —  y  cot  ^  a  jt  (tan*^  —  cot'  ^). 

16.  The  four  normals  from  the  point  ajS  to  the  hyperbola  xy  ^  H^,  have 
the  tangents  of  the  parametric  angles  of  their  points  of  meeting  the  hyper* 
bola  connected  by  the  relation  k  (tan^  ^  —  1)  ss  a  tan'  ^  —  i3  tan  ^. 


17.  The  intersection  of  normals  at  the  points  «'y',  «'V'  An 
x'^  +  x'x"  +  a?"«  +  y'y"  y^  +  y'y"  +  y"*  +  «'« 


,## 


«'  +  «"  '  Z  +  y" 

18.  The  co-ordinates  of  the  centre  of  curvature  at  the  point  afy'  are 

3«'»  +  y^  3y^  +  «*» 


(697) 


2^;* 


2/ 


(698) 


19.  The  circle  of  curvature  at  a^  y'  meets  the  curve  again  in  the  point 
whose  co-ordinates  are 


(699) 


20.  The  radius  of  curvature  at  «'y'  is  (x**  +  y^)|  -r  2*».  (700) 

21.  Given  any  two  conjugate  semidiameters  OP,  OQpf  an  hyperbola  to 
find  its  axes  in  direction  and  magnitude. 

The  asymptotes  will  be  the  median  of  the  triangle  OFQ  which  bisects  PiQ» 
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and  tbe  parallel  through  0  to  FQ,  then  the  axes  are  the  bisectors  OX^  OY 
of  the  angles  between  the  asymptotes.    Through  Q  draw  QiT,  QN  parallel 


to  the  asymptotes  meeting  OX  in.  M  and  N,  and  take  OA  a  mean  propor- 
tional between  OM^  ON,    Then  A  is  one  of  the  summits  of  the  hyperbola. 

Due. — Join  AQ  and  produce  to  meet  the  asymptotes  in  JET,  K.    Since 
Qify  Qi\r  are  parallel  to  the  asymptotes 

AKi  QKiiOAiONy  aMMQ:  SA::  OM:  OA,  hntOM:  OAiiOAiOIT. 

Hence  AK:  QK: :  SQ  :  KA  .-.  AK^  JETQ, 

And  since  Q  is  a  point  on  the  hyperbola,  ^  is  a  point  on  it.    Hence  ^  is  a 
summit. 

The  foregoing  construction  is,  with  slight  alteration,  taken  from  Long- 
champ's  OdomdtrU  Analytigue,  tome  2,  p.  470. 

202.  To  find  the  polar  equation  of  the  hyperbola,  the  focus  being 
pole. 

Let  8P  =  p,  the  angle  ASP  «  6.    (See  fig.,  §  188.) 

Then  8P^e  PN  by  definition  ; 

that  is,  p^e{OS+  SQ)  «  ef+  ep  cob  (v  -  0\ 

or  p  =  a  (tf*  -  1)  -  tfp  cos  0, 


Therefore 


^  **  1  +  tf  COB  i?' 


(701) 


IT 


Cor.  1. — K  we  put  ^  -  -51  we  get  p  =  a  («*  -  1) ;  but  in  this 
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case  p  is  halt  the  latus  rectum.    Hence,  denoting  it  by  /,  we. 
have 

P  =i ^ B-  (702) 

'^      1  +  tf  cos  ^  ^       ' 

Cor.  2 — ^The  polar  equation  of  the  tangent  at  the  point  a  is 

P  =  — 7 — ^ 2-  (703) 

'^      cos(a-^)+tfCOsd  ^       ' 

Cor.  3. — The  polar  co-ordinates  of  the  intersection  of  tangents 

a  +  /5,  a-  /5,  are  ^  =  a,  p  =  l/{e  cos  a  +  cos/5).     (704) 
Cor.  4. — The  equation  of  the  normal  at  a  is 

-tf  sina=(l  +  cosa)  {«  sin^  +  sin(d  -  a)}.      (705) 


at 


1.  The  equation  of  the  chord  jorning  the  points  (a  +  0),  (a  -  8),  is 


0  008  0  +  see  i3  COB  (a- 0)' 


(706) 


2,  If  a  be  constant,  and  j3  yariable,  the  chord  joimng  the  points  (a  +  0) 
(a  —  j8),  paases  through  a  fixed  point. 

203.  To  find  the  area  of  an  equilateral  hyherbola,  between  tm 
asymptote  and  two  ordinates.  y 

Let  PQZ  be  the  hyperbola  : 
OXf  OF  the  asymptotes.  Bisect 
the  angle  XOY  hj  OF;  draw 
the  ordinate  PP'  and  ZZ' ;  then 
denoting  OP*  by  unity,  and  F*Z' 
by  X  the  area  enclosed  by  PP* 
ZZ%  FZ\  and  the  hyperbola, 
=  log.  (1  +  a?). 


ywb: 


zrx 


Dem. — Divide  PZ'  into  any  number  of  parts  n,  in  the 

T 


274 


The  Hyperbola. 


points  C,  ir,  &o. ;  so  that  OP*,  OQ,  OR,  &o.,  are  in  geome- 
trical progression,  and  draw  the  ordinates  Q!Qj  IHR,  &c.  Join 
PQy  QR,  &c. ;  also  join  OQ,  OR,  Now,  denoting  the  co-ordi- 
nates of  the  points  P,  Q,  -8  by  »'y',  a/'y",  ic"y",  we  have  area 
of  the  triangle  OQR 


Since 


Hence  area  of  triangle  OQR 


(^y"-^y)oJ(a/y"-^y), 


or  equal  area  of  triangle  OPQ.  But  it  is  easy  to  see  that  the 
triangle  OPQ  is  equal  to  the  trapezium  PP'QfQ,  and  OQR  equal 
to  the  trapezium  QQRfR,  Hence  the  trapeziums  are  equal ; 
and  therefore  the  whole  rectilineal  figure  PFZ'Z  is  equal  to 
n  times  the  trapezium  PP'QQ,  Again,  we  have  OZ  =  OP' 
+  P'Z'  =  1  +  « ;  and  OQ'  «  OP'  +  P'Q'  =  1  +  P'Q!  ;  and  since 
OP*  OQ',  .  ,  •  02'  are  in  geometrical  progression,  and  there  are 
n  terms,  we  have  (1  +  P'C)"  =  1  +  a: ;  therefore 

FQ'  =  (1  +  x)^  -  1,  and  PP*^  1. 

Hence,  when  n  is  indefinitely  large,  the  area  of  the  trapezium 
PFQQ  =  (1  +  a:)i  -  1.  Therefore  the  hyperbolic  area  PP'Z'Z 
is  equal  to  the  limit  of 


n|(l  +«)•  -  1)  =  log.(l  +a:).    (See  7Vi>.,  p.  90.)      (707) 
Cw.  1.— The  hyperbolic  sector  OPZ=log,(l  +  a?).         (708) 
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Cor,  2. — If  AZ  be  an  equilateral  hyperbola,  whose  equation 
is  a:*  -  y'  =  1,  and  if  the  co-ordinates 
OM,  MZ  of  a  point  Z  be  osy^  the  sec- 
torial area 

O^Z=Jlog.(a;  +  y). 

Dem. — In  the  foregoing  proof  OP* 
is  taken  to  be  the  linear  unit ;  but  in 
the  general  case  it  is  evident  that  the 
proposition  proved  is  that  the  sectorial  ^ 
area  =  OP^  x  log.  ( OZ  ^  OF*) ;  but 
it  is  easy  to  see  that  OZ'  -f  OF' 
=  iOM -¥  MZ)  ^  OA,  and  OP^o  j0-4». 
Hence    the    area    of    the    hyperbolic 

sector     OAZ  =  i'a^  log.  ^^  '^  ^^ 


a 


Hence,  when  a  is  unity,  sectorial  area 

=  i  log,  {x  +  y). 


(709) 


Cor,  3. — If  u  denote  twice  the  sectorial  area  OAZ,  then 


<?-  +  ^ 


d--d- 


(710) 


For  log,  (a:  +  y)  =  « ;  therefore  «"  «  a?  +  y  ;  and 


1 


«+y 


a?-y. 


Bef. — X,  y  are  called,  respectively,  the  htpebbolic  cosine  and 
HTPEKBOLic  suTE  of  u,  and  are  denoted  by  the  notation  Chu,  Shu. 
(See  Trigonometry,  Chap,  viii.,  sect,  ii.) 

Cor.  4. — If  \/-  1  ^  denoted  by  »,  Chu  =  cos  (w»),  8h« 
=  — \ — ^.  These  follow  from  the  values  of  x,  y,  and  the  tri- 
gonometric expansions  of  cos  {ut),  sin  (ut). 

T  2 
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204.  The  other  hyperbolic  functions  are  defined  as  follows, 
thus : — OD  =  hyperbolic  secant  u  ■  Sec  hw,  AT=  hyperbolic 
tangent  u  b  Thu,  BT'  »  hyperbolic  Cotangent  u  b  Cot  htf,  OE 
m  hyperbolic  Cosecant  u  e  Cosec  hti. 

From  the  known  properties  of  the  hyperbola  we  haye  imme- 
diately the  following  relations : — 


^     .  \        ^       Shu 


Cot  hu  =  77^— ^  Cosec  Au 


Shu' 


Shtf' 


corresponding  to  the  known  relations  of  circular  functions ;  and 
from  them  can  be  constructed  a  theory  of  these  functions.  (See 
Author's  Trigonometry y  Chap.  Yin.,  sect,  ii.) 

From  the  values  Chw  =  cos  («»),   Shw  =  — ^^ — ^, 


that  if  we  put  ui  «  ^,  we  have  a?  =  cos  ^,  y  = 


sin  ^ 


we  see 


;  so  that 


the  co-ordinates  of  any  point  on  the  equilateral  hyperbola  can  be 
denoted  by  the  circular  functions  of  an  imaginary  angle  ^.  In 
like  manner,  the  co-ordinates  of  a  point  on  the  hyperbola 

can  be  expressed  in  a  manner  analogous  to  the  method  of  the 
eccentric  angle  for  the  ellipse.    Thus  we  can  put 


X  ,      y      sin^ 

-  =  cos^,    f  =  -7^ 
a  0         % 


(711) 


and  by  these  substitutions  we  could  give  proofs  analogous  to 
those  of  the  ellipse  for  the  corresponding  propositions  of  the 
hyperbola. 

The  following  exercises  can  be  solved  by  using  the  imagi- 
nary eccentric  angle : — 
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1.  If  the  chord  joining  the  points  (a  +  j8),  (a  -  fi)  pass  through  the  foous ; 
prove 


0  cos  a  =  cos  j8. 


(712) 


2.  The  tangents  at  the  extremities  of  a  focal  chord  meet  on  the  direc- 
trix. 

3.  In  the  same  case,  the  line  joining  their  intersection  to  the  focus  is  per- 
pendicular to  the  chord. 

4.  Prove  that  the  eccentric  angles  of  two  points  which  are  the  eztre- 
mities  of  a  pair  of  conjugate  semidiameters  differ  hy  -. 

5.  Apply  the  method  of  the  eccentric  angle  to  the  proof  of  the  proposi- 
tion that  the  locus  of  the  middle  points  of  a  system  of  parallel  chords  is  a 

right  line. 

6.  Find  the  equation  of  the  hyperhola,  referred  to  a  pair  of  conjugate 
diameters  hy  means  of  the  eccentric  angle. 

7.  The  co-ordinates  of  the  point  of  intersection  of  tangents  at  the  points 
(a  +  iS),  (a  -  jB),  are 

0  cos  a     ^i  sin  a 


cosiB         oosjS 


(718) 


8.  If  a  he  variahle  and  j8  constant,  the  chord  joining  the  points  (a  +  iS), 
(a  -  iS)  is  a  tangent  to  the  hyperhola 


-J  -  ^  =  ooe*i8. 


(714) 


9.  In  the  same  case,  the  locus  of  the  intersection  of  tangents  at  the  ex- 
tremities of  the  chord  is 


-5-^=sec»iB. 

10.  If  ^  he  the  angle  hetween  the  tangents  at  (a  +  $),  (a  —  fi), 

2abi  sin  0 
*^  ^  =  (ai  +  b^)  cos  2a  -  (a»  -  *»)  cos  2fi' 


(716) 


(716) 


11.  Find  the  locus  of  the  pole  of  a  chord  which  suhtends  a  right  aaglt 
at  a  fixed  point  hk. 
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Let  (a  +  j8),  (a  -  j8)  be  the  eccentric  angles  at  the  extremities  of  the 
chord ;  then  the  equation  of  the  drcle  which  has  the  chord  for  diameter  is 

(jp-acoea  cos  j8)'  +  (y  +  ^i8ina  cosj8)'=(a?  sin'a  -  ^  cos^a)  sin^iS, 

and  evidently  AA;  is  a  point  on  this  circle ;  hence 

(A-a  ooBa  cosj8)'  +  (ifc+&t  sina  C08j8)*s(a^8in'a-^'c08*a)  sin'iBy 
or 

A'  + Ai'-2(a  cosa  cosiB)  A+  2  (^  sin  a  cos  j3)  A  +  a?  (cos^iS  -  sin^a) 

+  42(cos'a-cos«iB)=sO. 

Now,  if  «,  y  be  the  co-ordinates  of  the  pole  of  the  chord  joining  (a  +  /S), 
(a  -  iS),  we  have 

a  cos  a  =  dp  cos  i3|    ^i  sin  a  s  y  cos  i3 ; 
therefore 

A»  +  A»-(2A«+2Ay-a»  +  3')coe«i8-««sin«a  +  «»cos»a  =  0; 

or,  eliminating  a, 

A»  +  A»-(2A«  +  2Ay-a«  +  4»)-  ^  +  ^  cos^iB  =  0 . 


i» 


But 


(5-?)^'^=^-   ^•^•> 


Hence,  eliminating  iS,  we  get 


^ 


)a^-(^^i^^W-2(A*  +  Ay)  +  ««-J«=0,     (717) 


which  represents  a  hyperbola,  a  parabola,  or  an  ellipse,  according  as  the 
point  AA  is  outside  the  auxiliary  circle,  on  it,  or  inside  it. 

12.  The  discriminant  of  this  equation  (717)  is  the  product  of  the  two 

&ctor8 

a8A»-««A»-a«3«  and  A»+ A»- («»- i»). 

Hence  we  infer  that  the  locus  will  break  up  into  two  lines  if  the  co-ordi- 
nates AA  satisfy  the  equation  of  the  hyperbola.  In  other  words,  if  a  chord 
of  a  hyperbola  subtend  a  right  angle  at  any  fixed  point  on  the  curve,  the 
locus  of  its  pole  consists  of  two  right  lines. 

From  the  factor  A'  +  A*  —  (a'  —  3')  &  0  we  infer  that,  if  the  chord  sub- 
tend a  right  angle  at  any  point  on  the  orthoptic  circle,  its  pole  will  be  the 
■ame  point. 
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Exercises  on  the  Hyperbola. 

1.  The  perpendicular  from  the  focus  on  either  asymptote  is  equal  to  the 
Bemiconjugate  diameter. 

2.  If  e,  e'  he  the  eccentricities  of  a  hyperhohi  and  its  conjugate,  proye 

i  +  ^-l.  (718) 

3.  The  equations  of  the  asymptotes,  with  the  focus  as  origin,  are 

!  ±  J = *•  {"") 

4.  If  8F  he  parallel  to  an  asymptote,  P  heing  a  point  on  the  curve ; 
prove 


2 


(720) 


6.  If  from  a  i>oint  K  in  the  transverse  axis  a  pexpendicular  KL  he  drawn 
to  an  asymptote,  and  a  normal  KM  to  the  curve,  prove  that  LM  is  perpen- 
dicular to  the  transverse  axis. 

6.  An  ellipse  referred  to  the  equal  conjugate  diameters  heing 


prove  that  it  is  conf ocal  with  the  hyperhola 

«y  =  — - — . 


(CSOFTON.)     (721) 


7.  Also,  this  hyperbola  cuts  orthogonally  all  conies  passing  through  the 
ends  of  the  major  and  minor  axes  of  the  ellipse  in  Ex.  6.  The  general 
eqiiation  of  these  conies  is 


«*  coe^a  +  y'  sin'a  « 


{Ibid,)         (722) 


8.  The  chord  of  contact  of  two  tangents  to  a  hyperhola  is  parallel  to,  and 
half  way  between,  the  lines  joining  the  intersections  of  tangents  with  the 
asymptotes. 

9.  The  locus  of  the  centre  of  a  variable  circle  which  makes  given  inter- 
cepts on  two  given  lines  is  a  hyperbola. 
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10.  If  from  any  point  P  on  a  given  line  tangents  be  drawn  to  the 
ellipaes 

the  locus  of  the  intersection  of  their  chords  of  contact  is  an  equilateral 
hyperbola. 

11.  If  ^,  ^',  ^",  ^'"  be  the  parametric  angles  of  four  concydio  points  on 
the  hyperbola  xy  =  Ai",  prove 

tan  ^  .  tan  ^'.  tan  ^".  tan  ^'"  »  1 .  (723) 


12.  The  product  of  the  perpendiculars  from  four  concydic  points  of  a 
hyperbola  on  one  asymptote  is  equal  to  the  product  of  the  perpendiculars  on 
the  other  asymptote. 

13.  If  the  extremities  of  a  chord  of  an  ellipse  which  is  parallel  to  the 
transverse  axis  be  joined  to  the  centre  and  to  one  extremity  of  that  axis,  the 
loous  of  the  intersection  of  the  joining  lines  is  a  hyperbola. 

14.  Parallels  drawn  from  any  system  of  points  on  a  hyperbola  to  the 
asymptotes  divide  the  asymptotes  homographically ;  prove  this,  and  thence 
infer  the  following  theorem : — 

If  x\  x",  x'";  y\  y"y  y"\  denote  the  distances  of  two  triads  of  points  on 
two  lines  given  in  position  from  two  fixed  points  0,  O*  on  these  lines,  prove, 
if  s;,  y  be  the  distances  of  two  variable  i>oints  on  the  same  lines  ^m  0,  (/, 
that  Xf  y  will  divide  the  lines  homographically  if  the  determinant 


«y. 

*, 

y. 

1, 

*V. 

**, 

if. 

1, 

*"/', 

«", 

y", 

1, 

^y". 

«^". 

r. 

1. 

=  0. 


(724) 


16.  Prove  that  the  sum  of  the  eccentric  angles  of  four  concyclic  points  on 
a  hyperbola,  is  2t. 

16.  \ipy  p\  V  be  the  perpendiculars  from  the  points  (a  +  iS),  (a  -  j8),  and 

the  point  of  intersection  of  their  tangents  on  any  third  tangent  to  the 

hyperbola,  prove 

ftp' =  ir>  C08»jB.  (725) 

17.  If  a  circle  osculates  the  hyperbola  ory  =  Ai*  at  the  point  ^,  the  common 
chord  of  the  circle  and  the  hyperbola  is 

dPtan^  +  yoot^  +  ifc  (tanV  +  cot>^)  =  0.  (726) 
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18.  ^,  ^  are  two  fixed  points ;  if  from  A  a  perpendicular  AP  be  drawn 
to  the  polar  of  B  with  respect  to  an  equilateral  hyperbola,  and  from  B  a 
perpendicular  ^Q  to  the  i>olar  of  A  ;  then,  if  (7  be  the  centre, 

CAxABwCBiBQ. 

19.  An  ellipse  circumscribes  a  fixed  triangle  so  that  two  of  the  yerticea  are 
at  the  extremities  of  a  pair  of  conjugate  diameters  ;  prove  that  the  locus  of 
its  centre  is  a  hyperbola. 

20.  The  polar  of  any  point  on  an  asymptote  is  parallel  to  that  asymptote. 

21.  The  points  where  any  tangent  meets  the  asymptotes,  and  the  points 
where  the  corresponding  normal  meets  the  axes,  are  concyclic. 

22.  The  two  foci  and  the  points  of  intersection  of  any  tangent  with  the 
asymptotes  are  concyclic. 

23.  The  angles  which  the  intercept,  made  by  the  asymptotes  on  any  tan- 
gent, subtends  at  the  foci  are  constant. 

24.  If  P,  P*  be  the  extremities  of  two  conjugate  semidiameters  of  a  hyper- 
bola ;  and  if  <S,  S'  be  the  interior  foci  of  the  branches  of  the  hyperbola  and 
its  conjugate,  on  which  are  the  points  P,  P',  prove  that 

8F -  ST  ^BC-AC,  (727) 

25.  If  an  ellipse  and  a  confocal  hyperbola  intersect  in  any  point  P,  the 
intercepts  on  the  asymptotes  between  the  tangent  at  P  to  the  hyperbola  and 
the  centre  are,  respectively,  equal  to  half  the  sum  and  half  the  difference  of 
the  semiaxes  of  the  ellipse. 

26.  A  hyperbola,  whose  eccentricity  is  «,  has  a  focus  at  the  centre  of  the 
circle  :r^  +  ^^  =  a^ ;  prove  that  the  enyelope  of  the  tangents  to  the  hyperbola 
at  the  points  where  it  meets  the  circle  is  the  hyperbola. 

27.  If  the  chord  of  contact  of  two  tangents  to  a  parabola  subtends  a  con* 
stant  angle  at  the  vertex,  show  that  the  locus  of  their  intersection  is  a 
hyperbola. 

28.  If  two  hyperbolas  have  the  same  asymptotes,  and  if  from  any  point 
in  one  tangents  be  drawn  to  the  other,  the  envelope  of  their  chord  of  con- 
tact is  a  hyperbola,  having  the  same  asymptotes. 

29.  If  a  variable  circle  touch  each  branch  of  a  hyperbola  it  subtends  a 
constant  angle  at  either  focus,  and  makes  intercepts  of  constant  lengths  on 
the  asymptotes. 

30.  The  centre  of  mean  position  of  the  points  of  intersection  of  a  drde 
and  an  equilateral  hyperbola  bisects  the  distance  between  their  centres. 
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81.  If  FQ  be  the  chord  of  an  equilateral  hyperbola  which  ia  normal  at  P, 

prove 

3(7P»  +  C(^  =  PQ\  (728) 

82.  The  area  of  the  triangle  formed  with  the  asymptotes  by  the  normal 
of  the  hyx)erbola  x^  -y^  =  a>,  at  the  point  j;*/,  is 

4«'y2/««.  (729) 

83.  The  locus  of  the  pole  of  any  tangent  to  the  circle  whose  dia- 

X^        1/2 

meter  is  the  distance  between  the  foci  of  —  -  7-«  ~  If  with  respect  to 
^  -  -^  B  1,  is  the  ellipse 

84.  Two  circles  described  through  two  points  on  the  same  branch  of  an 
eqnilateial  hyperbola,  and  through  the  extremities  of  any  diameter,  are 
equaL 

85.  If  ^,  ^\  ^'\  ^*"  be  the  parametric  angles  of  four  points  on  an  equi- 
lateral hyperbola,  such  that  either  is  the  orthocentre  of  the  remaining  three, 

tan  ^  tan  ^' tan  ^"  tan  ^"' +  1=0.  (731) 

Hence  the  product  of  the  four  abscissae  is  constant. 

86.  If  the  normal  at  the  point  ^  of  the  hyperbola  xy  >=  A;'  meet  it  again 
at  the  point  ^',  prove 

tan»  ^  .  tan^'  +  1  =  0.  (732) 

87.  If  four  points  on  an  equilateral  hyperbola  be  concydic,  prove  that 
the  parametric  angle  of  any  point  and  of  the  orthocentre  of  the  remaining 
points  are  supplemental. 

88.  If  the  osculating  circle  of  an  equilateral  hyperbola,  at  the  point 
whose  parametric  angle  is  ^,  meet  it  again  at  the  point  ^',  prove 

tan'^.tan^'  =  1.  (733) 

39.  If  the  eccentric  angle  of  the  point  {k  tan  ^,  A;  cot  0)  be  9,  prove 

cot  ^  =  cos  9  +  t  sin  0, 

40.  If  two  sides  AB,  AC  oi  a  fixed  triangle  be  chords  of  two  equal 
oirdes,  show  that  the  locus  of  the  second  intersection  of  the  circles  is  an 
equilateral  hyperbola. 
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41.  If  P\,  Pa,  P3  be  three  points  of  the  equilateral  hyperbola  xy^l,  then — 

(1)  Area  of  triangle        PiP,i>,  =  >  (^i  "  ^)  (^»  -  ^»)  (^3  -  ^1)^    ^^3^^ 

(2)  The  tangents  at  Pi,  Ps,  P3  form  a  triangle  QiQaQs  whose  area  is 

2  (x\  "  Xj)  {X2  -  xz)  (x^  -  an) 

(Xx  +  X2)  (X2  +  xz)  {xz  +  J?l) 

(3)  If  the  centroid  of  PiPsPs  be  on  an  asymptote,  QiQzQi  -  iPiPtPi. 

(4)  If  the  centroid  of  Pi  PtPz  be  on  the  hyperbohi,  QiQzQz  -  -  PiPtPs* 

(Lucas,  Nouveliet  AnnaUt,  1876.) 

42.  If  through  the  summits  of  PiPsPs  be  drawn  parallels  to  the  opposite 
sides  meeting  the  hyperbola  again  in  i2i,  J?s,  JRzt  then 

(1)  £,S^,  =  -  ^(^^-'y-^y-*.*),  (,35) 

Xi*  •  XJT  •  Xz* 

(2)  If  the  centroid  of  PiPjPs  be  on  an  asymptote,  J^iP^Ss  a  -  PiPtPs. 

(3)  If  the  centroid  of  P1P3P3  be  on  the  curve,  ItiMzBz  -  -  8P1P3P3. 

[Ibid.) 

43.  If  through  any  point  S  of  the  hyperbola  be  drawn  parallels  to  the 
sides  of  P1P2P3  meeting  the  hyperbola  again  in  Si,  St,  Si,  then 

(1)  SiSzSz^-iPiPzPz.  (736) 

(2)  If  the  centroid  of  PiP2P3  be  on  the  ourre  or  on  an  asymptote  so  is 

the  centroid  of  6^1 6^3  Sz.     ( Ibid, ) 

44.  Show  that  the  polar  circle  of  the  triangle  formed  by  three  tangents 
to  an  equilateral  hyperbola  touches  the  'Kine-points  Circle '  of  the  triangle 
formed  by  the  points  of  contact,  at  the  centre  of  the  curve. 

(B.  A.  ROBSRTS.) 

45.  If  two  vertices  of  a  triangle  circumscribed  about  an  ellipse  move 
along  confocal  hyperbolse,  prove  that  the  locus  of  the  centre  of  the  inscribed 
circle  is  a  concentric  ellipse.  (Ibid.) 

46.  Two  circles,  whose  centres  A^  B  are  points  on  the  transverse  axia  of 
a  given  ellipse,  have  each  double  contact  with  the  ellipse,  and  intersect  in 
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a  point  P;  if  the  difiPerence  of  the  angles  ABF,  BAP  he  given,  the  Iooub  of 
P  is  an  equilateral  hyperbola.  {Ihid.) 

47.  The  circle  inscribed  in  the  triangle  formed  by  the  asymptotes  and 
any  tangent  to  the  auxiliary  circle  of  a  hyperbola  intersects  the  hyperbola 
in  the  point  where  it  touches  the  tangent  to  the  auxiliary  circle. 

48.  The  circle  on  00*  as  diameter  (see  fig.,  §  195)  passes  through  the 
points  where  the  tangent  PP  meets  the  asymptotes. 

49.  If  a,  a  be  the  eccentric  angles  of  two  points  P,  Q  on  a  hyperbola^ 
such  that  the  normal  at  P  passes  through  the  pole  of  the  normal  at  Q^  prove 

4a*  sin  a  sin  a'  +  4M  cos  a  cos  a'  =  ^  sin  2a  sin  2a'. 

50.  If  three  points  on  an  equikteral  hyperbola  be  concyclio  with  the 
centre,  the  angular  points  of  the  triangle  formed  by  tangents  at  these  points 
are  concyclic  with  the  centre. 

51.  The  summits  of  a  self -con  jugate  triangle  of  an  equilateral  hyper- 
bola are  concyclic  with  the  centre. 

52.  P,  Q  are  points  on  an  equilateral  hyperbola,  such  that  the  osculating 
circle  at  P  passes  through  Q ;  the  locus  of  the  pole  of  PQ  is 

(«»  +  ^Y  =  A.k^xy, 

63.  In  the  same  case  the  envelope  of  PQ  is 

4  (4;fe»  -  «y)>  =  27*a  (a?  +  y»)».  (737) 

j^         yt        a*  -  ^ 

54.  The  hyperbola  —  -  ~  ==  -^ — —  cuts  orthogonally  all  the  conies 

passing  through  the  extremities  of  the  axes  of  the  ellipse 

-r  +  ^  "  1.  (Cropton.) 

a*        (r 

55.  If  from  any  point  in  the  hyperbola  «•  -  y'  =  a'  +  ^  a  pair  of  taa- 
gents  be  drawn  to  the  hyperbola  -;  -  t:  =  ly  prove  that  the  four  points 

where  they  cut  the  axes  are  concyclic. 

56.  If  through  the  point  a  on  an  ellipse  a  line  be  drawn  bisecting  the 
angle  formed  by  the  joins  of  a  to  the  point  (a  +  /3),  (a  -  /3),  prove,  if  a  be 
constant  and  /3  variable,  that  the  locus  of  its  intersection  with  the  join  of 
the  points  (a  +  /3),  (a  -  /3)  is  a  hyperbola. 


CHAPTER  VIII. 

MISCELLANEOUS     INVESTIGATIONS. 
Section  I. — Figukes  Invebselt  Similab. 

205.  Def. — If  upon  two  given  lines  AB,  A'£*  he  eonstrueted 
pairs  of  similar  triangles  {ABC,  A'B'C),  {ABB,  A'Biy\  ^e., 
such  that  the  directions  of  rotation  ABC  and  A'B'C\  Sfc,,  are  tn- 
verse.  The  two  figures  ABC  J) ....  A'BfOJy  . . .  thus  obtained 
are  said  to  be  inversely  similar. 

206.  Double  Point  and  Double  Lines. 

There  exists  a  point  S  which  is  its  own  homologue.  This  is  called 
the  double  point,  or  the  centre  of  similitude.  There  exist  also  two 
lines  SX,  8  Y  which  are  their  own  ?iamologues.  They  are  called 
the  double  lines. 

If  the  triangles  SAB,  8A*B*  are  inversely  similar,  and  if  8X 
bisect  the  angle  ASA',  it  also  bisects  the  angle  BSB\  Hence 
the  line  SX  is  constructed  by  dividing  AA',  BB'  in  parts  pro- 
portional to  8A,  SA',  or  to  AB,  A'B'.  Let  then  A'',  B"  be 
points  such  that  AA"IA"A'  =  BB'jF'B'  =  ABjA'B',  iS  is  on 
the  line  A"B", 

Similarly,  8Yt\iQ  bisector  of  the  exterior  angle  ASA'  passes 
through  points  A'",  B"',  such  that  AA"'IA'"A'  =  BB'"IB"'B' 
=  ABjA'B'. 

It  can  be  proved  directly  that  SX,  ST,  are  parallel  to  the 
bisectors  of  the  angle  ADA',  In  fact,  if  the  parallelograms 
A"ABK,  A"AB'L  be  constructed,  we  have  BK/B'L = AA"IA"A 
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=  BB"IB"B'.    Hence  the  points  K,  B",  L  are  coUinear  and  w 
have  K£"IJB"Z  =  A"KIA"L.    Hence  A"B"  is  the  bisector  of  ti 


angle  SA"L,  and,  therefore,  parallel  to  the  bisector  of  A  OA'. 

207,  Since  ^^' is  divided  iii^"and^"' in  the  ration's:  -i'S 
tlie  circle  on  A" A'"  as  diameter  is  the  locus  of  points  whoat 
distances  from  A,  A'  tx%  in  the  ratio  AB :  A'S^  that  is  in  th< 
ratio  of  similitude.  Sinularly  the  circle  on  B'S"  is  the  locni 
of  points  whose  distances  from  S,  B'  are  in  the  ratio  BS :  ^8^^ 
or  of  AS :  A' 8.  Ifow,  these  circles  intersect  in  S,  let  S'  be  theii 
second  intersection,  then  S'  is  the  double  point  of  figures  directlj 
similar  described  on  AB,  A'B". 

Car.  1. — S'  is  the  focus  of  the  parabola  which  touches  the 
four  lines  AB,  A'S,  AA\  Bff. 


L       
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For,  since  8X,  8T,  divide  AA\BB  proportionaUy,  SX,  8Y 
are  two  rectangular  tangents.  Hence  the  sides  of  the  triangles 
A" A'" 8,  B"B"'8  each  touch  the  parabola,  and  therefore  their 
circumcircles  pass  through  the  focus, 

Cor.  2. — 8  is  on  the  directrix. 

Cor.  3.— If  the  figures  on  AB,  A'B'  be  denoted  by  -Pi,  -P,,  it 
is  easy  to  see  that  any  point  P  of  Fi  on  8X  will  have  its  homo- 
logue  of  ^2  on  8X,  and  these  points  will  be  on  the  same  sides  of 
/S,  and  similar  properties  hold  for  points  on  8T. 

Cor.  4. — The  lines  08^  08'  are  harmonic  conjugates  with 
respect  to  the  angle  AOA'.  For  the  distances  oi  8,  S'  to  AB^ 
A'B'  are  in  the  ratio  AB :  A'B'. 

Cor.  5. — If  two  figures  inversely  similar  be  constructed  on 
AA\  BB%  and  8"  be  their  double  point,  then  88*'  passes 
through  the  orthocentres  of  the  triangles  OAA',  OBB*,  (yAB, 
aA'B'. 

Cor.  6. — If  the  figure  ABB^A'  is  cyclic  &  is  the  projection 
of  its  circumcentre  on  the  diagonal  OO', 


1 .  \i  Ay  A'  \  3,  B* ;  (7,  (T  be  three  couples  of  homologous  points,  the 
points  which  divide  the  lines  AA%  BB\  CCT  hoth  internally  and  externally 
in  the  ratio  of  similitude  are  situated  on  the  douhle  lines. 

2.  In  two  figures  inversely  similar,  if  the  line  joining  corresponding 
points  pass  through  a  given  point  the  locus  of  each  is  an  equilateral  hyper- 
hola. 

3.  In  two  figures  inversely  similar,  if  the  line  joining  corresponding  points 
be  parallel  to  a  given  line,  the  locus  of  each  is  a  right  line. 

4.  In  two  figures  inversely  similar,  if  the  distance  between  oonespond- 
ing  points  be  given,  the  locus  of  each  is  an  ellipse. 

6.  If  the  segment  A'B^  slide  along  the  line  OA'S^  prove  that  8  describes 
a  right  line. 

C.  If  the  points  A*B*  remain  fixed  on  the  line  OA'Ify  and  if  OA*B^  turn 
round  the  point  0,  prove  that  the  point  8  describes  a  circle,  and  that  each 
double  line  passes  through  a  fixed  point. 
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7.1tABC,A*B'Che  two  triangles  invenely  similar  they  are  orthologiqiiey 
that  is,  the  perpendiculars  let   fall  ^ 

from  the  summits  of  one  on  the  sides 
of  the  other  are  concurrent. 

Let  BMf  CM  he  two  of  these  lines, 
then  the  angle  ^ifC  is  the  supplement 
of  the  angle  B'A'C*,  and  therefore  the 
supplement  of  BA  C.  Hence  the  point 
M  is  on  the  circumcircle  of  the  tri-  B' 
Angle  ABC.  The  perpendicular  from 
A  on  B'C  meets  the  perpendicular 
from  C  on  A'B'  in  the  circumference. 
Hence  it  passes  through  M.  ^ 

8.  In  the  same  manner  parallels  through  A,  B,  C  to  B'C,  C'A\  A'B* 
4ure  concurrent. 

Section  II. — ^Pencujs  Ikyeeselt  Equal. 

208.  Two  pencils  {ahcd),  {a'Vdd!  .  .  .)  ars  said  to  be  inversely 
squal  when  they  are  superposable  after  one  of  them  has  been  reversed 
in  the  plane. 


Two  homologous  rays  are  symmetrical  with  respect  to  the  fixed 
direction  x,  y;  these  are  called  the  double  directions  of  the  two 
pencils. 

In  fact)  transferring  the  pencil  8'  parallel  to  itself  until  the 
point  8*  coincides  with  8^  then  let  x,  y  be  the  bisectors  internal 
and  external  of  the  angle  aa' ;  it  is' plain  that  b  and  b',  c  and  ^  . .  • 
will  be  symmetric  with  respect  to  x  and  with  respect  to  y. 
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Hence,  when  two  pencils  inversely  eqnal  are  superposed  with 
respect  to  their  vertices  they  form  a  pencil  in  involution,  having 
for  double  rays  the  bisectors  of  the  angle  between  any  two  pairs 
of  homologous  rays. 

Generation  of  the  EaxJiLATEEAL  Hypsbbola. 

209.  If  two  pencils  be  inversely  equal,  and  have  different  sum- 
mits S,  S';  the  locus  of  the  intersection  of  homologous  rays  is  an 
equilateral  hyperbola  whose  centre  is  the  middle  point  of  88' ^  and 
whose  asymptotes  are  parallel  to  the  double  rays  of  the  pencils. 

If  ^  be  the  intersection  of  two  homologous  rays  it  is  evident 
that  the  difference  of  the  base  angles  of  the  triangle  88' A  is 
given,  hence  the  locus  of  ul  is  an  equilateral  hyperbola. 


Again,  if  we  construct  the  parallelogram  8A8'A\  8 A'  and 
8' A'  are  still  two  homologous  rays  of  the  pencils,  then  the 
point  A'  is  on  the  hyperbola,  but  A^  A'  are  symmetrical  with 
respect  to  0  the  middle  point  of  88', 

Lastly,  if  through  8,  8'  we  draw  parallels  to  the  double  direc- 
tion, we  have  two  pairs  of  homologous  rays  which  meet  at 
infinity.  Hence,  the  parallels  to  these  directions  through  the 
centre  0  are  the  asymptotes. 

V 
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Convmrttly,  being  given  an  equilateral  hyperbola  :  if  from 
tbe  extremities  of  any  fixed  diameter  lines  be  drawn  to  any 
variable  point,  we  obtain  two  pencils  inversely  equal. 

Cor. — Any  choid  SA  and  its  conjugate  diameter  are  eqaally 
inclined  to  an  furjrmptote.  In  fact,  if  Jf  be  the  middle  point  of 
8A,  0M\&  paraUel  to  SA. 

210.  The  locuB  of  the  centre  of  an  equilateral  hyperbola  cir- 
cumscribed to  a  triangle  ABC  is  the  niue-points  circle  of  ASC. 


"Bac,  if  A',  ff,  Che  the  middle  points  of  the  sides,  and  O  the 
oentre  of  the  hyperbola ;  then  the  lines  OA'  and  B"  C,  Off 
and  C'A'  are  equally  inclined  to  the  asymptotes.  Then  the 
angle  f  OA'  is  either  equal  or  supplemental  to  A'  <?S.  Hence 
0  is  on  the  circumference  A'ffC. 

Cor. — Every  equilateral  hyperbola  circumscribed  to  a  triangle 
^.fiCpasses  through  the  orthocentre  H. 

Let  ^be  the  middle  of  AS,  0  the  centre  of  the  hyperbola, 
the  asymptotes  are  parallel  to  the  biaectoTS  of  the  angle  OA'Ai. 
If  7*  be  the  middle  point  of  the  arc  AiO,  A'P  is  one  of  the 
bisectors,  and  the  bisector  of  the  angle  OWA-i  passes  through  P, 
and  is  perpendicular  to  A'P.  Then  WO  and  WA^  are  equally 
inclined  to  A'P  or  WP,  therefore  AH  is  the  chord  conjugate  to 
the  diameter  OW.    Hence  iTis  on  the  hyperbola. 
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1 .  If  a  right-angled  triangle  be  inscribed  in  an  equilateral  hyperbola,  the 
perpendicular  from  the  right  angle  on  the  hTpotenuse  is  a  tangent  to  the 
hyperbola. 

2.  It  Af  Bf  C,  J)  he  any  four  points,  the  nine-points  circles  of  the 
triangles  ABC,  ABJ),  BCD,  CJ)A  pass  through  a  common  point,  the  centre 
of  the  equilateral  hyperbola  through  A,  B,  C,  D. 

3.  An  equilateral  hyperbola  circumscribed  to  a  triangle  ABC  cuts  the 
circumcircle  ABC  in  a.  fourth  point  D,  which  is  diametrically  opposite  to 
the  orthocentre. 

In  fact,  the  centre  0  of  the  hyperbola  being  on  the  nine-points  circle, 
and  the  orthocentre  JT  being  on  the  hyperbola,  the  point  on  the  hyperbola 
diametrically  opposite  to  JET  is  on  the  circumcircle,  since  JET  is  the  centre  of 
similitude  of  the  two  circles,  and  the  ratio  of  similitude  is  }. 

4.  The  diameter  of  the  circle  of  curvature  at  any  point  of  an  equilatenl 
hyperbola  is  equal  to  the  portion  of  the  normal  at  the  same  point  inter- 
cepted by  the  hyperbola. 

5.  A  circle  cuts  an  equilateral  hyperbola  in  four  points,  A,  B,  C,  D;  eaoh 
of  these  points  is  diametrically  opposite  on  the  hyperbola  to  the  oithocentie 
of  the  triangle  of  the  remaining  points  (Ex.  3).  Hence  if  ABCD  be  con- 
cyclic  points,  the  quadrilateral  formed  by  the  four  orthocentres  of  the  four 
triangles  is  the  sym^trique  of  ABCD  with  respect  to  the  centre  of  the 
equilateral  hyperbola  ABCD, 

6.  Every  circle  which  passes  through  the  extremities  of  a  diameter  AB 
of  an  equilateral  hyperbola  cuts  the  curve  at  the  extremities  of  a  diameter 
CD  of  the  circle.  For  the  orthocentre  of  the  triangle  ABC  has  for  8ym6- 
trique  the  extremity  of  the  diameter  of  the  circle  passing  through  (7. 

7.  Every  circle  having  for  diameter  a  chord  of  an  equilateral  hyperbola 
cuts  it  at  the  extremities  of  one  of  its  diameters. 

8.  The  asymptotes  of  an  equilateral  hyperbola  circumscribed  to  a  triangle 
ABC  axe  the  Simpson's  lines  of  points  diametrically  opposite  on  the  cir- 
cumcircle ABC  with  respect  to  the  triangle  ABC. 


v2 


292 


MiscellaneotM  Investigations. 


SEcnoK  III. — Twnr  Points  (Oebman  Zwillikospunxtb). 

211.  Two  points,  F,  P',  are  called  Twins  with  respect  to  a 
triangle  ABC  when  the  two  pencils  of  rays  P{ABC\  F'{ABC) 
are  inversely  equal. 

Twin  points  were  first  considered  by  Artzt,  <<  Frogramm  des 
Oymnasiums  %u  Recklinghausen.     Schuljahr,  1885,  1886. 

212.  To  construct  the  point  F*  when  F  is  given. 

It  circles  be  described  around  the  triangle  AFC^  BFC,  and  if 


their  sym6trique  with  respect  to  the  sides  AC^  -5  C  intersect  in 
P',  F*  is  the  point  required. 

Dem.— Join  AF*,  BF,  CF  and  produce  BF  to  B^.  Then, 
from  the  construction  we  have,  evidently,  the  angles  AF^Bi, 
BiF'C,  CFA,  respectively,  equal  to  AFB,  BFC,  CFA,  and 
the  pencils  F{ABC),  F*{ABC).    Hence,  Ac. 
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Or,  thvt : — Let  P„  Pt,  P.  be  the  i<ym4triquee  of  P  with  respect 
to  the  aidea  BC,  CA,  AB,  then  P"  ie  the  point  comnum  to  the 
circlea  BCP„  CAP^,  ABP^ 

Or,  again : — The  perpendiculars  erected  at  the  middle  points 
of  the  lines  PA,  PB,  PC  intersect  two-b^-two  in  three  points, 
Q..Qi,Q.;  l«t  ^„  Q't,  Q',  be  the  symStriques  of  these  vith 
respect  to  BC,  CA,  AB,  then  the  perpendiculars  from  A,  S,  C 
on  the  sides  of  the  triangle  Q,QiQf,  intersect  in  P". 

213i  If  two  poinU,  V,  V  b«  inv»rt»  mth  r*»p«et  to  th«  eireum- 
eireli  of  the  triangle  ABC,  tkeir  iiojonal  cot^tigatu  are  twin pointt 
of  ik»  triangle. 


Dem. — By  construction  the  angle 

CAP'=r'AB,    and   ACP'-TCB. 

CAP+ACP'=V'AB+  r'C£-=ABC-A  7'C=A  WC~A  VC. 
Similarly, 

PCA+CAP=ArC-AWC,  .:  CAP^ACP^CA\CAP. 
Hence  AP'C=  CPA.  Therefore  the  circumcircle  of  the  tri- 
angle APC  is  the  symStnque  of  the  circumcircle  of  APC  with 
respect  \a  AC.  Similarly,  the  circnmcircles  of  BP C  and  BPC 
are  sym^triques  with  respect  to  BC.  Hence  the  proposition  is 
proved. 

214.  Twin  pointt,  P,  P  are  at  the  extremitit*  of  a  diamettr 
of  an  equilateral  hyperbola  eiroumterihed  to  the  triangle  ABC. 
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For  the  intersection  of  homologous  rays  of  the  inverse  pendlB 
P{ABC ,  .  .)i  P'{ABC .  .  .)  generate  an  equilateral  hyperbola. 

Cor, — The  locus  of  the  middle  point  of  twin  points  of  a  tri- 
angle is  the  nine-points  circle  of  the  triangle. 

For  the  middle  point  is  the  centre  of  an  equilateral  hyperbola 
circumscribed  about  the  triangle. 

215.  If  F,  V  he  the  ieogonal  eonfttgates  of  the  twin  points  PP* 
{see  fig. y  §  213),  and  if  the  join  of  F",  V*  intersect  the  circumcireU 
in  W,  W,  the  Simpson^s  lines  of  IF,  W,  with  respect  to  the 
triangle  ABC  are  parallel  to  the  double  direction  of  the  pencils 
P{ABC .  .  .),  P^(ABC  .  .  .).  Theg  are  aUo  the  asymptotes  of 
the  equilateral  hyperbola  ABCPF. 

Dem. — The  isogonal  transformation  of  the  diameter  VV  is 
the  equilateral  hyperbola  ABCPP*.  The  asymptotic  directions 
are  the  isogonal  conjugates  of  the  points  W^  JP,  but  the  Simpson's 
line  of  W  is  perpendicular  to  the  isogonal  line  A  W,  and  there- 
fore has  the  direction  of  an  asymptote,  and  the  Simpson's  lines 
intersect  on  the  nine-points  circle.  Hence  they  are  the  asymp- 
totes. 

Cor. — The  fourth  point  common  to  the  hyperbola  and  circle 
is  the  isogonal  conjugate  of  the  point  at  infinity  on  VV\ 

216.  If  a,  ^,  y  be  the  angles  of  a  triangle  whose  sides  are 
parallel  to  the  rays  of  the  pencil  P{ABC),  the  bary centric  co- 
ordinates of  P  arc 

l/(cota  +  cot -4),    l/(cot)8  +  cotB),   l/(cot y  4-  cot  C). 

Dem. — Let -4P  meet  the  circumcircle  oiBPCin  Q,  then  the 
angles  of  the  triangle  QBC  are  a,  )8,  y  respectively.  Hence 
the  perpendiculars  from  Q  on  AB,  AC  slto  BQ  sin  (j9  +  ^), 
CQ  sin  (y  +  C);  therefore  il  x,  y,  z  be  the  normal  co-ordinates 
of  P,  we  have 

y      CQ  sin  (y  +  C)      sin  p  sin  (y  -H  C)  _  sin  C7(cot  y  4-  cot  C) 
i  "  BQanll3+B)  "*  sin y sin {js  +  B)  "  sin  B  (cot P  +  cot  £)' 

Hence  if  a,  )8,  y  denote  the  barycentric  co-ordinates  of  P, 

a:)8:y::  l/(cota+cotui)  :  l/(cot)8  +  cot-5) :  l/(coty4-cot  C). 

(73B) 
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For  the  point  P  we  have 

a' : )8' : y : :  l/(cota -  cot^) :  l/(cot)8-cot^) :  l/(coty-cot  C). 

(789) 

A 


Cor, — The  barycentric  co-ordinates  F",  V  are 
a^  (cot  A  ±  cot  a),  5»  (cot  ^  ±  cot  P\  (?  (cot  C  ±  cot  y).     (740) 


1.  To  find  the  Iocub  of  P  if  the  Brocard  angle  of  the  triangle  BQO  is 
constant. 
Let  r  be  the  Brocard  angle  of  BQC.    Then  we  haye 

cot-4+coto=A/a,    cotJ?+oot/3  =  A//3,    cot(7+cot7=sX/7. 

Hence  cot »  +  cot  F"  =  AS  -  ; 

a 

we  have  also     2  cot  a  cot  /3  «=  2  {xja  -  cot  A)  (a//3  -  cot  J?)  -  1, 


or 


or 


A«  2  —  -  A2  (cot-4//3  +  cot  5/o)  =  0  ; 
op 

.-.    A  2  —  - 2(cot-4//3  +  oot-B/a)  =  0, 
op 

A  2  (l/a/3)  -  ootw  2  (1/a)  +  2  oot^/a  »  0. 
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Eliminating  A,  we  have 

2  (cot »  +  cot  F)lafi  -  cot »  ^  (l/a)  +  2  (1/a) .  2  (cotui/a)  «  0), 
or 

2  (-5  (cotui-oot.«)|-2|-^(cot(7-cotF)|  =0.  (741) 

Hence  the  locus  is  the  isotomic  transformation  of  a  conic. 
Got, — ^The  locus  of  T  is  a  conic. 

SscTioK  lY. — Teianoles  Debited  FRoii  the  baue  Teiakolb. 

Pedal  Teiangles. 
217.  ITie  prqfeetums  of  a  point  F  on  the  sides  of  a   triangle 

A 


ABC  are  the  summits  of  a  triangle  AiBidy  called  the  pedal  tri- 
angle  ofF. 

The  sides  of  the  pedal  triangle  of  F  are  perpendicular  to  the 
lines  joining  the  summits  of  ABC  to  F'  the  isogonal  conjugate 
of  P.     {Seguel,  page  165.) 

The  pedal  triangles  of  the  isogonal  conjugates  F,  F  have  the 
same  circumcircle,  which  is  a  principal  circle  of  a  conic  inscribed 
in  the  triangle  ABC^  and  having  F,  F'  as  foci. 

218.  Ths  hargeentrio  co-ordinates  ofF,  with  respect  to  its  pedal 
triangle^  are  equal  to  those  of  F*  with  respect  to  ABC, 

In  fact,  if  (Xy  g,  %),  {xi,  y^,  %i)  be  the  normal  co-ordinates  of 
F,  F  with  respect  to  ABCy  we  have 

AiFBi :  BiFCi :  CiFAi :  :xg  Bin  C:g»  sin  A  :zx  sin  B 

: :  sin  C/^Xigi) :  sin  Ajiyit^  :  sin  BI(ziXi) : :  ZiC  :  Xia  :  gib, 

219.  2%e  sides  of  the  pedal  triangle  of  Fare  proportional  to  the 
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products  of  the  opposite  sides  of  the  quadrangle  PABC,  In  fact, 
AP  \s  the  diameter  of  the  circumcircle  of  the  triangle  FBiCi. 
Hence  B^  Cj  -  AP  sin  A,     Therefore 

B^Cy  :  Ci^i  :  A^B^  ..  a.  AP  \h  .  BP  \  e.CP. 

Cor, — The  pedal  triangles  of  each  of  the  points  A,B,  CyP  with 
respect  to  the  triangle  formed  by  the  three  others  are  similar. 
220.  To  find  the  area  of  the  pedal  triangle  of  P, 
Let  tfi,  hi,  Ci  denote  the  distances  AP,  BP,  CP,  It  the  radios 
of  the  circle  ABC,  we  have  BiCi  =ai  sin  A  =  aai/2i2,  &c. 
Hence,  area 

—^^^  {aai+hbi+cei){~aai+hhi-^cci){aai-bbi-^  cei){aai-^bbi-eei) 


^  (742) 

Cor. — The  areas  of  the  pedal  triangles  of  four  points  with 

respect  to  the  triangles  formed  by  the  three  others  are  inversely 

proportional  to  the  squares  of  the  radii  of  the  circumcircles  of 

the  triangles. 

EXEBOISES. 

1 .  If  A  denote  the  area  of  the  triangle  ABC,  J2  its  circumradioB,  and  w  the 

power  of  F  with  respect  to  the  circumcircle,  the  area  of  the  pedal  triangle  of 
Pis 

»A/(422»).  (743) 

2.  The  locus  of  points  whose  pedal  triangles  have  a  given  area  is  a  circle. 

3.  The  pedal  triangles  of  two  points  inverse  with  respect  to  the  circum- 
circle are  inversely  similar.  (Eibhl.) 

Antipedal  Triangles. 
221.  If  through  A,  B,  C  we  draw  perpendiculars  to  PAy 
PB,  PCwG  form  a  triangle  A^B*  C  called  the  antipodal  of  P  with 
respect  to  ABC. 

EXEBOISES. 

1 .  The  antipedal  triangles  of  twin  points  are  inversely  similar. 

2.  If  Q  be  the  symetrique  of  F  with  respect  to  the  circumcentre  of  the 
triangle  ABC,  F  and  Q  are  isogonal  conjugates  with  respect  to  the  antipedal 
triangle  of  F. 

3.  There  exists  an  infinite  number  of  triangles  circumscribed  to  ABC 
similar  to  one  another  and  having  Pas  their  centre  of  similitude,  the  maximum 
is  the  antipedal  of  F,  and  the  minimum  the  summit  of  the  pencil  F(ABC). 
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Habmokic  Tbansfobmation  of  a  Triangle. 


222.  If  the  lines  PA,  PB,  PC  meet  the  circle  ABC  again  in 
A',  B*f  C\  the  triangle  A'B'C  is  called  the  harmonic  transfor- 
mation otABC. 


The  polar  of  P  with  respect  to  the  circle  ABC  diYides  the 
lines  AA%  BB*,  CO  harmonically.  Hence  the  triangles  ABC^ 
A'B'C  Qxe  in  perspective.  P  is  their  centre,  and  p  its  polar 
with  respect  to  the  circle  their  axis  of  perspective.  Hence,  in 
starting  from  ABC  we  can  construct  A'B'C\  and  establish  a 
correspondence  between  the  triangles  by  joining  P  to  any 
remarkable  point  Q  of  the  figure  ABC,  and  take  Q!  the  homo- 
logue  of  Q!  such  that  QQ'  is  divided  harmonically  by  P  and  p. 

223.  The  harmonic  transformation  A'B^O  of  ABC  with  re- 
speet  to  P  is  similar  to  the  pedal  of  P  with  respect  to  ABC,  and 
the  homohgw  of  P  in  A'B'C  is  the  isogonal  conjugate  of  P  in  the 
pedal  AiBiCi, 

In  fact,  the  angle  PAiBi  =  PCA  =  AA'C,  and  PA^C^ 
=  PBA  =  AA'B'.    Hence  B,AiCi  =  B'A'C,  &c. 
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224.  To  calculate  the  sides  and  area  of  the  harmonic  trans/or- 
mation  of  the  triangle  ABC. 

If  a,  )3,  y  be  the  angles  of  the  pencil  P{ABC)  we  have 


Similarly, 
Again, 


B'C  =  2i2  sin  RA'C  =  2R  sin  {A  +  a). 
CA'^2R^m{B^p\  A'B'=2Bsm{C+y).        (744) 


A'B'C'  =  B'A' .  A'C  sin  ^^'C" 

=  2i?«  sin  {A  +  a)  sin  (^  +  j8)  sin  (  C  +  y).  (745) 

A'B'C      sin  {A  +  a)  sin  (5  +  )3)  sin  ((7+  y)  ,^,,, 

Hence        =  — ^ r-A — ^1 — ^^^ — := -.  (746) 


ABC 


sin  ^  .  sin  ^  .  sin  C 


225.  The  lines  drawn  through  A*,  B*,  C,  perpendicular  to 
AA\  BB'j  CC",  respectively,  form  a  triangle  ^"J?"C"  called  the 
polar  reciprocal  of  ABC  with  respect  to  P.  It  is  the  antipedal 
of  A'B'  C.    Its  angles  are  equal  to  those  of  the  pencil  F  (AB  C), 


1.  The  area  of  the  triangle  A"B"C"  polar  reciprocal  of  ABC  with  respect 

to  Pie 

2i2>  2  sin  a  sin  (B  +  iS)  sin  (C  +  7}/sin  a  sin  iS  sin  7.  (747) 

2.  If  8  be  the  circumdiameterof  ^"B"(r', 


8  sin  a  sin  /3  sin  7  =  2R  VSsinui  .  sin  a.  sin  (3  + iS)  sin ((7 +7) .      (748) 

3.  If  we  take  the  polar  reciprocal  A"B"C"  of  ABC  with  respect  to  the 
symmedian  point  JTof  ABC^  K\b  the  focus  of  an  ellipse  touching  tbe  sides 
of  A"B"C"  at  tbe  middle  points.  (Hadama&d.) 

4.  The  ccntroid  G  of  ABCia  the  focus  of  an  ellipse  touching  the  sides  of 
the  pedal  triangle  of  O  at  their  middle  points  and  also  the  focus  of  an  ellipse 
touching  tbe  sides  of  the  harmonic  transformed  of  O  at  their  middle  points. 

5-8.  If  through  a  fixed  point  we  draw  a  variable  line  cutting  the  sides  of 
a  given  angle  XOYin  the  points  A,  B,  then — (I)  The  locus  of  the  circum- 
centre  of  the  triangle  AOBisa,  hyperbola.      (2)  The  locus  of  the  orthocentre 
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is  a  hyper1)ola.  (3)  The  locus  of  the  double  point  of  two  figures  directly 
Bimilar  described  on  OA,  OB  is  a  circle.  (4)  The  locus  of  the  symniedxaii 
point  of  OAB  Ib  a  conic.  (Nbubxbo.) 

9.  If  two  sides  AB,A  Cof  a  triangle  be  given  in  position,  and  the  third  side 
BC  move  in  any  manner,  the  orthocentre  and  circumcentre  describe  figures 
inversely  similar.  (Ns:i7BS1io.) 


10.  If  two  vertices  B,  C  of  a  triangle  be  fixed,  prove  that  the  two 
A^  A  of  the  triangles  BCAy  BCA'  which  have  a  common  symmedimn  point 
JT,  describe  when  K  moves  two  figures  inversely  similar. 

(Neubbro  and  Schoutb.) 

11.  If  the  sums  of  the  squares  of  the  sides  of  the  pedal  triangle  of  P  be 
given,  the  locus  of  P  is  a  circle. 

Let  a;,  y,  s  be  the  normal  co-ordinates  of  P,  and  iS^  the  sum  of  squares. 

Then 

fi*- 2(«'  + y*+ «»+ary  cos  C+y«  cos -4 +«f  cos  J?), 

t«.«     -.      .     ^.  -  /    *    \      -      (van,  A      sin  P  \ 

"  '      \sm^/  '\smP     sin^  / 

s=2(«8inul)  2  f-r— -j)  -  cot«  2(«y  sinC),    (749) 

where  »  is  the  Brocard  angle  of  the  triangle  ABC. 

12.  The  locus  of  points  whose  pedal  triangles  have  a  constant  Broemzd 
angle  F  is  a  circle.  (Schoutb.) 

In  fact  the  equation  is 

(ai'  +  h^  +  <?i»)/4A'  =  cot  r, 
or  2  («  sin -4)  2  {  t — -^j  -cot«2(y«  sin-4)e  2(y«  sin-4)  cot  V, 

Hence        (cot  w  +  cot  r)  2  (ys  sin  u4)  =»  2  (:r  sin  u4)  2  (ir/sin  A),        (760) 

13.  In  a  given  triangle  ABC  can  be  inscribed  an  infinity  of  triangles 
similar  to  a  given  triangle  A\B\C\.  These  have  the  same  centre  of  simili- 
tude 8 ;  the  minimum  is  the  pedal  of  8.  The  envelopes  of  their  aides  are 
parabols  having  jS  as  a  common  focus. 

If  5'  be  the  isogonal  conjugate  of  8^  the  angles  of  the  pencil  S'{ABC)  are 
equal  to  those  of  the  triangle  A\B\C\  (see  Twin  points).  Hence  the  bary- 
centric  co-ordinates  of  S  are 

«»(cot^±cot^i),  4»(cotP±cotPi),   <j»  (cot  (7  ±  cot  Ci).    (761) 
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Sectiok  Y. — Tbipolab  Co-obdinatbs. 

226.  The  tripolar  co-ordinates  ofP  are  its  powers  PA\  FJS*,  F(Pj 
with  respect  to  the  three  summits  Jl^  B^  C^  of  the  triangle  of  refer- 
ence, 

Tripolar  co-ordinates  are  a  limiting  case  of  Tricylic  co-ordi- 
nates in  wliich  the  position  of  a  point  is  denoted  by  its  powers 
with  respect  to  three  given  circles,  namely  when  the  circles  re- 
duce to  points.  Tricyclic  co-ordinates  were  first  employed  by 
the  author.     See  *'  Bicircular  Quartics,"  1869. 

227.  Being  given  the  mutual  ratios  \  :  fi  :  v  of  the  tripolar 
co-ordinates  of  a  point  P  to  construct  it. 

Let  the  tripolar  co-ordinates  be  X,  F,  Z,  then  we  have  the 
systems  of  determinants 

X,     F,    Z 


=  0. 


Hence  the  two  points  common  to  the  coaxal  circles  X/X  »  F/fi » 
Zfv  satisfy  the  conditions.  Now,  the  points  X  =  0,  F  =  0,  and 
the  circle  X/A  -  F/ft  form  a  coaxal  system  of  which  X=  0,  F  =  0, 
that  is,  the  points  A  and  B  are  the  limiting  points. 

Hence  the  circumcircle  of  the  triangle  ABC,  since  it  passes 
through  A  and  B  cuts  the  circle  X/X  -  F/ft  =  0  orthogonally. 
Similarly  it  cuts  the  circles  F/ft  -  Z/v  =  0,  and  Z/v  -  X/X  =  0 
orthogonally.  Therefore  the  two  points  common  to  the  circles 
X/X  =  F/ft  =  Z/v,  that  is,  the  two  points  whose  tripolar  co-ordi- 
nates arc  X,  ft,  V  are  inverse  points  with  respect  to  the  circum- 
circle of  the  triangle  ABC. 

A  pair  of  points  having  the  same  tripolar  co-ordinates  Xfiv 
are  said  by  Neubeko  to  be  tripolarly  associated.  For  shortness 
we  shall  call  them  a  tripolar  pair. 

Cor.  1 . — If  P,  Q,  be  a  tripolar  pair,  and  F,  V  the  points  in 
which  the  circumcircle  ABC  intersects  PQ,  then  PQ  are  har- 
monic conjugates  to  F,  V. 
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Cor.  2.— The  bieectoia  of  the  asgles  PA  Q,  PBQ,  PCQ  concur 
in  the  points  V,  V. 

228.  Th  peial  irianght  of  a  tripolar  pair  P,  Q  are  invar$dg 
timilar  (Ejbel).  Tke  doubh  Una  are  tfu  Simpeon't  Unti  of  tht 
point*  V,  V  in  tokieh  PQ  interMcti  the  etreumcirele  anS  tk* 
double  point  isontlu  nine-point  eircle  of  AB  C.    (Nbubsbo.) 


Dem. — Let  the  tripolar  co-ordmates  of  P,  Q  be  {X.fi.v),  and 
their  pedal  triangles  A'B'C,  A"B"0",  then  the  eides  of  A'B'C 
are  AP  sin  A,  BP  sin  B,  CP  sin  C ;  hence  they  are  pro- 
portional to  A>  sin  .<<,  /!>  sin  B,  v'  sin  C,  and  similarly  the  sides 
of  .ii"5"(?"areproportionaltoy  sin  ji,  fi'sin-B,  c'sinC  Hence 
A'B'C,  A"B"(?'  are  similar,  and  they  have  different  aspects, 
that  is,  they  are  inversely  similar. 

Again  the  ratio  of  similitude  is  APjAQ^PVjVQ.  Hence 
the  perpendiculars  from  Vaa  BC,  CA,  AB,  divide  A' A",  B'B", 
(^C" in  the  ratio  of  similitude.  Hence  the  Simpson's  line  of  V\b 
an  axis  of  similitude.    Similarly  the  Simpson's  line  Pis  an  axis  of 
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similitude,  but  these  intersect  on  the  nine-points  circle.    Hence 
the  double  point  is  on  the  nine-points  circle. 

This  point  is  the  middle  of  the  distance  between  the  isogonal 
conjugates  of  P  and  Q, 

Special  Case — If  \:  fi:v: :  1/tf' :  1/J' :  1/^.  The  quadrangles 
ABCF,  ABCQ,  are  such  that  the  rectangles  contained  by  the 
pairs  of  opposite  sides,  are  equal,  viz.,  AB  .  CP  -  BC .  AP 
=  CA  .  BP.  Hence  it  follows  : — 1°.  that  if  upon  any  side  AB 
be  constructed  a  triangle  ABR  directly  similar  to  CBP^  the  tri- 
angle APR  is  equilateral.  2°.  The  pedal  triangle  of  any  of  the 
four  points  AyByC,P  with  respect  to  the  triangle  formed  by  the 
remaining  points  is  equilateral.  3®.  The  points  P,  Q  are 
centres  from  which  ABC  can  be  inverted  into  an  equilateral 
triangle. 

Def. — The  points  P,  Q  have  been  called  hy  Neuberg  isodynamie 

points, 

229.  Relation  between  tripolar  and  normal  eo-ordinates. 

Let  Xf  y,  %  be  the  normal  co-ordinates  X^  F,  Zthe  tripolar 


co-ordinates  of  P,  then  we  have 

P'C  =  ^PsinCPP', 
or     Xsin^A  =  y«  +  «'  +  2y«  cos^,     T  sin'P  ««•+«■+  2m?  cos  P> 

Zsm^C  =  «»  +  y»  +  2«ycoflC,  (762) 
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Cor.  Since  IX  +mT  +  nZ=0  is  the  general  equation  of  a 
circle  cutting  the  circle  ABC  orthogonally,  it  follows  that 

/(«'  +  y'  +  2«ycos  C)+m(y«  +  ««  +  2y«coB^) 

+  n(«*  +  «»+  2ssd?co8J9}aO 

denotes  a  circle  cntting  ABC  orthogonally.  (753) 

230.  Lucases  Theorem. — If  A  denotes  the  area  of  the  triangle 
ABC, 

bcosC  .T-¥c  COB  B  .Z-aX-{- ahe  COB  A  =  4^^  (1) 
ccobA  .Z+a  cos  C .  X-hY-\-abccoBB  =  4Ay,  (2) 
tf  cos -ff .  X  +  ^  cos  -4  .  F-  eZ+  ahe  cos  C  =  4A«.  (3)       (754) 

To  prove  (1),  let  fall  the  perpendicular  AI);  join  PD^  and 
draw  PB  perpendicular  to  AD.  Then,  by  Stewart's  theorem 
{Sequel,  5th  edition,  Prop,  ix.,  p.  24). 

CB.BP^+BB.  CP*^ BC . PJP-^  CD . BD'+BB .  d}", 

or  hcoBC.  Y+ocobB  .Z=a,PB^  +  a.BI).I)C. 

Hence 

h  cobC.  Y^ccoBB.Z-aX=a.BD.DC'a{AP*-PJDf^) 

^a.BL.DC''a{AE^''ED')^a.BD.DC-a(,AD'-2x)AD 

=  4^  +  a  {BB.  DC -AB^)r^  4^ -ahe  COB  A. 

Hence      hcoB  C.  F+  <;  cos  ^ .  Z-  aX+ahe  cos  A  ■  4Ad?. 

These  equations  enable  us  to  transform  formulse  from  trilinear 
co-ordinates  into  tripolar  co-ordinates.  Thus,  if  Sa  denote  the 
distance  between  two  points  we  have  equation  (184) 

Sia'  =  {(«!-  ^y  Bm2A  +  {f/i  -  y,)*  sin  2B  +  (»i  -  2,)'  sin2  C) 

/  (2  sin  ^  sin  ^  sin  C). 
Hence  we  have  in  tripolar  co-ordinates 
16A»8i,»=2a»(Xi- Ja)»  +  2{2*c(ri-  Y^^Z.-Z^)  cob  A].  (765) 
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231.  In  equation  (274),  if  we  suppose  the  second  system  of 
circles  to  coincide  with  the  first,  and  then  each  to  become  points, 
we  get  for  the  four  points  A,  B,  C^  P  the  following  relations 
where  X  =  AF\  &c. : 


0, 

1, 

1, 

1, 

1 

I, 

0, 

«*, 

>'. 

X 

1, 

«», 

0, 

aS 

T 

1, 

»*, 

«', 

0, 

Z 

1, 

X, 

T, 

^, 

0 

=  0. 


(756) 


If  this  be  expanded  and  reduced  by  the  relations 

a»  +  *'  -  c»  =  2fl^  cos  C,  &c., 

we  get 

Sa^X*-  25  db  cosC.  ZF-  2aitf  S«  cos^  .-X:+  a^}^^  =  0.     (757) 


1.  If  the  circles  X\\  =  r//i  ^  Zjy  ol  i  227  intenect  the  sides  ABy  BO, 
CA,  of  the  triangle  of  reference,  respectively,  in  the  pairs  of  points  C,  C; 
A\  A";  B'y  B'\  then  the  lines  AA\  BB>  ^  CC  intersect  in  the  same  point 
S,  and  the  points  A"j  B^\  C"  are  upon  the  same  right  line  tr^  the  trilinear 
polar  of  Sy  the  barycentric  co-ordinates  oi  S  axe  l/x,  l//i,  1/r ;  and  the  line 
co-ordinates  of  a,  A,  /i,  r. 

2.  The  centres  of  the  circles  Z/\  =  Tjfi  a  Zjp  are  in  a  right  line  whose 
co-ordinates  are  A*,  /i'*  '^^ 

3.  If  /,  m,  n,  j9  be  any  constants,  the  tripolar  equation 

represents  a  circle  when  /  4-  m  +  n^  0,  and  a  line  when  /  +  m  +  »  »  0. 

4.  The  tripolar  equation  of  a  circle  passing  through  three  given  points  is 


x. 

r, 

^, 

1 

X, 

r. 

^, 

1 

X', 

r". 

^\ 

1 

X", 

r", 

z 

1 

«0. 


(768) 


/ 
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=  0. 


(759) 


5.  The  tripolar  equation  of  a  line  through  two  given  points  is 

X,       r,       Z,       1 

r,     r,     r,    i 
z",     r\    z'\    1 

1,  1,  1.        0 

6.  If/+m  +  »  =  0,  prove  that  IX  +  fnT-\-  nZ^  0  is  a  diameter  of  the 
circumcircle. 

7.  The  equation  of  the  ciroumcircle  is 


^, 

r, 

^. 

1 

0, 

«*, 

i*. 

1 

«*, 

0, 

«', 

1 

»«. 

«'. 

0, 

1 

1, 


The  modulus  of  this  equation  is    —  jS/2a. 

8.  The  equation  of  the  circle  on  BC  as  diameter  is 

X,      r,      z,      1 


0, 


^,         0,         a»,       1 
*»,         a»,        0,        1 

1,  1,         1,        0 

or  aX-bGO&CY—ecoAB'Z  -abeeoAA^O, 

The  modulus  of  this  equation  is    -  4a. 

C!ompare  §  230. 

9.  The  area  of  the  triangle  fonned  hy  three  points  is 


-r  16a. 


x\ 

r. 

4'» 

1 

X'\ 

r", 

Z'\ 

1 

X", 

r", 

Z"\ 

1 

1, 

1, 

1, 

0 

(760) 


(761) 
(762) 


(763) 

(764) 
(766) 


(766) 


10.  The  radical  axis  of  the  three  circles  X\k  =  TJ/a  =  Zfw  is 

X,      r,      z 

A,  M,  r       =0  (767) 

1,  1,  1 

Exercises  4-10  have  been  taken  from  Lucas's  Memoir  "  Sur  lee  Ck>or^ 
ionnte  Tripolaires/'  Mathesis,  tome  9,  page  129. 


CHAPTER    IX. 

SPECIAL  RELATIONS  OF  CONIC  SECTIONS. 

232.  If  S  =  Of  S'  =  0  he  the  equations  of  two  curves^  then 
8  -  kS'  -  0  represents  a  curve  passing  through  every  point  of 
intersection  of  the  curves  8  and  8'. 

This  proposition  is  a  simple  case  of  the  evident  principle  that 
the  points  of  intersection  of  two  enrves  8  and  8'  must  satisfy 
the  equations  8  =  0  and  8'  =  0,  and,  therefore,  must  satisfy  the 
equation  8  -  k8'  =  0.     (Compare  §  30,  Cor.  2.) 

233.  The    following    are    special    cases    of    this  general 

theorem : — 

1°.  If  /S  =  0  he  any  conic,  and  8*  =  0  the  product  of  two 
lines,  8  -  ^8'  =  0  denotes  a  conic  section  through  the  four 
points,  where  8  is  intersected  by  the  two  lines  denoted  by  8' ; 
for  example,  8  -  k^ap  -  0  denotes  a  conic  passing  through  the 
points  where  8  is  intersected  by  the  lines  a  =  0,  j8  =  0.  Hence, 
if  a,  fi  are  tangents,  8  -  Paj8  =  0  denotes  a  conic  having  double 
contact  with  8, 

2°.  If  the  lines  denoted  by  8'  become  indefinitely  near,  8* 
may  be  denoted  by  Z",  where  Z  =  0  represents  a  line ;  then 
8  -  1^1?  =  0  denotes  a  conic,  touching  8  in  each  point  where 
L  intersects  8 ;  in  other  words,  having  double  contact  with  8, 
By  giving  different  values  to  ky  we  get  different  conies,  each 
having  double  contact  with  /S,  and  having  a  common  chord  of 
contact,  namely  X  =  0.  If  the  line  Z  a  0  intersect  8  in  two  real 
points,  8  -  k^L*  =  0  will  have  real  double  contact  with  8,  If 
the  line  Z  meet  8  in  two  imaginary  points — ^in  other  woids,  if 

x2 
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it  doe  snot  meet  it  in  real  points — S  -  l^L^  =  0  will  have  imaginary 
double  contact  with  8.  This  form  of  equation  may  also  be 
written  /S*  -  ^X  =  0,  or  iS*  +  A;Z  =  0 ;  for  either  equation  cleared  of 
radicals  gives  S  -  1^1?  =0.  In  conic  sections  there  are  many 
instances  of  imaginary  double  contact. 

3°.  If  iS  =  0  denote  the  product  of  two  lines,  say  MN\ 
then  MN  -  l^U  =  0  will  denote  a  conic,  touching  the  lines 
if  =  0,  J\r  =  0,  and  having  the  line  Z  s  0  as  the  chord  of 
contact. 

4^.  By  supposing  one  of  the  three  lines  Z,  if,  iV  to  be  at 
infinity,  we  get  three  different  cases.  Thus  :  1^.  Let  Z  be  at 
infinity,  then  Z  becomes  a  constant ;  and  if  M,  N  be  real,  the 
equation  MN=  I^L^  will  denote  a  hyperbola,  of  which  M^  I^sie 
the  asymptotes.  2^.  Let  Z  be  at  infinity,  and  let  My  JV^  denote 
the  two  conjugate  imaginary  factors  x  +  t/  \/  -  I,  x  -  y  y/  -  1, 
the  equation  MN  =  ^*Z*  will  represent  a  circle.  From  this  it 
follows  that  all  circles  pass  through  the  same  two  imaginary  points 
on  the  line  at  infinity.  For  the  circle  ic^  +  y*  =  r*  passes  through 
the  points  where  the  line  at  infinity  meets  the  lines  x  ■\-  y  y^  — 1 
=  0,  df-y  v^-  1=0,  and  the  circle  {x  -  a)'  +  (y  -  i)»  =  f> 
passes  through  the  points  where  infinity  meets  the  lines  {x  —  a) 
+  (y  -3)  v^"^  =  0,  (a?  -a)  -  (y  -  I)  ^/'^  =  0,  which,  since 
parallel  lines  meet  at  infinity,  will  be  the  same  points.  3^.  Let 
one  of  the  factors  if,  iV  be  a  constant,  and  let  Z  =  0  denote  a 
finite  line,  the  equation  will  be  of  the  form  px  =  y*,  and  the 
curve  denotes  a  parabola.  Hence  we  have  the  important  theorem 
that  every  parabola  touches  the  line  at  infinity. 

5°.  If  iS  =  0  be  the  product  of  two  lines,  viz.  ay  =  0,  and  8> 
the  product  of  two  others,  namely  j88  =  0,  then  8  -  k8'  be- 
comes ay  -  kfiS  =  0.  Hence  ay  -  k^B  =  0  denotes  a  conic 
passing  through  the  four  points  afi,  aS,  )8y,  yS  ;  in  other  words, 
it  denotes  a  circumconic  of  the  quadrilateral  formed  by  the 
lines  a,  j3,  y,  S,  taken  in  order. 
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234.  In  the  equation  8  -  Pa)8  =  0  (§  233,  1°),  if  the 
lines  a  =  0,  )3  =  0,  intersect  on  8^  the 
curve  8  -  k'^afi  =  0  touches  8  in  the 
point  ap,  and  will  intersect  it  in  the 
points  where  the  lines  a  =  0,  j8  «=  0 
meet  S  again.  For  evidently  the 
curves  have  two  consecutive  points 
common  at  the  intersection  of  the  lines 
a,  p.  This  is  called  contact  oftheJirBt 
order.  S^^ 

This  conic  is  represented  also  by  [the  equation  8  -  k^S  a  0, 
if  y  =  0  be  the  tangent  to  8  at  the  point  afi,  and  8  =  0  the 
chord  joining  the  points  where  a,  j8  meet  8  again. 

Again,  if  one  of  the  lines  a  =  0,  j8  =  0 — say  a  =  0 — touch  8 
at  the  intersection  of  a,  j8,  the  second 
point  in  which  a  meets  8  coincides 
with  the  point  afi,  and  the  cxirve 
8  -  I^afi  will  have  at  the  point  afi 
three  consecutive  points  common  with 
8 J  and  will  intersect  it  in  the  second 
point,  in  which  fi  meets  8.  The  con- 
tact of  8  and  8  -  It^ap  in  this  case  is 
called  contact  of  the  second  order,  and  8  -  l^afi  is  said  to  oscu- 
late 8. 


''   (^+S-0"K?"'?"'0^''^''^''^"^=^' 


denotes  a  conic  osculating  the  ellipae  -j  +  5  — 


we  make  the  coefficient  of  xt/  vaniah,  we  get 


1  imi.  / 


the  point  s'y'.    If 


and  if  we  determine  k  so  that  the  coefficient  of  «^  »  coefficient  of  y%  we  get 
the  osculating  circle  at  »y\    8ee.ii^!iG^  (783). 


w  »,  fi 


310 


Special  Relations  of  Conic  Sections* 


2.  The  ciroumconic//37  -h  ffya  +  hafi  is  osculated  at  tlie  point  ai9  by  the 
^^^  f$yhffya+hafi'{/$-\-ffa){la-\'mfi)=0.  (768) 

3.  This  result  holds  for  tangential  equations. 
Thus,  if  2  =f/i»  4  ^  vA  +  h\fif 

then  2  -  (^A  +f/i)  (l\  +  m/i)  =  0,  (769) 

represent  a  conic  osculating  2  on  the  side  opposite  the  summit  r. 

Lastly — Let  the  lines  a  a  0,  p  =  0  coincide  with  each  other, 
and  with  the  tangent  to  S ;  then 
the  product  aft  becomes  a',  and 
the  two  conies  will  have  four  con- 


S'k'cc 


secutive  points  common,  which 

is  the  highest  order  of  contact 

that  two  conies  can  have.    This 

is  called    contact    of  the  third 

order  ;  and  the  equations  of  two  conies  which  have  this  species 

of  contact  will  be  of  the  forms  S  =^0,  8  -  ^a'  =  0,  where  a  is  a 

tangent  to  8.     It  is  evident,  from  §  233,  2^,  that  the  equations 

of  conies  having  double  contact,  are  the  same  in  form,  and  that 

one  changes  into  the  other,  when  the  chord  of  contact  becomes 

a  tangent. 

235.  The  following  examples  will  illustrate  the  foregoing 
principles  : — If  8  ^  ax^  +  2hxy  +  hy^  +  2^a:  =  0,  8-  J^afi  »  oV 
+  2Wxy  +  iy  +  2g'x  =  0,  the  lines  a  =  0,  )5  =  0  will  be  the  two 
factors  of  the  expression  {ag'-  a'g)  r*  +  2  {hg'-  h'g)  xy  +  {h^-  h'g)y^ 
=  0,  got  by  eliminating  the  terms  of  the  first  degree.  Now, 
if  one  of  these  lines  coincide  with  the  tangent  at  the  origin,  we 
must  have  «  as  a  factor,  which  requires  that  the  coefficient  of  jf* 
vanish.  Hence,  if  tlie  ccmics  ax^  +  2hxy  4  iy*  +  2gx  =  0, 
afa^  4  2h'xy  4  h'y^  4  2g'x  =  0  osculate  at  the  origin,  h^  =  h'g. 
Thus,  if  the  circle  a^  4  y'  4  2xy  cos  w  -  2rx  sin  co  =  0  osculate 

g 

as^  4  2hxy  4  ly"^  4  2gx  -  0,  we  must  have  r  =  -  ,— f — ,  and  this 

'  ^  sin  (i> 

is  the  value  of  the  radius  of  curvature  of  8  at  the  origin.   If  the 
condition  h^  ^  h'g  be  fulfilled,  the  fourth  point  common  to  the 
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two  conies  will  be  the  point  distinct  from  the  origin,  in  which 
the  line  (a/  -  fl'^)  x  +  2  {hg*  -  h'g)  y  =  0  meets  8.  This  will  also 
coincide  with  the  tangent  at  the  origin  if,  in  addition  to  the 
condition  hg'  =  h'g^  the  coefficients  of  8,  8*  fulfil  the  condition 
hg'  =  h'g^  and  the  conies  will  have  at  the  origin,  contact  of  the 
third  order.  Thus  the  parabola  AV  +  2lhxy  +  ^y'  +  2hgx  =  0 
has  contact  of  the  third  order  at  the  origin  with  8. 

Cor, — The  radius  of  curvature  at  the  origin  is  the  same 
for  the  conic  ax^  +  2hxy  +  hy^  +  2gx  =  0  as  for  the  parabola 
hy'^  +  2gx  =  0. 

236.  If  in  the  equation  8  -  J^L^  =  0  (§  283,  2°)  8  denote  a 
circle,  we  get  the  following  theorem  : — The  loeus  of  a  pointy  such 
thit  the  tangent  f ram  it  to  a  fixed  circle  is  in  a  constant  ratio  to  its 
distance  from  a  fixed  line,  is  a  conic  having  dottble  contact  with  the 
circle  ;  the  contact  will  be  real  when  the  line  L  cuts  8 ;  imaginary 
when  it  does  not.  In  this  case,  if  we  suppose  8  to  reduce  to  a 
point,  we  get,  evidently,  the  focus  and  directrix.  Hence  we 
have  the  following  definition : — The  focus  of  a  conic  is  an  infinitely 
small  circle^  having  imaginary  double  contact  with  the  conic,  the 
directrix  being  the  chord  of  contact. 

Def. — A  circle  8  having  double  contact  with  a  conic  is  called 
by  Geaves,  a  focal  circle.    (Hsahathena,  vol.  vi.,  1888.) 

237.  If  the  focus  be  made  the  origin,  the  equation  (§§  173, 

188)  is  of  the  form  x^  +  y^  J^D,  or  {x  +  y  a/^)  {x  -  y  ^/^) 

=  {kZy,   showing  that  the  imaginary  lines  x  +  y  y/-  1  =  0, 

X  -  y  v^-  1=0  are  tangents  to  the  curve.    But  x  +  y  >y  -  1 

=  0,  a:  -  y  y^-  1  =  0,  are  (§  233,  4°)  the  lines  from  the  origin 
to  the  cyclic  points.  If  we  denote  these  points  by  /  and  J^  we 
see  that  the  joins  of  either  focus  to  /  and  J  are  tangents  to 
the  curve.  Hence,  all  confoeal  conies  are  inserihed  in  the  same 
imaginary  quadrilateral^  the  six  summits  of  which  are  the  tw 
cyclic  points  J  the  two  real  foci,  and  two  imaginary  poAUi  m  ike 
conjugate  axis,  called  antifoci. 
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238.  If  2,  2'  be  the  tangential  equations  of  any  two  oonics, 
then  2  -  i^'  =  0  is  the  tangential  equation  of  any  conic  touchxag 
the  four  common  tangents  of  2  and  2'. 

In  particular,  if  for  2'  we  substitute 

X'  +  /i,*  +  v'-2/iivcos^-2vXcos^-2X/iicos(7aBO  »  0, 
which  denotes  the  cyclic  points,  then 

2  -  Att  =  0  (770) 

is  the  tangential  equation  (§  237)  of  all  conies  confocal  with  2. 

239.  OiBCLS  OF  OuBYATUBB. — To  constfuct  the  circle  of  curva- 
ture at  any  point  P  {x^y')<m  a  central  conic. 

Let  QR  be  the  polar  of  P  with  respect  to  the  orthoptic  circle 
of  the  conic,  and  let  the  normal  at  P  meet  QR  in  R ;  then  B! 


the  sym^trique  of  R  with  respect  to  P  is  the  centre  of  carva- 
tore. 

Dem. — Let  the  conic  be  an  ellipse  referred  to  CPy  and  the 
tangent  at  P  as  axes ;  then  if  of,  V  denote  the  semidiameter  CP 
and  its  semiconjugate  the  equation  of  the  ellipse  is  a^jaf^  +  y^jb'* 
+  2xlaf  «  0.  Hence,  §  235,  if  p  denote  the  radius  of  curva- 
ture at  P,  we  have  p  =  h'^ja'  sin«;  .-.  o^  +  pa'sinwoo^  +  y 
=  a»  +  ^  =  CP  .  CC,  since  QR  is  the  polar  of  P  with  respect  to 
the  orthoptic  circle.    Hence  p  sin  ca  a  PQ ;  .-.  p  s  PR. 
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Cor,  1. — If  p  be  the  perpendicular  from  the  centre  on  the 

tangent  at  P, 

p  =  h'^/p  for  p'^a'  an  «.  (771) 

Cor,  2.— p  =  h'^/ab.  (772) 

Observation. — In  the  ease  of  the  parabola,  the  orthoptio  circle 
becomes  a  line  (the  directrix),  and  the  polar  of  a  point  P  with 
respect  to  it  is  a  parallel  line  twice  as  far  from  P.  Hence  the 
intercept  on  the  normal  at  P  between  the  parabola  and  the 
directrix  is  equal  to  half  the  radius  of  curvature  at  P.  Com- 
pare §  167. 

240.  To  construct  the  chord  of  osculation  at  P. 

Let  CN,  NP  be  the  co-ordinates  of  P;  make  CM^  -  2CNy 


CL--  2NP.    Join  Lif,  intersecting  the  ellipse  in  Q ;  then  PQ 
is  the  chord  of  osculation  at  P. 

Dem. — If  a,  j9,  y,  8  be  the  eccentric  angles  of  four  concyclic 
points  on  an  ellipse  a  +  jS  +  y+8  =  0or  2m7r.  Hence,  if  a,  j9,  y 
be  the  points  where  the  circle  osculating  at  P  meet  the  ellipse 
a  =  )3  =  y ;  therefore  8  =  -  3a.  Hence,  if  X,  F  be  the  co-ordinates 
of  the  point  where  the  chord  of  osculation  meet  the  ellipse  again, 

X  =  4ar'Va»  -Sx',     J  =  4y'V  ^  -  3y'. 

Hence  X/x"  +  F/y'  +  2  =  0;  (773) 

and  this  is  evidently  the  equation  of  ZMj  if  we  suppose  XF  to 
be  current  co-ordinates.     Hence  the  proposition  is  proved. 
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Car,  1. — Since  the  circle  of  curvature  at  P  passes  throngh  P 
and  Q  and  has  its  centre  in  the  normal  at  P,  we  have  the  fol- 
lowing construction.  Let  the  line  which  hisects  PQ  perpendi- 
cularly meet  the  normal  in  R ;  then  the  circle  whose  centre  is 
R  and  radius  RP  is  the  circle  of  curvature. 

Car.  2. — The  chord  PQ  is  the  sym6trique  of  the  tangent  at  P 
with  respect  to  the  ellipse. 

Car.  3. — The  equation  of  PQ  is 

X  cos  aja  -  y  sin  ajh  =  cos  2a.  (774) 

241.  Through  any  paint  afi  in  the  plane  of  a  conic  can  he  drawn 
four  chords  of  osculation,  and  the  paints  of  osculation  on  the  conic 
are  cancyclic.  (NBUBEsa.) 

Dem. — Writing  the  equation  (774)  in  the  form 

a»        h^"  a^^  i»        ' 

we  get  by  substituting  a)3  for  xy  and  removing  accents, 

a^      y"^      ax      By      „  .^^  , 

which  represents  a  hyperbola  through  the  points  of  osculation. 
Now,  if 

8  +  \H=  0  is  the  general  equation  of  a  conic  passing  thiongh 
the  points.  If  we  put  X  =  c*/(a'  +  h%  we  get  after  an  easy 
reduction  the  circle 

«'+y^-a:P-)3y  +  i(a»  +  i2)f^+^-  1^-0.   (776) 

Car.  1. — If  the  circle  whose  diameter  is  the  join  of  the  point 
ap  to  the  centre,  bo  denoted  by  C,  and  the  polar  of  the  point 
aP  by  P,  then  (776)  may  be  written 

C+ J(fl»  +  i»)P=0.  (777) 

Hence,  the  radical  axis  of  the  circle  through  the  points  of 
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osculation  and  the  circle  whose  diameter  is  the  join  of  the  point 
a/S  to  the  centre  is  the  polar  of  the  point  afi  with  respect  to  the 
ellipse. 

Car,  2. — If  the  point  afi  coincide  with  P(a/y')  (see  fig. 
§  240),  the  equation  (776)  becomes 

ar»+  y*-  a;ar'-  yy'  +  i(fl»  +  3»)(a:^/aHyy'/3>  -  1)  =  0.     (778) 

Kcnce,  since  this  circle  passes  through  x'y'  it  meets  the  conic 
in  three  other  points,  and  we  have  Stedtee's  Theoseu. 

Through  any  point  F  an  a  conic  can  he  described  three  circles  to 
osculate  the  conic  ehewherCy  and  the  points  of  osculation  and  P  are 
concyclic. 

Cor.  3. — The  circle  (778)  may  be  written 

^  +  y^-«'-i^(^-^-  l]  =  0.  (779) 

Hence,  it  passes  through  the  points  of  intersection  of  the  circle 
j:^  +  y'  -  a'  =  0,  that  is  the  circle  on  the  transverse  axis  with 
xx^ja^  -  yy'jl'^  -1=0,  or  the  symetrique  of  the  tangent  at  the 
given  point  with  respect  to  the  transverse  axis.  I  have  called 
(778)  Steiner*s  Circle.  The  proof  in  §  241  is  due  to  Professor 
Ncuberg,  and  the  form  in  (779)  to  F.  Pubses,  p.t.c.d. 

Cor,  4. — If  the  eccentric  angle  of  Q  be  a,  the  eccentric  angle 
of  P  will  be  either  -^a,  -ia+120°  or-io  +  240°.  Hence,  if 
Q  be  given,  P  has  three  positions  whose  mean  centre  coincides 
with  the  centre  of  the  ellipse. 

242.  If  we  compare  the  equation  of  Steiner's  Circle  (778) 
with  Joachimsthars  Circle 

a?H  3^*  +  ^ar'+  yj^-  tf  («a?'/a»+  y3^/3'+  1)»0,      (649) 

where  w  s  a'  +  J^kjy'  ■  i'  +  a^h/x^f 

we  find  they  will  be  identical  if  we  change  the  signs  Aai^jf 
and  make  h  =  <^x'l2a\  it  =  -  e*y'l2i^.    Hence,  we  have 
lowing  theorem : — If  from  any  point  P  of  an  slUpso  or 


s  of  y,  If 
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he  described  three  circles  osculating  the  curve,  the  point  diametrically 
opposite  to  P  and  the  three  points  of  osculation  are  the  feet  of  fimr 
concurrent  normals  to  the  curve. 

Cor.  1. — If  through  the  point  x^jf'  on  an  ellipse  be  described 
three  osculating  circles,  the  normals  at  the  points  of  osculation 
meet  in  the  point 

x^-&7f\  2a\    y  =  c»//  23>.  (780) 

Cor,  2. — If  Xiyij  o^^^a)  ^y%  be  the  points  of  osculation  of 
circles  through  xfy', 

«i  +  a:,  +  a^  =  0,    yi+ya  +  y,  =  0,  (781) 

aV  o  ^x^x^x^,       h^y*  =  4y,y^y^.  (782) 

EXEB0I8ES. 

1.  Prove  the  following  construction  for  the  centre  of  currature  at  a 
point  Pof  a  conic.  Let  S  be  the  focus,  O  the  foot  of  the  normal.  Erec^ 
OK  at  right  angles  to  FO,  meeting  SP  in  K,  then  EL,  perpendicular  to  8F, 
meets  FO  produced  in  the  centre  of  curvature. 

2.  Find  the  equation  of  the  circle  of  curvature  at  the  point  ^  of  «•/«* 

The  co-ordinates  of  the  centre  are  (640)  c»  coe>/a,  -  ^sin'^/*,  and  the 
radius  is  (769)  b'^lab.    Hence,  the  circle  is 

{X  -  e^coaV/rt)'  +  (y  +  c»8inV/*)'=  (*''/«*)'» 

s^^yi-  7^xH\f^  +  2cy V/&*  +  «'*  -  ^V^  =  0.  (788) 

3.  8%x  otetdating  circlet  of  a  given  conic  can  be  detcribed  to  cut  agivm  mrde 
orthogonally. 

For  the  condition  that  the  circle  (783)  cuts  the  circle  *»  +  y' + 2te  +  2my  +  n 
orthogonally  is  (264) 

-  2/<r»*'Va*  +  2im!»/5/&*  -  (a'»  -  2ft'»)  -  «  =  0, 
and  this,  by  an  easy  reduction,  and  by  omitting  accents,  gives  the  cuhio 
2fc3x>/a«  -  2if«!»y8/A*  +  3r»  +  3y»  -  (2fl«  +  2i»  -  «)  =  0,      (784) 

which  cuts  the  conic  in  six  points. 

A  particular  case  of  this  theorem  is  iiaX— Through  any  point  in  thepUme 
of  a  conic  can  be  detcribed  tix  osculating  circlet  of  the  conic.  A  theocem  fint 
given  in  the  Author's  Bicircular  Quartict,  1869. 
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4.  The  centres  of  the  six  circles  of  Ex.  3  lie  on  a  conic. 
Expressing  that  the  osculating  circle  whose  centre  is  afi  and  radius  r  cuts 
x*  ■{■  y^  -\- 2lx  ■{■  2my  +  »  xs  0  orthogonally,  we  get 

lla  +  2«fii8  +  »  +  fl?  +  /5«  -  r»  =  0.  (1) 

But  from  Ex.  2  we  have  a  =  «*cos'^/a,     j8  =  -  c*  tiD^^fb, 

a»  +  i8»  -  r»  =  (a»  -  2*»)  coe*^  +  (*»  -  2a«)  sin»^.  (2) 

TTptip.p 

flV  +  ft*i8»  =  <?*  (1  -  3  sin«^  C0B»^). 

Hence  from  (1)  and  (2)  we  obtain 

(2/a  +  2mi3 +  «)*- (aH  *»)  (2/a  +  2mi8 +  »)- 3  (a»a»  +  i«i3«)  +  a*  +  4*  -  a»4»  =  0, 

(786) 
which  proves  the  theorem. 

6.  If  in  (785)  we  put  /  =  -  a?',  !«  =  -/,  n  =  a:^  +  y^,  we  get  Malbt*8 
Theoii£m,  that  the  centres  of  the  six  osculating  circles  which  pass  through  a 
given  point  x'y'  He  on  a  conic. 

6.  The  general  equation  of  a  conic  osculating  the  ellipse  at  the  point  ^, 
and  passing  through  the  point  of  intersection  of  the  ellipse,  and  osculating 

circle  is 

A3j:«  +  ay  -  a«A»  +  X  (r»  +  y*  -  2(J»«^«/a*  +  2c»y'«y/M  +  a**  -  2*'*)  =  0. 

(786) 

7.  If  X  =  2fl*^/(fl'  +  i«)  in  (786),  we  get  a  hyperbola  whose  asymptotes  are 
parallel  to  the  equiconjugate  diameters  of  the  ellipse.  The  locus  of  the 
centre  of  this  hyperbola  is 

(2bx)^  +  (2«y)»  =  (4fl*)i.  (787) 

8.  The  locus  of  the  centre  of  the  conic  (786)  is  the  hyperbola 

xy  ^b  sin'  ^.x-a  cos*  ^  .  y  r=  0.  (788) 

9.  The  locus  of  the  centre  of  xy  —  b  sin' ^  .x  —  a  cos* ^  .  y  is 

(4x)i  +  («y)I  =  («*)!.  (?H)t   *A^'' 

10.  The  chord  of  intersection  of  the  ellipse  and  the  hyperbola 

xy  -b  sin' ^.x-  a  cos' ^  . y  s  0    is   «/«'  +  yjy'  +  1  a  0.      (790) 

11.  Prove  that  the  envelope  of  (790)  ii  the  curve  (789),  and  that  its  point 
of  contact  with  its  envelope  is  the  sym^trique  of  the  centre  otgy-^b  mR*f .  s 
-  a  cos'  ^ .  y  =  0  with  respect  to  the  centre  of  the  ellipte. 


i 
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12.  Prove  that  the  focal  chord  of  cuirature  at  any  point  of  a  oonio  if  eqiud 
to  the  focal  chord  of  the  conic  parallel  to  the  tangent  at  the  poiiit. 

13.  The  power  of  the  point  e  on  sd^ja*  +  y'/*"  -1  =  0,  with  reipeet  to  the 
circle  osculating  it,  at  the  point  ^  is 

4<j»  sin}  (e  +  3^)  sin'Ke  -  ^).  (7M) 

For,  suhstituting  a  cos  9,  &  sin  9  in  equation  (783),  which  may  be  wzittea 

aj«  +  ya  _  2c»  co8»^ . */a  +  2<j»  sin»^ . y/*  -  }{«»  +  **)  +  -^  cob 2^, 
we  easily  get 

-  {cos  20  +  3  cos  2^  -  4  cos' ^  cos 0  +  4  sin'^  sin  6} 
=:^  {coi^B  -coB*^  +  2  cos*^  (coe^  —  cos 9)  -  2  sin'^  (sin^  —  amtf)} 

B  4<^  sin  }(9  +  3^)  sin^}  (9  -  9). 

14.  If  Sit  '^29  Si  be  the  osculating  circles  at  a,  jB,  y  (Ex.  18),  then  the 
equation  of  the  conic  may  be  written 

51*  +  S2^  +  ^sl  =  0  .    (R.  A.  R0BSKT8.)     (7W) 
Make  use  of  equation  (791). 

DoxTBLE  Contact. 

243.  We  haye  seen,  in  §  233,  2^,  that  conies  whose  equa- 
tions are  of  the  forms  8=0,  S  -  L*  =  0  have  double  contact, 
and  that  Z  =  0  is  the  chord  of  contact.  Now,  L  may  meet 
8  in  real  coincident  or  imaginary  points.  Hence,  there  are 
three  species  of  double  contact,  viz. :  (1)  real  and  distinct  points 
of  contact;  (2)  coincident  points  of  contact,  called ybtir-^otn^i^ 
contact  or  hyperosculation ;  (3)  where  the  points  of  contact  are 
imaginary. 

244.  To  find  the  eqttation  of  a  conic  having  douhle  eantaci  wUh 
two  given  conies  8,  8^, 

Let  a,  )3  be  a  pair  of  common  chords  of  8,  8',  such  that 
8  -  8'  =  ap.    Then  k  being  any  constant, 

iPa»  -  2ife  (iS  +  ^')  +  iS»  =  0  (798) 
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represents  a  conic  having  double  contact  with  8  and  ^S'.  For  it 
may  be  written  in  either  of  the  forms 

{ka  +  py  -  4Jfe/Sf  =  0,     {ka-  py  -  4k8'  =  0. 

Since  k  is  of  the  second  degree,  through  any  point  can  be  drawn 
two  conies  having  double  contact  with  8  and  8',  for,  substitut- 
ing the  co-ordinates  of  the  point  in  (793),  we  have  a  quadratic 
in  k,  and  since  8,  8'  have  three  pairs  of  common  chords,  there 
are  three  such  systems.  If  one  of  the  conies  8,  8'  be  a  line 
pair,  there  are  only  two  systems  of  touching  conies,  and  if  8,  8' 
both  denote  line  pairs,  there  is  only  one  system. 

Cor.  1. — If  the  conic  (793)  be  denoted  by  C,  we  infer  that 
ka  +  P,  ka-  p  are  its  chords  of  contact  with  8y  8* ;  but  these 
form  a  harmonic  pencil  with  a,  p.  Himee,  if  two  conies  /S,  8' 
have  each  double  contact  with  a  third  conic  C,  their  chords  of  con* 
tact  form  a  harmonic  pencil  with  a  pair  of  their  common  chords. 

Cor,  2. — If  8y  iS'  each  denote  a  line  pair,  they  form  a  qua- 
drilateral circumscribed  to  C;  the  lines  a,  p  will  be  its  diagonals, 
and  the  chords  of  contact  the  diagonals  of  any  inscribed  quadri- 
lateral. Mmce  the  diagonals  of  any  quadrilateral  cireumscrihed  to 
a  conicy  and  of  the  corresponding^  inscribed  one^  form  a  harmonic 
pencil. 

245.  If  three  conies  have  each  double  contact  with  afourthy  their 
six  common  chords  form  the  sides  of  a  quadrangle. 

For,  let  the  conies  he  8  -  Zi',  8  -  X,',  8  -Zi*;  then  their 
common  chords  are  three  line  pairs,  Z^  -  Zj'  =0,  Zj'  -  Zj'  =  0, 
Zs^  -  Zi'  =  0,  which  form  the  four  triads  of  concurrent  lines 

Zi  =  Z2  =  Zs  I     —  Zi  =  Jj2  =  Z3 1    —  Ij2  "  Zx  =  Zj  \    —  Z|  =  L\  =  Zj, 

(794) 

Cor. — If  8  -  Zj',  8  -  Zj*,  8  -  Zj',  each  denote  a  line  pair, 
they  form  a  circumhezagon  to  8,  The  chords  of  intersection 
will  be  its  diagonals,  and  we  have  Bbianchon's  Theoksm. 

The  diagonals  connecting  opposite  summits  of  a  drcumhexagon 
of  a  conic  are  concurrent. 
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246.  If  three  conies  have  each  double  contact  with  a  fcwih^ 
their  twelve  points  of  intersection  lie  six-by-six  on  four  eomcs, 

Dem. — ^From  the  identities 

8+LiLt  +  Z^L^  +  Z,Zi  =  iS-Zi*  +  (Zi  +  Za)  (Xi  +  A) 

=  6'-Z,»+(Z,  +  Z,)(Z,  +  Z0-5-X3'  +  (A  +  A)(A  +  2;) 

we  infer  that  the  conic  8  +  ZiZj  +  Z3Z3  +  Z3Z1  passes  through 
the  points  of  intersection  oi  8  -  Zi\  8  -  Z2',  with  the  chord 
Zi  +  Z2 ;  also  through  the  points  common  to  8-  Li,  S  —  Z^  with 
Z2  -h  Z3,  and  the  points  where  8  -  Zj',  8  -  L^  meet  the  chord 
Z|  +  Zi,  and  hy  ohvious  changes  of  sign  we  get  three  other 
conies. 


1.  The  general  equation  of  a  conic  haying  double  contact  with 

5+X»  +  jn  =  0    IB    5+(Xcofle  + Jf8infl)»=:0.         (796) 

2.  The  equation  of  a  conic  touching  the  sides  of  a  standard  quadrilaterml  is 

*»a*  -  *(a'  +  /5«  -  7»)  +  i8'  =  0.  (796) 

For  the  discriminant  is  the  product  of  the  four  factors,  a  ±  fi  ±  y. 

3.  If  Sf  S*  denote  circles,  and  k  any  constant,  &  ±  S'^^^k  denotes  a 
conic  having  double  contact  with  each.  If  S,  S'  denote  point  circles,  this 
gives  the  vector  property  of  the  foci. 

4.  If  two  conies  have  double  contact,  any  arbitrary  conio  throngh  the 
points  of  contact  will  meet  them  again  in  points  whose  joining  chords  inter- 
sect on  the  chord  of  contact. 

The  conies  being  written  in  the  forms,  8-0^  8—  L\^  =  0,  i9  ->  L\Li  s  0, 
the  proposition  is  evident. 

6.  If  an  ellipse  touch  the  asymptotes  of  a  hyperbola,  two  of  its  common 
chords  with  the  hyperbola  are  parallel  to  the  chord  of  contact,  and  equidis- 
tant from  it. 

6.  If  a  variable  conic  having  double  contact  with  a  fixed  conic  pass 
through  two  fixed  points,  the  chord  of  contact  passes  through  one  or  other 
of  two  fixed  points. 
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Htpebobcxtlation. 

247.  If  the  line  L  in  the  equation  8  -  Z*  touch  8,  then 
8  -  L^  =  0  denotes  a  conic  having  four  pointic  contact  with  8,  or 
as  it  may  he  said,  hyperosctdates  it.  Fiedler's  Tbakslation  of 
Salmon,  bth  edition,  page  441. 

Through  every  point  of  a  conic  may  he  described  a  parabola 
which  hyperosculates  it  at  the  point. 

For,  since  through  any  four  points  may  be  described  two 
parabolse,  if  the  points  be  consecutiye,  the  proposition  is  evident. 
One  of  the  parabolsB  will,  in  this  case,  be  the  square  of  the  tan- 
gent T",  the  other  will  he  S-hT^^O.  The  condition  that  this 
denotes  a  parabola  will  determine  the  value  of  k.  Thus,  for  the 
conic  (a,  h,  c,f,  g,  A)  {x,  y,  1)'  the  tangent  at  sfy'  is 

or,  say  Ix  \  my  -^^  n.   Then,  if  iS  -  hT^  =  0  be  a  parabola,  we  get 

it  =  (fl^  -  A»)/(aifi»  +  ir  -  2A^). 

More  generally,  through  every  point  on  a  conic  may  be  described 
a  conic  hyperosculating  it,  and  touching  a  given  line.  Similarly, 
through  every  point  on  a  conic  may  be  described  an  equilateral 
hyperbola  hyperosculating  it. 


1.  Find  the  equations  of  the  parabola,  and  of  the  equilateral  hyperbola 
which  hyperosculates  tu^  +  2hxy  +  ^  +  *lg*  =  0  at  the  origin. 

2.  Through  any  >iro  points  in  the  plane  of  a  conic  can  be  described  four 
conies  to  hyperoeculate  it 

3.  If  a  variable  ellipse  hyperosoulate  a  fixed  ellipse  at  the  extremity  of 
the  minor  axis  the  locus  of  the  foci  is  a  circle  whose  diameter  is  equal  to  the 
radius  of  curvature. 

4 .  ti  Si,  S2t  Si  have  contact  of  the  first  order  with  each  other  two-by-two, 
and  if  each  hyperoeculate  S,  the  triangle  formed  by  their  points  of  contact 
with  each  other  is  inscribed  in  the  triangle  fonned  by  the  points  of  hyper- 

T 
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OBculatioD,  and  in  perspectiye  with  it,  and  also  in  perapectiye  wiHi  ^ 
triangle  f  onued  by  the  tangents  at  the  points  of  hypeioeoulation .  (C&oxroir.) 

Let  5  a  ^a*  +  m*i3«  +  fiV  -  2/*«ai3  -  2mnfiy  -  2iUya  ■=  0 

inscribed  in  the  triangle  of  reference  be  written  in  the  three  forms 

(la  +  miS  -  «7)»  -  ilmafi  =  0,     (mfi  +  ny-  laY  -  imn^  as  0, 

(«7  +  /a  -  miS)*  -  in/yo, 

then  the  conies  Si,  S%,  8i  will  be    iSf  +  ^Pc?^   5+  4ln*i3^    S-¥4in^^  nspec- 
tively,  and  the  proposition  is  evident. 

Foci. 

248.  We  have  seen  (§  236)  that  a  focus  of  a  conic  is  an 
infinitely  small  circle  having  imaginary  double  contact  with 
it.     Hence,  if  a/y'  be  a  focus,  the  circle  {x  -  a?')*  +  (y  —  y')*  s.  0 
has  double  contact  with  it,  but  {x-xfy  +  (y  -  y')'  is  the  product 
of  the  isotropic  lines  {x  -  xf)  ±  i  (y  -  y')  =  0.     Therefore  each 
of  these  lines  touches  the  conic.    Hence,  to  find  the  foci  of 
(a,  i,  (?, /,  y,  h)  {x,  y,  1)'  we  are  to  find  the    condition   that 
{x  +  iy)  -  (a/  +  »y )  =  0  touches  it ;  in  other  words,  to  substitute 
1,  ♦  and  -  (a/  +  ty)  for  X,  ft,   v  in  the  tangential  equation 
(-4,  B,  Cy  F,  G,  H)  (X,  /A,  v)'=  0,  we  get,  after  omitting  accents, 
equating  real  and  imaginary  parts  to  zero,  equations  irhich, 
after  a  slight  reduction,  become 

(^Cx  -  Qy  -  {Cy  -Fy^dk{a-  h),  (797) 

{Cx  -  G){Cy  -  i^)  =  AA.  (798) 

when  A  denotes  the  discruninant  of  {a,  h,  c^f,  y,  A)(«,  y,  1)*. 

Since  the  conies  (797),  (798)  intersect  in  four  points  we  see 
that  every  conic  has  four  foci ;  only  two,  however,  are  real: 
these,  as  we  know,  are  on  the  transverse  axis.  The  imaginaiy 
foci,  called  also  antifoci,  are  on  the  conjugate  axis. 

Gbaves'  Theosem. 

249.  If  two  tangents  be  drawn  to  an  ellipse  fi-om  any  point  of  « 
confoeal  ellipse^  the  excess  of  the  sum  of  the  tangents  over  the 
interested  arc  of  the  inner  ellipse  is  constant. 
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Dem.— Let  F8,  P8' ;  QT,  QT  be  taDgents  to  the  inner 
ellipse  from  two  consecutiye  points  PQ  on  the  enter  ellipse, 
and  let  PR,  QFbe  perpendiculars  on  QjT,  PS'.    Then,  since 


TR  may  be  regarded  as  the  continuation  of  ST^  PR8  may  be 
considered  as  an  isosceles  triangle.      Hence  P^=  8T-¥  TR, 

but  QT=  TR  +  RQ,     .-.  P8  -  QT^  8T-  RQ ; 

similarly,       P8'  -  QT'  =  PF-  /ST'  =  i2Q  -  8T 

(since  the  infinitesimal  triangles  PRQ,  QFP  axe  equal  in  every 
respect).     Hence,  by  addition, 

{PS  +  PS')  -  (Qr+  QT")  =  /SfT-  ^'r  =  /S/Sf'  -  rr', 

.-.     /SP  +  PS'  -  88'  =TQ+  QT  -  TT, 

and  the  proposition  is  proved. 

Cor,  1.— n  a  string  of  given  length,  PSJFS'P,  held  tight  at 
Py  be  partly  in  contact  with  a  given  ellipse,  and  enclosing  it,  the 
locus  of  P  is  a  confocal  ellipse. 

Cor,  2. — ^  two  confocal  parabola  have  their  axes  in  the  same 
direction^  and  if  from  any  point  of  the  ouier  tangents  he  drawn  to 
the  inner y  the  excess  of  the  sum  of  the  tangents  over  the  intercepted 
arc  is  constant. 

Cor,  3. — If  from  ant/ point  of  the  outer  of  two  eonfoeat  hgper* 
holcB  tangents  he  drawn  to  the  inner,  the  exeess  ofih$  swn  ofH^ 
tangents  over  the  intersected  arc  is  constant. 

t2 
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M'Cullaoh's  and  Chasles'  Thsobem. 

250.  If  two  tangenU  FT,  FT  he  drawn  to  un  eUipee  Jrom  mmf 
point  Fofa  eonfocal  hyperbola,  the  difference  of  the  aree  TK^  KT 
into  which  the  hyperbola  divides  the  arc  of  the  ellipse  between  thi 
points  of  contact  is  equal  to  the  difference  between  the  tangmUe  FT, 
FT. 

The  proof  is  an  obvious  modification  of  the  dexnoiLBtration  of 
Graves'  Theorem. 

Cor,  1. — In  the  same  manner  it  follows  that  iffiram  any  paint 
F  of  an  ellipse,  tangents  FT,  FT  be  drawn  to  the  same  branch  of 
a  eonfocal  hyperbola,  the  difference  of  the  ares  TK,  KT  into  tokick 
the  ellipse  divides  the  hyperbola  between  the  points  of  contact  is 
equal  to  the  difference  between  the  tangents  FT,  FT. 

Cor.  2. — If  two  parabola  have  a  common  focus  and  axes  in  oppo- 
site direction,  that  is,  if  they  cut  orthogonally,  and  if  from  any 
point  F  of  either  tangents  he  drawn  to  the  other,  then,  as  be/ore,  the 
difference  of  the  arcs  is  equal  to  the  difference  of  the  tangents. 

251.  Faonhq's  Theobem. — An  elliptic  quadrant  may  be  divided 
into  parts  whose  difference  is  equal  to  the  difference  of  the  eewd- 
axes. 

Draw  tangents  AD,  BD  at  the  extremities  of  the  axes,  and 
through  their  intersection  D  describe  a  eonfocal  hyperbola,  cut- 
ting the  elliptic  quadrant  AB  in  K  such  that 

AK'  KB^AD-DB^a'-h. 

Cor.  The  co-ordinates  of  if  are 

{fl»/(a  +  3)}*,     {^/(fl  +  i))».  (799) 

252.  If  a  polygon  circumscribe  a  conic,  and  if  aU  the  sumwUts 
but  one  move  on  eonfocal  conies,  the  locus  of  that  summit  will  be 
a  eonfocal  conic. 

It  will  be  sufficient  to  prove  this  proposition  in  the  case  of  a 
triangle,  as  the  proof  for  the  triangle  can  be  extended  to  the 
polygon. 
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Let  ABChoa  trian^e  mscribed in  a  circle  X ;  then  {8equ«l  n., 
sect,  v.,  Prop.  12),  if  the  cnvelopeB  of  two  aidea  of  ABQ  be 
coaxal  circlee,  the  envelope  of  the  third  idde  is  a  coaxal  circle. 
Now,  let  0  he  one  of  the  limiting  points,  and  deecribe  circles  aboat 
the  triangles  OAB,  OBC,  OCA ;  let  their  oentrea  be  a,A',B', 
then  (Seqiul  n.,  sect,  t.,  Prop.  8,  Cor.  4)  the  envelopea  of  these 
circles  are  circles  concentric  with  X,  and  the  loci  of  their  centres 
C,  A',  B'  are  conies  whose  foci  are  0  and  the  centre  of  X ;  that 


is,  they  are  confocal  conies.  Also  tdnce  the  lines  OA,  OB,  OC 
are  bisected  perpendicularly  by  the  (ddes  of  the  triangle  A'SO, 
that  triangle  is  circumscribed  to  a  conio  whose  foci  are  0  and 
the  centre  of  X.     Hence  the  proposition  is  proved. 

The  foregoing  demonstration,  without  reciprocation  or  infini- 
tesimals,  was  first  given  by  the  author  in  a  letter  to  the  late 
Rev.  Professor  Townsend,  r.B.s.,  in  the  year  1858. 

BXBBOISBB. 

1.  If  a  conic  biLve  double  contact  mth  two  otlien  which  have  tbe  hum 
focus  aod  directrix,  the  chordi  of  contaot  psM  thnmgh  the  foeui  uid  txt 
perpendicular  to  each  othei. 

3.  From  any  point  P  on  an  outer  oonfocal  tangeota  an  drawn  to  an 
inner ;  prove  that  the  conic  through  P,  haTiDg  the  points  of  contact  u  fod, 
either  hypemaculatei  ths  outor  oonfooal  or  cnta  it  orthogonally. 
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3.  In  the  case  of  hyperosculation,  Ex.  2,  prove  tliat  the  latut  reetmm  is 

constant. 

4.  A  conic  is  described  toucliing  a  fixed  conic  at  any  point  JP  and  paamig 
through  its  foci,  F,  F*;  prove  that  the  pole  of  FF'  with  respect  to  this  oooie 
will  be  on  the  normal  at  P,  and  will  be  the  centre  of  cuiratnre  if  the  ocnies 
osculate. 

6.  If  a  parabola  have  double  contact  with  a  given  ellipse,  and  haye  its 
axis  parallel  to  a  given  line,  the  locus  of  its  focus  is  a  hyperbola^  coofocal 
with  the  ellipse,  and  having  one  asymptote  in  the  given  direction. 

6.  If  an  ellipse  have  double  contact  with  each  of  two  confocalSy  the  tan- 
gents at  the  points  of  contact  form  a  rectangle. 

7.  If  an  equilateral  hyperbola  hyperosculate  a  given  parabola,  the  locos 
of  its  centre  is  an  equal  parabola. 

8.  The  centre  of  curvature  at  any  point  of  a  conic  is  the  pole  of  the  tan- 
gent at  the  same  point  with  respect  to  a  confocal  passing  through  it. 

9.  Two  parabolse  osculate  a  circle  at  the  same  point  and  meet  it  again  in 
the  points  F,  F* ;  prove  that  the  angle  between  their  axes  is  one-fourth  of 
that  subtended  by  FP*  at  the  centre  of  the  circle. 

SmiLAB  CoKics. 

253.  Dep. — Tioo  jigureB  Fi,  F^  are  said  to  he  homothetic  when 
radii  vectors  from  any  point  of  Fi  are  proportional  to  the  parallel 
vectors  from  the  homologous  point  of  F^, 

Two  conies  being  given  by  their  general  equations  it  is  re- 
quired to  find  the  conditions  of  being  homothetic. 

The  equations  of  both  conies  being  referred  to  their  centres  as 
origin,  they  will  be  of  the  forms 

03^  +  Ihxy  +  hy^  =  c,     a's^  +  Ih'xy  +  h'y^  =  <?', 

or  in  polar  co-ordinates 

p*  =  c\{a  cos^O  +  2h  sin  6  cobO  -^  h  sm^O), 
p'»=  (?'/(»'  eoe'e  +  2A'  sin  ^  cos  0  +  h'  sm^O), 

and  in  order  that  the  ratio  p :  p'  may  be  independent  of  ^  it  is 
evident  that  we  must  have 

a/ a'  =  b/l/  =  hlh\  (800) 
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Cor,  1. — If  two  conies  have  their  highest  terms  the  same 
they  are  homothetic. 

Cor.  2. — K  one  of  the  common  chords  of  two  conies  be  at 
infinity  they  are  homothetic. 

Cor,  3. — nomothetic  conies  cannot  intersect  in  more  than  two 
finite  points. 

Cor.  4. — If  ;S^  =  0  be  the  equation  of  a  conie,  8~kZ=0  where 
Z  is  a  line,  denotes  a  homothetic  conic. 

254.  If  the  conies  be  similar  but  not  homothetic  it  is  plain 
that  if  the  axes  of  co-ordinates  for  one  be  turned  round  through 
a  certain  angle,  the  new  coefficients  a,  h,  h  will  be  proportional 
to  the  old  coefficients  a'y  A',  h'.  Suppose  this  done,  and  that 
they  become  ka\  kh\  Jcb')  then  from  the  property  of  invariants, 
we  have  for  rectangular  axes 

Hence,  eliminating  k  the  required  condition  is 

{a  +  hyi{ab  -  A»)  =  (fl'  +  hJlia'h'  -  h!^).        (801) 

Similarly,  if  the  axes  be  oblique, 

{a  +  h-2h  cos  o,)V  {ah  -  h^)  =  {a!  +  ^'  -  2h!  cos  «') V  («'*'  -  ^''). 

(802) 
Cor.  1 . — Similar  conies  have  equal  eccentricities. 

Cor.  2. — All  parabolas  are  similar. 

Cor,  3. — If  two  hyperbolas  be  similar,  their  asymptotes  make 
equal  angles. 


1.  If  three  conies  haye  two  points  common  their  three  common  chords 
which  do  not  pass  through  either  of  these  points  are  concurrent. 

2.  If  three  conies  be  homothetic  their  finite  common  chords  are  con- 
current. 

3.  If  three  conies  be  homothetic  their  six  centres  of  simUitude  are  the 
opposite  yertices  of  a  complete  quadrilateral. 


:_^.  .^-=-S"..  . 
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4.  If  any  line  oat  two  oonoentric  and  homothetic  oonios  the  intenept 
made  on  it  between  the  conice  are  equal. 

6.  If  a  tangent  at  any  point  P  of  the  inner  of  two  oonoentiio  and 

homothetic  conies  meet  the  outer  in  the  points  T,  7*,  then  any  chord 

of  the  inner  through  F  is  half  sum  of  the  parallel  chords  of  the  outer 
through  Tf  T. 

6.  If  A,  A'  be  the  discriminants  of  the  equations  of  two  similar  oonics, 
then  A/ A'  is  equal  to  the  square  of  the  ratio  of  similitude. 

7.  If  two  equal  parabolaB  have  different  yertices  but  coincident  axes  they 
hyperosculate  at  infinity. 

8.  If  the  equations  of  two  conies  differ  only  by  a  constant  they  haye 
double  contact  at  infinity.  Hence,  concentric  circles,  and  also  oonoentrio 
and  homothetic  conies  haye  double  contact  at  infinity. 

Pascal's  Theobem. 

255.  The  intersections  of  three  pairs  of  opposite  sides  of  a  hexagon 
inscribed  in  a  conic  Ueona  Une,   {The  PasedPs  line  of  the  hexagon,) 

Dem. — Let  the  summits  of  the  hexagon  be  denoted  by  I,  2,  3, 
4,  5,  6,  and  their  lines  of  connexion  by  Xia,  Zi„  &c.,  then,  since 
the  conic  circnmscribes  the  quadrilaterals  1234,  4561  its  equa- 
tion, §  233,  5^,  may  be  written  in  the  forms  Z^Zm  -  ZjsZu  =  0, 
ZisZei  —  ZeeZi4  =  0.  Hence  the  expressions  Li%L^  —  LuL^i,  and 
Zi4  (Z28  -  Zse)  are  identical.  Hence  Z^Zm  -  ZuL^i  »  0  denotes 
two  lines,  but  it  also  denotes  a  conic  circumscribed  to  the  qua- 
drilateral whose  summits  are  the  points  1,  4  ;  Zu .  Z«6 ;  Z34 .  Zqi  ; 
but  Lii  is  the  diagonal  through  the  summits  1,  4.  Hence 
X/33  -  Zse  must  pass  through  the  summits  Zu .  Z45 ;  Z^ .  Z«i. 
Now,  Z23  -  Zse  =  0  denotes  a  line  through  the  intersection  of 
Zts  and  Zie,  and  we  have  shown  that  this  passes  through  the 
intersection  of  Z^  with  Z45,  and  of  L^  with  Z«i.  Hence  the 
proposition  is  proved. 

Cor,  1. — The  Pascal's  line  is  Zas  -  Zm  =  0. 

Cor.  2. — ^Pascal's  Theorem  holds  for  each  of  the  sixty  hexagons 
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whicli  can  be  formed  by  taking  the  points  128456  in  different 
orders  of  sequence. 

Cor.  3. — Since  the  conic  circumscribes  the  quadrilateral  2355 
its  equation  may  be  written  in  the  form  Z^Zas  -  Ln^u  =  0, 
and  its  identity  with  Z^Zm  -  Zn^i  gives  ZiaZ^  -  Z^sJ^  =  Z» 
{Zn  -  Zu).  Hence  we  infer  that  the  intersections  of  opposite 
sides  of  the  hexagon  143652  lie  on  the  line  Zu-  Zu=0,  and  by 
comparing  the  identities  Zjg .  Z^  -  Zj^u  =  0,  and  Zi^i  -  Zs^Zn 
=  0,  we  infer  that  the  opposite  sides  of  163254  lie  on  Zu  -  Z^ 
=  0,  but  the  lines  Z^  -  Z^  »  Zee  are  concurrent.  Hence  we  have 
SxEiinsB's  Thxobem.  The  PaseaVs  lines  of  the  three  hexagons^ 
123456,  143652,  \Q^2b^^  formed hy  interchanging  the  even  numbers 
2,  4,  6,  are  concurrent. 

Cor.  4. — If  a  hexagon  123456  he  inscribed  in  a  eoniCf  the  three 
triangles,  each  formed  hy  a  pair  of  opposite  stdes,  such  as  Zi»Z«6, 
and  the  diagonal  Z^e  through  the  remaining  points  are  in  perspec- 
tive and  have  a  common  centre  of  perspective.  It  is  easy  to  see  that 
this  is  another  statement  of  Steikeb's  Theorem, 

M^Cat's  ExTEirsioif  of  Fettebbacb's  Thbobem. 

256.  If  a  conic  whose  fod  are  eollinear  with  the  eireumeentre  he 
inscribed  in  a  triangle,  the  auxiliary  circle  of  the  conic  touches  the 
nine-points  circle  of  the  triangle. 

Let  J!?^  be  the  foci,  0  the  eireumeentre,  A\  B',  C  the  middle 
points  of  the  sides,  and  let  the  line  FJ^  make  angles  Ai,  Bi,  Ci 
with  the  sides  of  ABC,  Now,  if  /8  be  any  circle,  the  condition 
that  it  touch  the  nine-points  circle,  that  is,  the  circumcircle  of 
A'B'C,  is  by  my  extension  of  Ptolemy's  Theorem, 

a  yS^'  +  b  -v/^j  +  e  yS^  =  0 

where  8^;  denotes  the  power  of  the  point  A'  with  respect  to  8 ; 
but  if  /8  be  the  auxiliary  circle  it  is  the  pedal  circle  of  the 
points  FF',  and  it  is  easy  to  see  that  8^^-  OF.  OF*  cos»-4i,  &c. 


■«■_-_=*■ 
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Hence,  by  substitution  the  condition  of  contact  becomes 
a  COB  ^1  +  ^  cos  ^1  +  r  cos  Ci  =  0,  or  the  sum  of  the  projections  of 
the  sides  of  the  triangle  on  the  line  FF* »  zero,  which  is  true. 
Hence,  &c. 

If  we  suppose  FF'  to  be  the  antifoci  the  proposition  becomes 
the  following: — jy  the  minor  axis  of  a  conic  inserihed  in  a 
triangle  pass  through  the  circumeentre^  the  circle  described  on 
the  minor  axis  as  diameter  touches  the  nine-points  circle  of  the 
triangle. 

This  remarkable  proposition  is  given  by  Mr.  M'Gay,  in  a 
Memoir  on  "  Three  Similar  Figures,"  TVansactions  of  the  Eoyal 
Irish  Academy,  vol.  xxix.,  1889. 


KISOBLIiANEOUS  EXEB0I8BS  OXT  OHAPTBB  IX. 

1.  The  chord  of  curvature  through  the  centre  of  an  ellipse  ifl  equal  to 

2*'«/a'.  (803) 

2.  The  focal  chord  of  curvature  at  any  point  of  a  conic  is  equal  to  the 
focal  chord  of  the  conic  parallel  to  the  tangent  at  the  point. 

3.  The  focal  chord  of  curvature  at  any  point  of  a  conic  is  double  the  har- 
monic mean  between  the  focal  radii  of  the  point. 

4.  If  FF*  be  points  on  confocal  ellipses  having  the  same  eccentric  angle, 
prove  that  the  sum  of  the  tangents  drawn  to  the  inner  from  the  point  P  on 
the  outer  is  equal  to  the  chord  of  the  outer  which  touches  the  inner  at  P*. 

5.  If  a  circle  and  a  conic  osculate  at  P,  and  if  the  osculating  tangent  and 
their  common  tangent  intersect  in  Q,  then  a  conic  confocal  to  the  given  conic 
passes  through  the  points  F  and  Q. 

6.  Find  the  lengths  of  the  axes  of  the  conic  (o,  6,  e^  /,  g^  h)  {x^  y,  1)*. 
Transferred  to  the  centre  as  origin  this  becomes 

a*»  +  2hxy  +  *y«  +  A/C=  0. 

Now,  if  the  auxiliary  circle  be  «'  +  y'  -  r'  a  0  it  has  double  contact  with 
the  conic.    Hence 

(ar^  +  A/(7) ««  +  2Ar»  «y  +  (M  +  AJC)  y»  =  0, 
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which  must  be  a  perfect  square.    Hence  the  squares  at  the  semiaxes  are  the 
roots  of  the  quadratic  in  r^ 

CV*  +  (a  +  b)  CLt^  +  A»  =  0.  (804) 

7.  If  (a,  hy  e^fy  ff,  h)  {Xf  y,  1)'  =  0  be  an  ellipse,  its  area  is 

irA/C«.  (806) 

8.  The  locus  of  points  on  a  system  of  confocal  conies,  the  osculating 
circles  of  which  pass  through  a  focus  is  a  circle  of  which  the  foci  are  inverse 
points. 

9.  If  a  variable  conic  hyperosculate  a  fixed  conic,  and  touch  its  directrix, 
the  chord  of  contact  passes  through  the  focus  of  the  fixed  conic. 

10.  If  a  system  of  conies  have  a  common  focus  and  directrix,  the  locus  of 
points  whose  osculating  circles  pass  through  the  focus  is  a  parabola. 

(F.  Purser.) 

11.  If  &om  a  fixed  point  0  a  tangent  OThe  drawn  to  one  of  a  system  of 
confocal  conies,  and  a  point  P  taken  on  it,  such  that  OF.  OTib  constant, 
the  locus  of  P  is  an  equilateral  hyperbola.  (J.  Pursbr.) 

12.  If  the  base  of  a  triangle  and  its  vertical  angle  be  given,  the  locus  of 
its  symmedian  point  is  an  ellipse  having  double  contact  with  the  ciroum- 
circle. 

13.  If  the  conic  a$  =  ky^  touch  the  circumcircle  of  the  triangle  of  refe- 
rence,  the  point  of  contact  is  on  one  of  the  symmedian  lines  of  the  triangle. 

14.  If  a  triangle  be  circumscribed  to  a  conic,  and  two  of  its  summits 
move  on  a  confocal  conic,  the  third  summit  and  the  point  of  contact  on  the 
opposite  side  lie  on  a  confocal. 

15.  A  circle  touching  an  ellipse  passes  through  its  centre ;  prove  that  the 
locus  of  the  foot  of  the  perpendicular  from  the  centre  on  the  chord  of  inter- 
section is  a  concentric  and  homothetic  ellipse. 

16.  If  a  variable  triangle  of  given  species  has  its  summits  on  three  lines 
given  in  position,  show  that  its  circumcircle  has  double  contact  with  a  given 
conic. 

17.  Given  five  tangents  to  a  conic,  show  how  to  find  their  points  of  con- 
tact.   [Make  use  of  Brianchon's  Theorem.] 

18.  Given  five  points  on  a  conic,  show  how  to  construct  it  by  points. 
[Make  use  of  Pascal's  Theorem.] 

19.  Given  five  points  on  a  conic,  show  how  to  draw  the  tangents  at  these 
points. 
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20.  If  the  alternate  sides  of  a  Pascal's  hexagon  be  pxodooed  to  meet, 
points  of  intersection  form  the  summits  of  a  Biianohon'a  hezmgoiiy  and  if 
the  alternate  sides  of  a  Brianchon's  hexagon  be  produced  to  meet^  their  paints 
of  intersection  form  the  summits  of  a  Pascal's  hexagon. 

21.  If  i9  =  0  be  the  equation  of  a  conic,  find  the  equation  of  a  homothetie 
conic  passing  through  three  g^ven  points. 

22.  Pairs  of  tangents  are  drawn  to  a  conic  8  parallel  to  pairs  of  conjugate 
diameters  of  a  conic  8',  prove  that  the  locus  of  their  points  of  interBectian 
is  a  conic  homothetic  with  8\ 

23.  A  triangle  is  described  about  a  conic  8,  and  inscribed  in  a  oonfocsl 
conic  y ;  prove  that  the  osculating  circles  at  the  points  of  contact  of  the  «^<« 
are  tangential  to  the  fourth  conmion  tangent  of  8  and  one  of  tlie  didei 
touching  the  sides.  (B.  A.  HoBKnTS.) 

[Make  use  of  the  theorems  of  the  Exercises  6,  16.  The  method  of  pnxrf 
thus  indicated  is  due  to  Mr.  M'Cay.] 


CHAPTER    X. 

THE  GENERAL  EQUATION— TRIUNEAR  CO-ORDINATES. 

257.  Abokhold's  Notation. — 1°.  In  this  notation,  a  point  is 
denoted  by  a  single  letter,  and  its  trilinear  co-ordinates  by  the 
same  letter,  with  suffixes.  Thus  the  point  x  is  the  point  whose 
co-ordinates  are  Xx,  x%^  x^. 

2^.  The  trilinear  equation  of  a  right  line,  viz.  Oi^i+OiXt 
+  Os^s  »  0,  is  denoted  by  a^  =  0,  the  x  being  a  suffix  to  a. 

3^.  The  general  equation  of  the  n^  degree  is  denoted  by 
«/  =  0  ;  that  is,  by  {oi^i  +  0%^%  +  Oiarj)*,  where  after  the  invo- 
lution 01*  is  replaced  by  the  coefficient  of  Xi*  in  the  given  equa- 
tion m»i"-*  0%  by  the  coefficient  of  d?i"-^  «j,  &c.  Thus  the  conic 
OiiXi^  +  (hz^2^  +  <h^^  +  ^(hiXiX^  +  2a2iX2Xi  +  2a^iXzXi  «  0  is 
denoted  by  (aiXi  ■{■  OzX^  ■{■  (hx^y,  or  a  J  =  0.  It  is  evident  that 
in  this  notation  the  symbols  ai,  Os,  03  have  no  meaning  of  them- 
selves for  curves  of  the  second  or  higher  degree,  until  the 
involution  is  performed. — Salmon's  Algebra,  4th  edition,  p.  814 ; 
Clsbsch,  Theorie  der  Bindren  Algebraesehen  Farmen. 

4°.  Any  non-homogeneous  equation  in  two  co-ordinates  may 
be  transformed  into  a  homogeneous  equation  by  the  substitutions 
Xi  -f  ^3,  X2  -T  ^3  for  the  variables  and  the  clearing  of  fractions. 

258.  Several  well-known  results  assume  a  very  simple  form 
when  expressed  in  Abonhold's  notation.  We  shall  merely 
state  them  here,  as  they  present  no  difficulty. 

1^.  Joachimsthal's  equation  (899),  which  gives  the  ratio 

in  which  the  join  of  the  points  y,  s  is  divided  by  the  conic 

a,'  =  0,  is 

aj"  +  2ka^ .a.'^l^a!--  0.  (806) 


-,  -^iW 
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2°.  The  equation  of  the  polar  of  the  point  y,  with  respect  to 

a/  =  0,  is 

a,.ay  =  0.  (807) 

3°.  The  condition  that  y  and  %  may  be  conjugate  points  with 

respect  to  a,'  =  0,  is 

«y.«,  =  0.  (808) 

4^.  The  equation  of  the  pair  of  tangents,  from  the  point  y  to 

a^  =  0,  is 

V-«/-(«-«f)'=0.  (809) 


DiSCBIMINANT. 

259.  To  find  the  eenditum  thai  a^ »  0  may  represent  a  Une 
pair. 

If  a«'  =  0  represent  a  line  pair,  the  polar  of  the  points  1,  0,  0; 
0,  1,  0  ;  0,  0,  1,  with  respect  to  it  will  pass  through  the  double 
point,  that  is  the  lines  Si,  S2,  S^,  or 

flii«i+  ai2Xi-¥  ais^Ts^O ;  021^1+  ^m^vI-  fl,3«s=0 ;  anZi+  anXt\-  «isar,=0 

are  concurrent,  and  eliminating  Xi,  x%,  x^  we  find  the  required 
discriminant 


=  0. 


(810) 


Def. — The  minors  of  this  determinant  are  denoted  hy  An,  A^, 
&c.  Hence,  Ai,  A2,  &c.,  have  no  meaning  by  themselves  until 
the  expressions  in  which  they  occur  are  expanded.  This  will 
be  plain  from  §  260. 

Cor,  By  solving  any  two  of  the  equations  /8i=0,  82- 0,  iSi^O, 
we  get  the  co-ordinates  of  the  double  points,  namely, 

Xi  :  X2'  1X2'  :i  AaiAai  A^  (i  =  1,  2,  3).        (811) 


CHAPTER    X. 

THE  GENERAL  EQUATION— TRILINEAK  CO-ORDINATES. 

257.  Abonhold's  Notation. — 1°.  In  this  notation,  a  point  is 
denoted  by  a  single  letter,  and  its  trilinear  Co-ordinates  by  the 
same  letter,  with  suffixes.  Thus  the  point  x  is  the  point  whose 
co-ordinates  are  Xi,  arj,  x^, 

2^.  The  trilinear  equation  of  a  right  line,  viz.  aiXi-¥ihXt 
+  fljara  =  0,  is  denoted  by  a,  =  0,  the  x  being  a  suflix  to  a. 

3^.  The  general  equation  of  the  n*^  degree  is  denoted  by 
a,"  =  0  ;  that  is,  by  ((hXi  +  ih^t  +  Ot^s)*!  where  after  the  invo- 
lution Oi*  is  replaced  by  the  coefficient  of  Xi*  in  the  given  equa- 
tion wfli*^*  02  by  the  coefficient  of  Xi^^ «j,  &c.  Thus  the  conic 
auXi^  +  a^rra'  +  a»«s'  +  2ai3a?ia;a  +  20^X2^^  +  20^X2X1  -  0  is 
denoted  by  (aiXi  +  02*2  +  ^^9)^  or  a,'  =  0.  It  is  evident  that 
in  this  notation  the  symbols  ai,  Os,  03  have  no  meaning  of  them- 
selves for  curves  of  the  second  or  higher  degree,  until  the 
involution  is  performed. — Salkok 's  ^^^^a,  4th  edition,  p.  814 ; 
Clebsch,  Theorie  der  Bindren  AlgehraeBchm  Formen. 

4^.  Any  non-homogeneous  equation  in  two  co-ordinates  may 
be  transformed  into  a  homogeneous  equation  by  the  substitutions 
Xi  -^  Xiy  X2  V  ^3  for  the  variables  and  the  clearing  of  fractions. 

258.  Several  well-known  results  assume  a  very  simple  form 
when  expressed  in  Abokhold's  notation.  We  shall  merely 
state  them  here,  as  they  present  no  difficulty. 

1^.  Joachimsthal's  equation  (899),  which  gives  the  ratio 

in  which  the  join  of  the  points  y,  s  is  divided  by  the  conic 

aj^  =  0,  is 

V  +  2iUv  .«.  +  *»«.»  =  0.  (806) 
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<hi» 

Oiir 

«21» 

^1 

«3l, 

Osij 

/*!» 

t^f 

=  0, 


(815) 


Cor.  3. — If  the  pole  of  the  X.  =  0  be  on  the  line  /a.  «  0  we 
have  /Aiyi  +  /xa^a  +  fht/t  =  Oy  ai^d  eliminatmg  we  get 

On,       K 

which  expanded  is  equal  to  ^^  •  ^a  ~  ^*  (^^^) 

Hence  Ax  .  ^^  «=  0  is  the  condition  that  the  lines  X^,  /i^  may 
be  conjugate  with  respect  to  the  conic  aj  =  0. 

Cor.  4. — The  differentials  of  A^*  with  respect  to  Xi,  A«,  >«  are 
the  point  co-ordinates  of  the  pole  of  X,  with  respect  to  aj  =  0, 
just  as  the  differentials  of  a«''s  0  with  respect  to  Xi\  Xt\  x%  are 
the  line  co-ordinates  of  the  polar  of  the  point  of  with  respect 
to  a^  =  0. 

261.  To  find  the  equation  of  the  point  pair  in  which  the  Jim 
XJ  z=0  intersects  the  conic  a,'  =  0. 

Let  V'  =  0  be  any  other  line,  then  if  X,'  +  kXJ'  touch  aj  =  0 
we  get  substituting  X/  +  ^Xx",  X,'  +  ^X,",  X,'  +  ^X,"  for  A„  X^  A« 
in  the  tangential  equation  -4a''  +  2itX'^ .  X"^  +  Ax"*  =  0.  Now, 
since  this  is  a  quadratic  in  ^,  we  see  that  through  the  intersection 
of  the  lines  XJ  =  0,  XJ'  =  0  can  be  drawn  two  tangents  to  aj  «  0, 
but  if  X»'  =  0,  Xg"  =  0  intersect  on  a/  =  0  the  two  tangents  coincide, 
and  the  equation  in  j&  is  a  perfect  square.  Hence,  omitting  the 
double  accents,  the  equation  of  the  point  pair  is 

^a".^a»-(V.X^)»-0.  (817) 

Cor. — The  equation  (817)  in  determinant  form  is 


Oiu 

«i»j 

<»Ul 

A,, 

A, 

(hij 

<»«» 

a»i 

V, 

A, 

^if 

Osiy 

»M> 

V, 

A, 

A/, 

V, 

V 

At, 

K 

A, 

=  0. 


(818) 
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Observation,— The  bordered  determinants  (814),  (816),  (818) 
are  written  by  Clebscb 


(x)'   U)'   ix'  x) 


respectively.     See  Cubic  Transformations^  page  4. 

262.  If  a^f  =  0,  V  «  0  be  two  conies,  it  is  required  to  find  tbe 
locus  of  the  poles  with  respect  to  a^^  =  0,  of  tangents  to  5/  m  0. 

The  polar  of  the  point  y,  with  respect  to  a/  s  0,  is 

{a^Xi  +  fljiCa  +  ^Vb)  («iyi  +  <Hya  +  ^m)  =  0 ; 
or  putting  Ti  =  Onf/i  +  auf/t  +  Oiay,,  &c. 

riari  +  YiXi  +  Y^  =  0. 
And  the  condition  that  this  should  be  tangential  to  5«*  »  0  is 

{BiYi  +  BiYi  +  B^Y^y  o  0,  or  By^  =  0.        (819) 

263.  In  the  general  trilinear  equation  aa*  +  2Aaj9  +  5)3'  +  2fl3y 
+  2^ya  +  (^y'  =  0,  ^0  explain  the  geometrical  signification  of  the 
vanishing  of  a  coefficient, 

1^.  The  vanishing  of  the  coefficients  of  the  squares  of  the 
variables  has  been  fully  explained  in  §  113. 

2°.   JFhen  the  coefficients  of  the  products  vanish. 

Suppose  the  coefficient  A,  for  example,  to  vanish,  then  the 
equation  becomes  aa?  +  bp*  +  cy*  +  2ffiy  +  2yya  ■  0.  Now,  this 
will  meet  the  line  y  ==  0  in  the  two  points  where  the  lines 
fla*  +  bp^  =  0  meet  y  =  0  ;  that  is,  in  two  points  which  are 
bannonic  conjugates  to  the  points  where  the  lines  a  «  0,*^  »  0, 
meet  y.  Hence  we  have  the  following  theorem :— ^  in  the 
general  equation  the  coefficient  of  the  product  of  any  two  variables 
vantshy  the  third  side  of  the  triangle  of  reference  is  eut  harmanicalfy 
by  the  other  sides  and  the  conic. 

Cor.  1. — If  the  coefficients  of  all  the  produots  yaniflhy  eaoh 
side  of  the  triangle  of  reference  is  cut  harmonically  by  the  coiiio. 
In  other  words,  the  triangle  of  reference  is  autopolar  with 

respect  to  the  conic. 

z 


/ 


338     The  General  Equation — TriKnear  Co^ardinaiee. 


then  we  haye 


(820) 


This  may  be  ahown  otherwise.    Let  the  conio  be 

Pa?  +  m»j8>  -  »V  -  0, 

(fly  +  la)  (ny  -  fa)  «  m^jS*. 

Hence  ny  +  fa,  fiy  -  fa  are  tangents,  and  13  is  the  chord  of  con- 
tact, which  proyes  the  proposition. 

Cor.  2. — Any  point  on  the  conic  ^a*  +  m*/?  -  n*/  =  0  will  be 
common  to  the  lines  denoted  by  the  system  of  determinants 

fa,  w)8,  ny, 

cos  <f>f         sin  <f>f         1, 

each  equated  to  zero,  which  may  be  called  the  point  tf>  on  the 
conic. 

Car,  8. — The  equation  of  the  join  of  the  points  ^  +  ^,  ^  -  ^ 

is 

fa,  tnpj  ny, 

cos(^  +  ^')»       sin(^  +  ^),       1,       =0, 

cos  (iff  -  ^),       sin  {iff  -  ^')>       1 

or  fa  cos  ^  +  mfi  sin  ^  -  ny  cos  ^  •  0.  (^^1) 

Hence  the  equation  of  the  tangent  at  the  point  ^  is 

fa  cos  ^  +  mP  sin  ^  -  ny  s  0.  (822) 

Car.  4. — The  co-ordinates  of  the  point  of  intersection  of  tan- 
gents at  ^+^,  ^-^,  are 

cos  ^     sin  ^     cos  tj/ 


I 


m 


(823) 


Cor,  5. — ^The  equation  of  a  conio  referred  to  a  focus  and 
directrix  isaj*  +  y*  ■  (dy)*,  where  y  «  0  denotes  the  directrix. 
Hence  it  is  a  special  case  of 

W  +  in»j8»  -  nV  =  0. 
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1.  Find  the  values  of  /,  m,  n,  in  order  that  M  +  m'jS*  +  n^  a  0  may 
represent  a  circle. 

Ant,  /*  s  sin  2^4,    m'  a  sin  23^    n*  «  sin  2(7. 

2.  II  the  conic  /^a'  +  m^/3^  +  n^T*  =  0  passes  through  a  fixed  point,  three 
other  points  on  it  are  determined.  The  points  which  form  with  the  g^Ten 
point,  a  standard  quadrangle. 

3.  Find  the  condition  that  the  join  of  the  points  ^  +  ^'^  ^  ~  ^  should 
touch  the  conic  TV  +  m'«3>  +  n'V  =  0. 

/*  cos*  rl     m'  sin'  ^     «'  cos*  *'     ^ 

4.  Find  the  co-ordinates  of  the  pole  of  the  line  X«  «  0,  with  respect  to 
the  conic 

From  equation  (812)  it  is  seen  that  the  co-ordinates  of  the  pole  are  the 
differentials  of  the  tangential  equation  of  the  conic,  with  respect  to  Xiy  At,  As, 
respectiyely.    But  the  tangential  equation  of  the  given  conic  is 

/1A2A3  +  /sAjAi  +  ^lAs  B  0. 

Hence  the  required  co-ordinates  are 

«i'  =  ^Ai  +  /3A1,    Xt  =  ^1  +  /iA«,    *i'  B  /|At  +  k\i. 

Since  these  remain  unaltered  when  AiAsAs  are  interchanged  with  IMz,  we 
see  that  the  pole  of  A«  with  respect  to 

is  also  the  pole  of  Im  with  respect  to 

V  Aiari  +  V  AjTa  +  ^\iX$  =  0. 

6.  The  centre  of  the  oonie 

\/ai«i  +  V^Asa^s  +  \/a8«i  =  0 

is  the  pole  of  A«  =  0  with  respect  to  the  conic  which  touches  the  sides  of  the 
triangle  of  reference  at  their  middle  points. 
6.  Find  the  locus  of  the  pole  of  A«  =  0  with  respeot  to  the  conic 

22 


/ 
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being  given  that  the  conic  fulfils  another  condition,  such  aa  to  touch  a  gi?en 
line,  Bay  X*  =  0. 
Solving  the  equations  in  Ex.  4,  h,  ^,  ^  are  proportional  to 

\i  {\%X%  +  As**'  -  AiaPi'),  Aa  (AsJPj'  +  Ai«i'  -  XaXt),  As  (AiJ?i'  +  AaS^'  -  X^). 

Now,  if  Lm  touch  the  conic,  we  have 

'i       ^      ^      . 
Zi     Lt     Zt 

Hence  the  required  Iocub,  omitting  accents,  is  the  right  lino 
Ai  {\iZi  +  A8«8  -  Aia?i)      \t  (A««s  +  Ai«i  -k^Xt) 


Xi  Zt 

A8(Aigi4-AtJ?a~X3g8) 

"*■  Zi 


0.  (826) 


7.  The  triangles  formed  by  three  given  points,  and  their  polazs  with 
respect  to  any  conic,  are  in  perspective. 

Dem. — ^Let  y,  s,  to,  be  the  angular  points  of  the  original  triangle ;  their 

polars  with  respect  to  Oa'  <=  0,  are  a« .  Oy,    a« .  a.,    Om,  Ow,  respectively; 

and  the  equation  of  the  join  of  y  to  the  intersection  of  the  polan  of 

s  and  io  is 

(«• .  fl«)  («y .  Ow)  -  (am .  «•»)  (flf .  0.)  «  0, 

with  two  similar  equations  for  the  other  lines  of  connexion ;  and  thoao, 
when  added,  vanish  identically.    Hence,  &c. 

8.  It  is  required  to  determine  when  the  general  equation 

fla»  +  bfi^  +  <?7»  +  2ha0  +  2f$y  +  2ffya  =  0 

represents  an  ellipse,  a  parabola,  or  a  hyperbola.  If  we  eliminate  y  between 
this  and  the  equation 

asin^  +  /3  sin^  +  7  sin  (7=  0, 

which  represents  the  line  at  infinity,  and  if  the  resulting  equation  in  a,  ^ 
be  the  product  of  two  real  factors,  it  will  be  a  hyperbola ;  if  the  pxx>dact  of 
two  imaginary  factors,  it  vrill  be  an  ellipse ;  and  if  a  perfect  square,  it  will 
be  a  parabola.  In  this  way  we  find  it  to  be  an  ellipse,  a  parabola,  or  a 
hyperbola,  according  as 

^sin'uf +^sinS£+ C'sinS  (7+2^  sin^sin  (7+26' sinCsinuf +  2^Bin^flin^ 
is  podtiva^  lero,  or  negative. 
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9.  If  the  condition  of  Ex.  3  be  fulfilled,  wliat  is  the  loons  of  the  pole  of 
the  join  of  the  points  ^  +  ^',  ^  —  ^'  P 

Denoting  the»  co-ordinates  of  the  pole  by  x,  p,  »,  from  equation  (823), 
we  have 

2r  =  cos  ^y    my  SB  sin  ^,    fu  s  cos  ^'. 

Hence,  from  (824),  we  get 

This  conic  is  the  polar  reciprocal  of  TV  +  m'^/S*  +  n**/*  «=  0,  with  respect 
to  Pa^  +  m^0*  +  n V  =  0-  Hence  the  polar  reciprocal  of  a'a^  +  b'fifi + ^V  =  0, 
with  respect  to  aa'  +  *j8*  +  ct*  «  0,  is 

—  ^—^-f^O.  (827) 

10.  Find  the  condition  that  the  line  \a  +  fifi -¥  9y  ss  0  will  touch  the 
conic  Pa^  +  m'3»  -  «V  =  0. 

Comparing  \a  +  fi$ -^  ry  =i  0  with  equation  (822),  and  eliminating  iff,  we 
get  the  required  condition 

Hence,  if  one  tangent  to  the  conio  ^a*  +  m'/3*  s  n^  be  given,  three 
others  are  determined.  The  given  tangent  and  the  three  others  form  a 
standard  quadrilateral. 

11.  If  the  chord  in  Ex.  3  passes  through  the  point  a',  fi^,  y\  the  locus  of 
its  pole  is 

Pa  a  +  m^pTfi  +  n*y'y  -  0.  (829) 

12.  The  locus  of  the  pole  of  any  tangent  to  the  conic  o^,  with  respect 

to  xi*  4  3:2*  +  *3'  =  0,  is 

JJ'^O.  (830) 

13.  Find  the  equation  of  the  orthoptic  circle  of  the  conic 

aa^ -i- hfil^  +  ey*  -  0. 
If  4r  +  4r',  4r~  ^'  bo  the  parametric  angles  of  the  points  of  contact  of  two 

rectangular  tangents,  then  the  condition  of  perpendicularity  will  give  us 
the  required  result,  after  eliminating  ^,  iff'  by  means  of  the  co-ordinates  in 
equation  (823),  and  putting  a,  b,  e  for  l\  m\  —  n*  ;  thus  we  get 

a  {b  +  e)a^'\'b  {e  ■\-a)0*  +  c{a'\-b)y*-¥2be  qobA  .fiy-^-ZeacoaBiya 

+  2ai  cos  C  03  B  0.  (831) 
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14.  The  locus  of  tlie  centre  of  a  conic  inscribed  in  tibe  *^»^^^  of  rafe- 
zencei  and  passing  througli  die  circumcentre,  is 

2V8in2^(i3  8in^-f  7  8in(7-a8in^)>B0.  *  (832) 

16.  If  the  inscribed  conic  pass  through  the  oithocentre,  the  locus  £■ 


2  Vtanui  (iS  sin^  +  7sin  (7-  asin^)  »  0.  (883) 

264.  lb  dueuBi  the  equation  aP^-f. 

This  is  the  special  case  of  the  last  proposition^  'when  the 
coefficients  of  the  products  )3y,  ya  vanish,  and  also  the  co- 
efficients of  a*,  p^.  The  form  of  equation  (§  233,  3^)  shows 
that  a,  p  are  tangents,  and  y  their  chord  of  contact.  If  in 
the  equation  a)3  =  y*  we  put  a  =  y  tan  ^y  )9  =  y  cot  ^^  tlie  equa- 
tion is  satisfied.  Hence  the  co-ordinates  of  any  point  on  the 
curve  may  he  represented  hy  tan  ^,  cot  ^,  1.  This  point  will 
he  called  the  point  ^. 

265.  The  equation  of  the  join  of  two  points  ^,  ^'  is  the 

determinant 

a,  /J,  r, 

tan  ^,     cot  ^,       1,      =  0, 

tan  ^1,    cot  ^1,      1 
a  P 

tan  ^  +  tan  ^i     cot  ^  +  cot  ^  "  '^'  ^       ^ 

Cor,  1. — ^If  tan  ^  +  tan  ^i  he  constant,  the  join  of  the  pointi 
^,  ^  passes  through  a  given  point. 
For  writing  the  equation  (834)  in  the  form 

a+  P  tan  ^  tan  ^  -  y  (tan  ^  +  tan  ^)  =  0 

it  represents  a  line  through  the  intersection  of 

a  -  y  (tan  ^  +  tan  ^)  =  0  and  )3  =  0  ; 

that  is,  through  a  fixed  point  on  p.  In  like  manner,  if 
cot  ^  +  cot  ^1  he  given,  it  passes  through  a  fixed  point  on  a ; 
and  if  the  product  tan  ^ .  tan  ^  he  given,  it  passes  throuj^  a 
fixed  point  on  y. 

Cor.  2. — The  tangent  at  the  point  ^  is 

a  cot  ^  +  )3  tan  ^  B  2y.  (835) 


or 
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Cor.  3. — The  tangents  at  ^,  ^i  intersect  on  the  line 
a  -  ^  tan  <f>  tan  ^,  got  hy  eliminating  y  between  their  equa- 
tions. Hence,  if  tan  ^ .  tan  ^i  be  constant,  the  tangents  at 
<!>,  <pi  intersect  on  a  fixed  line  passing  through  the  point  a)3. 
In  like  manner,  it  may  be  shown  that  if  tan  <f>  +  tan  ^  be  con- 
stant, the  tangents  meet  on  a  fixed  line  passing  through  ya, 

and  if  cot  <^  +  cot  <f>i  be  constant,  on  a  fixed  line  through  j8y. 

« 

Cor.  4. — The  equation  (834)  may  be  written  in  the  form 

(a  -  y  tan  ^)  -  (y  -  /J  tan  ^)  tan  ^i  =  0 ; 

or,  say  L  *•  M.  tan  ^i  »  0  ;  and  since  (§  45)  the  anhar- 
monic  ratio  of  the  pencil  of  four  lines  a  -  iS;/},  a  -  h^^  a  -  ^)3, 
a-  k^P  is 

(^-^i)(^-^)^(^-*2)(^-*i), 

we  infer  that  the  anharmonio  ratio  of  the  pencil  of  lines  from 
any  variable  point  of  the  conic  to  the  four  fixed  points  ^i,  ^, 
<^3,  <f>i  is 

(tan<^i-tan^)(tan^-tan^4)  -f  (tan  ^  -  tan  ^)  (tan  ^s 

-  tan  ^0, 

or       sin  {<f>i  -  <^)  sin  (<^  -  ^^4)  -r  sin  (<^  -  <^)  sin  (<^  -  ^4), 

(836) 

and  is  therefore  constant. 

The  theorem  just  proved  was  discovered  by  Chasles,  and 
is  the  fundamental  one  in  his  8ectum»  ConiqueSf  Paris,  1865. 
On  account  of  its  great  importance  we  shall  give  another 
proof.  Let  the  quadrilateral  formed  by  the  four  fixed  points 
be  ABCJDy  and  let  0  be  any  variable  point;  then,  if  the 
equations  of  the  sides  AB^  BC,  CD,  DA  of  the  quadrilateral 
be  a,  ^,  y,  8  respectively,  the  equation  of  the  conic  (§  233,  5**) 
may  be  written  ay  -  kfi&  =  0;  but  a  being  the  perpendicular 
from  0  on  AB,  we  have 

OA.OB.anAOB 

"  = 25 ' 
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with  similar  values  for  )^,  y»  8 ;  and  these  substituted  in  the 
equation  oy  -  kpS  «  0  give 

sin^OJg.sinCOi?  AB .  CD 

BmJBOC.^AOD  ^      BC.AD' 

The  right-hand  side  of  this  equation  is  constant,  and  the  left- 
hand  side  is  the  anharmonic  ratio  of  the  pencil  {O .ABCD), 
Hence  the  proposition  is  proved.  (See  Salmon's  Conies, 
p.  240). 

Cor.  5. — The  tangent  at  <t>  intersects  the  tangent  at  ^  on 
the  line  a  cot  ^  -  j8  tan  ^  s  0.  Hence,  as  in  Car.  4,  we  infer 
that  the  anharmonic  ratio  of  the  four  points,  where  tangents 
at  four  fixed  points  <^i,  ^ay  ^>  <l>i  meet  the  tangent  at  any 
variable  point  ^,  is 

sin  (^i  -  <^)  sin  (<^  -  <^4)  ^  sin  (<^i  -  <^)  sin  (^  -  <^4), 

and  is  therefore  independent  of  ^. 

Car.  6. — If  the  line  Xa  +  /i,)9  +  vy  touch  the  conic  at  the 

point  ^,  we  must  have  X,  fi,  v  proportional  to  cot  ^,  tan  ^^  -  2. 

Hence 

4Xfi  =  v»,  (837) 

which  is  the  tangential  equation  of  the  conic. 

EXEBOISES. 

1.  The  oo-ordioates  of  the  point  of  intersection  of  tangents  at  ^^  ^'  are 
proportional  to  tan  ^  tan  ^',  \^\  (tan  ^  +  tan  ^'). 

2.  The  length  of  the  perpendicular  from  the  intersection  of  tangents  at 
^\  ^"  on  the  tangent  at  ^  is,  putting  t  for  tan  ^,  &c., 

(t-V){t-n^f(t),  (838) 

where  f(t)  stands  for 

V{<*  +  4  cos -4  .  <»  4-  2  (2  -  COS  C)i^  4-  4  cos-B.  t  +  1). 

3.  If  ai3  8  h^y^  be  the  equation  of  a  conic,  the  circle  of  curvature  at  the 

point  fiy  is 

iS»  +  7*  +  2iS7  cos  -4  B  iS .  (tf  sin  B)lk^.  (Cbofton.) 


The  General  Equation — Trilinear  Co-ordinates.       345 

4.  If  ^,  ^'  be  two  points  on  a  conic,  such  that  the  ratio  of  tan  ^  :  tan  ^' 
is  constant,  the  envelope  of  their  join  is  a  conic,  haying  double  contact 
with  the  given  conic. 

5.  If  the  points  ^,  ^'  vary  biit  so  as  that  the  ratio  of  tan  ^  :  tan  ^'  be 
given,  they  divide  the  conic  homographically  (see  Cor.  4). 

Hence,  if  two  conies  have  double  contact,  any  yaiiable  tangent  to  one 
divides  the  other  homographically.  (ToifNSXND.) 

6.  If  two  vertices  of  a  circumscribed  triangle  move  on  fixed  lines,  the 
locus  of  the  third  vertex  is  a  conic  having  double  contact  with  the  given 
conic. 

For  let  the  points  of  contact  be  ^,  ^',  ^" ;  and  the  fixed  lines  a~  fifi^O, 
a-  fjL'fi  ^  0.  Then  ({  266,  Cor.  3),  tan  ^ .  tan  ^'  s  /i,  tan  ^ .  tan  ^"  =  /. 
Hence  the  tangents  at  ^',  ^"  are 

a  tan  ^  +  fi*$  cot  ^  =  2^7, 
a  tan  ^  +  fi^fi  cot  ^  a  2/iy ; 
and  eliminating  ^  we  get 

a${^  +  mT  =  4^V.  (839) 

7.  Find  the  envelope  of  the  base  of  a  triangle  inscribed  in  a  oonic  and 
whose  two  sides  pass  through  fixed  points. 

8.  If  )3i3  denote  the  peipendicular  from  the  intersection  of  tangents  at 
(p'f  (p**  on  the  tangent  i3,  and  «■»  the  perpendicular  on  any  other  tan- 
gent; then 

ns.vsi      W13.V14      vu.irts 


iSia  •  i934      i9i3  .  fiu     $u  •  fin 


(840) 


9.  If  a  polygon  of  any  number  of  sides  be  circumscribed  to  a  conic, 
and  if  ^',  ^",  &c.,  be  the  points  of  contact,  and  ^  any  variable  point,  then^ 
with  the  notation  of  Ex.  8,  we  have 

MjlO  +  fe^zn  +  ftc-O.  (841) 

10.  Since  jSu  {f  4- 1")  =  2718,  and  jSu  {i't")  =  ait  (Ex.  1),  it  follows  that 

fii2{t'  -  n  =  2  Vyia'  -  aitfiii  =  2v^5Ii,  &c. 
Hence,  from  (841),  we  get 

i^  +  ^+^  +  fto.+^-0.  (842)- 

»n       »a       inn  »iii 
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Theobt  of  Ektelopes. 

266.  We  have  seen  (Chapter  II.  Section  m.)  that  if  the 
coefficients  in  the  equation  of  a  line  be  connected  by  a  rela- 
tion of  the  first  degree,  the  line  passes  through  a  given  point — 
in  fact,  the  relation  between  the  coefficients  is  the  equation  of 
the  point  (§  72) ;  and  in  this  Chapter  we  have  shown  that,  if 
the  coefficients  be  connected  by  a  relation  of  the  second  degree, 
the  line  will,  in  all  its  positions,  be  a  tangent  to  a  curve  of  the 
second  degree.  From  these  examples  we  are  led  to  the  follow- 
ing definition  : —  When  a  right  line  or  a  curve  moves  according  to 
any  law,  the  curve  which  it  touches  in  all  its  positions  is  called  its 
envelope.  The  following  examples  afford  further  illustrations 
of  this  theory,  one  of  the  most  interesting  in  Analytical 
(Jeometry. 


1.  Let  xar+fiy  +  l^Obethe line,  and  {a,  b,  e^ /,  g^  A)(\,  /«,  1)'  the  reU- 
tion  among  the  coefficients ;  it  is  required  to  find  the  envelope  of  the  line. 
It  appears  at  once  that  the  required  envelope  is  such  that  two  tangents  can 
he  drawn  to  it  from  any  arbitrary  point.  For,  let  x'ff'  be  the  point; 
substitute  these  co-ordinates  in  aj;  +  /ly  +  ^i  ^^'^  eliminate  fi  between  the 
result  and  the  equation  (a,  3,  «,  /,  ^,  h)  (\,  /«,  1)',  and  we  get  a  quadratic 
in  X,  corresponding  to  each  root  of  which  can  be  drawn  a  tangent  to  the 
required  envelope.  Now,  if  the  quadratic  have  equal  roots,  the  tangents 
will  coincide,  and  their  point  of  ultimate  intersection  will  be  a  point  on 
the  curve.  Hence,  forming  the  discriminant  of  the  quadratic  in  A.,  and 
removing  the  accents  from  sify\  we  get  the  required  envelope,  viz. 

{A,  B,  (7,  F,  Q,  ff){x,  y,  1)«=  0,  (843) 

where  A,  B,  C,  &o.,  have  the  usual  meanings. 

2.  Find  the  envelope  of  iiH  +  iiy  +  a^O.  This  is  the  quadratic  that 
would  result  if  we  were  solving  by  the  foregoing]  method  the  problem  ol 
finding  the  envelope  of  the  line  \x  ■{■  iiy  •{■  a  ^  0  \  \,  fi  being  connected  by 
the  relation  X  =  /i*.  Hence,  forming  the  discriminant  with  respect  to  ^ 
of  the  equation  fi^x  +  /ly  +  a  =  0,  we  get  the  parabola  y*=  4ax. 

Similarly,  we  may  solve  the  more  general  problem  to  find  the  enyelope 
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of  fi^F  +  fiQ  +  i2  »  0,  when  F,  Q^  E  denote  corres  of  any  degree,  viz. 
we  get 

a> «  4PS.  (844) 

3.  lipf  p'  be  the  distances  of  two  fixed  points/,  f  from  a  yariable  line ; 
then,  if  Ap^  +  IBpp'  4-  Cp*^  s  i>  the  envelope  of  the  line  is  a  conic  of  which 
the  line  jfjT  is  an  axis  of  symmetry. 

1°.  If  ^'  -  4  AC  >  0  the  equation  reduces  to  the  form 

{mp  +  np*)  (m\p  +  n\p*)  »  B, 

Let  J*,  F*  be  the  points  which  divide  the  distance  Jf  in  the  ratios  —  n/iit, 
—  n\]m\y  and  let  g^  g*  be  the  distances  of  FF*  to  the  moveable  line.  Then 
the  equation  becomes  gg* »  E^  and  the  line  envelopes  an  ellipse  or  hyperbola 
having  jP,  jP'  as  foci,  according  as  ^  is  positive  or  negative.  If  mi  b  —  ni 
F'  is  at  infinity,  and  the  envelope  is  a  parabola. 

2"*.  If  ^2  -  4^(7  =  0  the  equation  becomes  (mp  +  Mp*)'  «  A  which  corre- 
sponds to  a  circle. 

3**.  If  -B«  -  ^AC<  0,  we  can  write  (mp  +  ftp*)  (mip  +  fiip^  =  D  where  the 
ratios  m/n,  m\\n\  are  imaginary.  The  imaginary  points  F^  T^  which  divide 
ff  in  the  ratios—  n\m  —  iti/mi  are  situated  on  the  minor  axis.  They  are  the 
antifoci  of  the  conic.  In  this  case  we  can  also  write  the  equation  in  the 
form 

(MP  +  ^y  +  (m>  +  ry)*  =  i>. 

4.  Find  the  envelope  of  the  line  <M;oos^  +  ^sin^«a3. 

5.  Find  the  envelope  of  a  line  if  the  sum  ofthe  squares  of  perpendiculars 
let  fall  on  it  from  any  number  of  fixed  points  be  constant. 

Am.  A  parabola. 

6.  Find  the  envelope  of 

\fi  being  -  e.  Am.  2xy  a  e. 

7.  Find  the  envelope  of  a  line  which  makes  om  the  axes  of  co-ordinate 
intercepts  whose  sum  is  constant. 

8.  If  two  conjugate  diameters  of  an  eUipse  be  given  in  position,  and  the 
sum  of  the  squares  of  its  axes  given  in  magnitude,  prove  that  it  is  inscribed 
in  a  given  quadrilateral. 

9.  Find  the  envelope  of  a  system  of  confocal  conies.    Let 
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be  one  of  the  conies.  Clearing  of  fractions,  and  considering  the  resnlt  as 
a  quadratic  in  A,  we  find,  by  forming  the  discriminant,  the  pzoduot  of  four 
imaginary  lines,  yiz. 

e±  x±y  y/~=  0,  where  c»=  a*  -  b^,  (846) 

10.  The  envelope  of  the  polar  of  a  given  point,  with  respect  to  a  syBtem 
of  confocal  conies,  is  a  parabola  whose  directrix  is  the  join  of  the  giyen  point 
to  the  centre  of  the  confocaU. 

11.  If  Af  Bf  Cs  A\  JB',  (The  two  triads  of  fixed  points  on  two  giTen  lines 
/i,  /i'  two  variable  points,  one  on  each  line,  find  the  envelope  of  the  join 
of  fi,  fi',  if  the  anharmonic  ratios  (ABCti)^  [A'B'Cfi)  be  equal. 

12.  The  summits  of  a  triangle  move  along  three  fixed  lines,  and  two  ol  the 
sides  pass  through  two  fixed  points  ;  find  the  envelope  of  the  third  nde. 

13.  If  two  of  the  sides  of  an  inscribed  triangle  of  the  conic  a?  +  /3*  »  y 
touch  the  oonio  aa^  +  b0*  =  cy*,  the  envelope  of  the  third  side  is 

{ea-^ab-  bc)^  o«  +  [ab  +  be  -  ca)^  0^  ^  {be  ■\' ea  -  ab)*  -y*.     (846) 

14.  If  the  point  ^f/  be  the  orthocentre  of  a  triangle  inscribed  in  the 
ellipse  a^ja*  +  y^/i*  —  1  b  0,  prove  that  the  envelope  of  its  sides  is  the  oooie 

+  2  (a*  +  4'){(aV»  +  A^y'*  -  a<)  «^  +  {a*3^  +  bhf'*  -  **)  yy'} 

-  (a»*^  +  iiy-a  -  «•)  (a»*^+  ft»y'*  -  **)  =  0.  (847) 

15.  If  the  line  Ax  +  m^  +  ^  ^  ^  <^^^  ^®  co^^ 

flap*  +  2A«y  +  Ay*  +  2^*  +  2/y  +  c  =  0 
in  points  which  subtend  a  right  angle  at  the  origin,  prove 

c(x»  +  m')  -  2yx  -  2ffi  +  (a  4-  *)  =  0.  (848) 

16.  If  tangents  be  drawn  to  the  ellipse  ic'/a*  +  y*/*'  -  1=  0  at  the  extre- 
mities of  a  variable  diameter  AA%  and  if  a  circle  touching  these  tangenfei 
touch  the  ellipse  at  a  point  F,  prove  that  the  envelope  of  the  chorda  AF^A'F 
is  one  or  other  of  the  conies 

**/«»  +  yV**  -  !/(«  +  *)  -  0, 

«»/a«  -  y»/i«  +  1  («  -  *)  =  0.  (849) 
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267.  Biv.—Let  0  he  the  origin^  OX,  OYthe  axes;  BF,  IP 
{called  the  bass  line  and  the  intI' 
NiTB   line  respectively)    two  lines  Y 
parallel  to  the  axis  of  T.     Then 
let  P  he  any  point  in  the  plane  ; 
join  IP,  cutting  BP!  in  C ;  through 
C  draw  CP*  parallel  to  OX,  meet' 
ing  OP  produced  in  P*.    The  point  Q 
P*  is  called  the  projection  of  P. 

In  the  ordinary  method  of 
treating  projective  properties  of  figures  (see  Cremona,  JSlements 
of  Projective  Geometry)  three  planes  are  required : — (1)  A  plane 
passing  through  the  centre  of  projection.  (2)  A  parallel  plane, 
on  which  is  drawn  the  projected  figure.  (3)  The  plane  of 
the  figure  to  be  projected,  cutting  the  former  planes  in  parallel 
lines.  It  wiU  be  seen  that  the  method  which  we  have  adopted 
is  virtually  the  same,  and  that  while  it  relieves  the  student 
from  the  embarrassment  of  having  to  consider  different  planes, 
it  has  the  advantage  of  admitting  the  use  of  analysis. 

If  the  co-ordinates  of  P  be  xy,  those  of  P',  xfy'^  then  denot- 
ing 01  by  a  and  BI  by  e,  we  easily  get 


axf  ay* 


(850) 


Cor.  1. — If  x^a,  xf  will  be  infinite.    Hence  the  projection 
of  any  point  on  the  line  IP  will  be  at  infinity. 
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Cwr.  2. — ^From  (850)  we  get 


ex 
a-x 


cy 


a-  X 


(851) 


268.  Jf  any  line  CD  cut  the  hose  line  and  the  infinite  line  in 
the  points  (7,  J)  respectively ^  its  profeetion  mU  he  a  line  through 
C  parallel  to  OD.  y 

Let  the  equation  of  CD  be 

Ix  -{-my  -^n; 

and  Binee  01=  a,  the  equation  of  H' 
is  a:  -  a  B  0.    Hence  the  equation  of 

0i>i8 

n  (a;  -  a)  +  a  (^  +  my  +  n)  s  0, 

or  (fe  +  n)  a?  +  may  «=  0. 

Again,  substituting  in  ^  +  my  +  n  the  values  in  (850),  we  get, 
after  omitting  accents  and  clearing  of  fractions, 

{la-¥  n)x  +  may  +  >w  =  0, 

which  is  the  equation  of  the  projection  of  CD.  Now,  since 
this  differs  from  the  equation  of  OD  only  by  a  constant,  it  is 
parallel  to  it ;  and  since  it  may  be  written  in  the  form 

n  («  -  a  +  c)  +  a  (te  +  my  +  n)  B  0, 

it  passes  through  the  intersection  of  the  lines 

a;  -  a  +  0  8  0  and  2r  +  my  +  n  s  0 ; 

that  is,  through  the  point  C,    Hence  the  proposition  is  proved. 

Cor.  1. — Any  two  lines  intersecting  each  other  on  ZP  are 
projected  into  parallel  lines. 

For,  if  two  lines  pass  through  the  point  2>,  the  projection  of 
each  will  be  parallel  to  OD. 

Cut.  2. — ^A  line  passing  through  the  origin  is  unaltered  by 
projection. 
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Cor.  3. — If  four  lines  form  a  pencil,  their  projections  form 
a  pencil  of  the  same  anharmonic  ratio. 

For,  if  P  be  the  vertex  of  the  pencil,  and  if  its  fonr  rays 
meet  the  line  //'  in  the  points  A^  B^  C,  i>,  their  projections 
will  be  parallel  to  OA,  OB,  OC,  OD.  Hence  the  proposition 
is  proved. 

On  account  of  the  invariance  of  the  anharmonic  ratio  hy  projeo^ 
tiony  those  properties  which  depend  on  anharmonie  ratios  are  called 
PBOjECTiTE  properties. 

Cor.  4. — Parallel  lines  are  projected  into  concurrent  lines. 

For  the  projection oi  Ix+my  -¥  nm  0  ib a  {lx+  my) + »  (^ + «)=  0 ; 
if  n  be  variable  {Ix  +  my  •¥  n)  »  0  denotes  a  system  of  parallel 
lines,  and  its  projection  a  {h  +  my)  +  n  («+«)»  0  a  concurrent 

system. 

269.  A  curve  of  the  second  degree  is  projeeted  into  another  curve 
of  the  second  degree. 

For,  making  the  substitutions  (850)  in  an  equation  of  any 
degree,  and  clearing  of  fractions,  we  get  an  equation  of  the  same 

degree. 

Cor,  1. — The  projection  of  a  tangent  to  a  conic  is  a  tangent 
to  its  projection. 

Cor,  2. — The  relations  of  a  pole  and  polar  are  unaltered  by 

projection. 

Cor,  3. — A  system  of  concentric  circles  is  projected  into  a  system 
of  conies  having  double  contact  with  each  other. 

For,  let  a:*  +  y*  af"  be  one  of  the  circles  :  by  varying  r  we  get 
a  concentric  system  ;  and  making  the  substitutions/850),  we  get 
a  (x*  +  y')  =  r*  ((?  +  a?)',  which,  when  r  varies,  denotes  a  [system 
of  conicB  having  double  contact  with  each  other. 

270.  Any  straight  line  can  he  projected  to  infinity^  and  at  the 
same  time  any  two  angles  into  given  angles. 
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Let  IF  be  the  lino  to  be  projected  to  infinity;  RP8^  TQV 
tbe  angles  to  be  projected  into  given  angles ; 
say,  for  example,  into  right  angles.  Let  II 
meet  the  legs  of  the  angles  in  the  pairs  of  points 
^,8;  Tj  V.  Upon  ES^  TF  describe  semicir- 
cles, intersecting  in  0.  Then  0  will  be  the 
required  centre  of  projection,  and  we  can  take 
any  line  parallel  to  //'  for  the  base  line  JBB', 

If  the  circles  do  not  intersect,  the  point  0 
will  be  imaginary,  in  which  case  imaginary 
lines  in  one  figure  will  be  projected  into  real 
lines  in  the  other.  Thus  confoctil  conies, 
being  inscribed  in  an  imaginary  quadrilateral, 
will  be  projected  into  conies  inscribed  in  a  real 
quadrilateral. 

The  substitutions  for  this  case  are,  for  x,  y,  respectively, 

af/y^  1 


ax 


e  +  X  e  ■\'  X 

In  this  manner  we  get  for  the  four  imaginary  lines  (845),  the 
four  real  lines  e  {c  +  x)  t  ax  ±  ay  ^^  0,  which  are  the  four  sides 
of  the  quadrilateral  circumscribed  to  the  projection  of  confocals. 
271,  A  sf/item  of  coaxal  circles  is  projected  into  a  system  of 
conies  passing  through  four  points. 

Dem. — Let  «*  +  y'  +  2kx  -  (T  =  0  be  a  circle,  which,  by  giving 
k  different  values,  will  represent  a  coaxal  system.  Then,  mftlrifig 
the  substitutions  (850),  we  get,  after  clearing  of  fraotionsy 

aV  +  ay  -  <i*  (c  +  a?)*  +  2kax  (<?  +  «)  =  0, 
or,  say,  8  +  2kLM=  0. 

Hence  the  proposition  is  proved. 

This  may  be  shown  otherwise,  thus  :  a  coaxal  system  of  circles 
have  common  the  two  cyclic  points,  and  the  two  points  where 
they  meet  the  radical  axis,  and  the  projections  of  these  points 
will  be  common  to  the  projections  of  the  circles. 
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272.  Any  conic  S  can  he  projected  into  a  circle  having  for  its 
centre  the  projection  of  any  point  P  in  the  plane  of  the  conic. 

Dem. — Let  IF  be  the  polar  of  P  with  respect  to  8 ;  then 
take  this  for  the  infinite  line  (§  267),  and  let 
Q^  R\  Qt  P!  be  pairs  of  conjugate  points 
upon  it  with  respect  to  8 ;  upon  QR^  QfPf 
describe  semicircles,  intersecting  in  0.  Now 
taking  0  for  the  centre  of  projection,  and 
any  line  parallel  to  //'  for  the  base  line 
(§  267),  the  Unes  PQ,  Pi2  will  be  projected 
into  lines  parallel  to  OQ,  OR;  that  is,  into 
rectangular  lines.  Similarly,  PQf,  PR  will 
be  projected  into  fiuiother  pair  of  rectan- 
gular lines.  Hence  the  projection  of  8  will 
be  a  conic,  having  two  pairs  of  rectangular 
conjugate  lines  intersecting  in  the  projec- 
tion of  P,  In  other  words,  it  will  be  a  circle,  having  the  projec- 
tion of  P  for  centre. 

273.  The  pencil  formed  by  the  two  legs  of  a  given  angle^  and  the 
imaginary  lines  through  its  vertex  to  the  cyclic  points  has  a  given 
anharmonic  ratio. 

Dem. — Let  the  given  angle  be  that  formed  by  the  axes  of 
co-ordinates,  namely,  a>.  Then  the  equation  of  a  point  circle  at 
the  origin  is  a?'  +  y'  -  2xy  cos  o>  =  0 ;  and  the  factors  of  this,  viz. 
a;-<f»^^y  =  0,  ar-  <r«^"i  y  =  0,  are  the  lines  from  the  origin  to 
the  cyclic  points.  The  anharmonic  ratio  of  the  pencil,  formed 
by  these  lines  and  the  axes,  is  «*•  "*,  and  is  therefore  given. 
Hence  the  proposition  is  proved. 

Cor. — If  the  axes  be  rectangular  the  pencil  formed  by  them, 
and  the  lines  to  the  cyclic  points,  is  a  harmonic  pencil.  For, 
putting 

7r/2forci),     ^^^=-1. 
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1.  Any  quadrilateral  can  be  projected  into  a  square.  For  the  thizd  diagonal 
(§  270)  may  be  projected  to  infinity,  and  the  remaining  diagonmla  ^?td  a  pur 
of  adjacent  Bides  into  pairs  of  rectangular  lines. 

2.  The  diagonal  triangle  of  a  quadrilateral  is  self-conjugate  with  xwpeet 
to  any  inconic  of  tbe  quadrilateral.  For  projecting  the  quadrilatenl  into  a 
square,  tbe  intersection  of  tbe  diagonals  of  tbe  square  will  eyidently  be  tlis 
centre  of  tbe  inconic  of  tbe  square,  and  will  be  tlie  pole  of  the  line  at  infinity 
with  respect  to  that  conic.  Hence  any  diagonal  of  the  quadrilateral  is  tbe 
polar  of  tbe  intersection  of  tbe  other  two. 

3.  If  four  chords  of  a  conic  be  tangents  to  an  insczibed  oonic  (hiTing 
double  contact),  tbe  anbarmonio  ratio  of  the  points  of  contaot  is  equal  to 
that  of  one  set  of  extremities  of  the  chords  of  the  outer  oonio.  Forths 
conies  may  be  projected  into  concentric  circles,  and  the  propoeitian  is 

evident. 

4.  Any  line  passing  through  a  given  point  in  tbe  plane  of  a  conic  is  cot 
harmonically  by  tbe  conic  and  tbe  polar  of  tbe  point.  For  the  cooic  csa 
be  projected  into  a  circle  and  the  point  into  its  centre  (§  272). 

5.  Any  chord  of  a  conic  touching  an  inscribed  conic  is  cut  harmonieany 
at  the  point  of  contact,  and  at  the  point  wbere  it  meets  tbe  chord  of  ffmtn^ 
of  the  two  conies. 

6.  If  two  pairs  of  opposite  sides  of  a  hexagon  inscribed  in  a  code  be 
parallel,  it  is  easy  to  prove  that  the  third  pair  of  opposite  sides  are  pnralM. 
Hence  tbe  tbree  pairs  of  opposite  sides  intersect  on  tbe  line  at  infinity ;  and, 
projecting  this,  we  have  a  proof  of  Pascal's  Theorem  for  any  conic. 

7.  Two  tangents  to  any  circle  are  cut  bomograpbically  by  any  variaUs 
tangent.  For  it  is  easy  to  see  that  the  pencil  formed  by  joining  four  poiats 
on  one  tangent  to  the  centre  of  tbe  circle  is  equal  to  tbe  pencil  formed  by 
joining  their  corresponding  points  to  tbe  centie.  Hence,  by  projection,  we 
see  that  any  two  fixed  tangents  to  a  conic  are  cut  bomograpbically  by  a 
variable  tangent. 

8.  If  two  triangles  be  such  that  the  intersections  of  corresponding  aides 
are  coUinear,  the  joins  of  corresponding  vertices  are  concurrent.  For,  pro* 
jecting  the  line  of  collinearity  to  infinity,  the  triangles  will  be  homothetie. 

9.  If  a  system  of  chords  of  a  conic  pass  through  a  fixed  point  i^  thair 
extremities  divide  the  conic  bomograpbically.    Project  the  conic  w»tft  a 
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circle,   having  the  projection  of  F  for  its  centre,   and  the  proposition  is 

evident. 

10.  Any  two  conies  can  be  projected  into  circles.  For,  project  one  of 
them  into  a  circle,  and  one  of  their  common  chords  to  infinity,  then  the 
projection  of  the  other  will  pass  through  the  cyclic  points,  and  therefore  it 
will  be  a  circle. 

11.  Any  two  conies  can  be  projected  into  concentric  conies. 

12.  If  a  system  of  conies  pass  through  four  points,  they  cut  any  trans- 
versal in  involution. 

For  the  conies  can  be  projected  into  coaxal  circles. 

13.  If  two  conies  be  inscribed  in  a  quadrilateral,  their  eight  points  of 
contact  lie  on  a  conic. 

Project  the  quadrilateral  into  a  square,  and  the  proposition  is  evident. 

• 

14.  What  properties  of  conies  are  obtained  from  the  following  by  pro- 
jection ? — If  a  variable  conic  pass  through  four  fixed  points,  the  locus  of 
its  ccTitre  is  a  conic  passing  through  the  middle  points  of  the  joins  of  the 
four  points. 

16.  If  a  chord  of  a  given  circle  pass  through  a  fixed  point,  the  locus  of  its 
middle  point  is  a  circle. 

16.  If  a  variable  conic  be  inscribed  in  a  given  quadrilateral,  the  locus  of 
its  centre  is  a  right  line  bisecting  the  diagonals  of  the  quadrilateral. 

17.  The  locus  of  the  point,  where  parallel  chords  of  a  given  conic  are  cut 
in  a  given  ratio,  is  a  conic  having  double  contact  with  the  given  conic. 

18.  If  two  triangles  ABCy  A'B'C  be  self-oonjugate  with  respect  to  a 
conic,  their  six  simimits  lie  on  another  conic. 

Project  the  conic  into  a  circle  and  the  line  BC  to  infinity ;  then  A^  the 
pole  of  BC,  will  be  the  centre  of  the  circle;  and  if,  taldng  the  projections 
of  ABf  AC  ta  axes,  *y,  «'V''»  *"y"  be  the  oo-ordinatee  of  the  projec- 
tions of  A\  B\  C\  respectively,  the  equation  of  a  hyperbola  passing  through 
the  projections  of  A'^  B\  C^  and  having  its  asymptotes  parallel  to  the 
axes,  is — 


«"y", 


.»» 


«"'. 


I, 
1, 

1 


0. 


This  hyperbola  passes  through  the  projections  of  the  six  points.    Hence  the 
proposition  is  proved. 

2  a2 
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19.  In  the  same  case  the  six  lines  forming  the  rides  of  the  two  ^wMiglo* 
are  tangents  to  a  conic. 

Project,  as  in  Ex.  18,  and  it  is  easy  to  see  that  the  projectioiie  aie  tan- 
gents to  a  parabola. 

20.  If  a  conic  be  inscribed  in  a  triangle  the  three  lines  thiongh  its  sum- 
mits conjugate  to  the  opposite  sides  are  concurrent. 

21 .  The  point  in  Ex.  20,  the  centre  of  the  conic,  and  the  centroid  of  the 
triangle  are  collinear. 

22.  Through  a  given  point  A  ot  &  conic  chords  AS,  AC  are  drawn 
parallel  to  conjugate  diameters  of  another  conic ;  prove  that  the  ohocd  BC 
passes  through  a  given  point. 

274.  The  projections  of  focal  properties  are  always  imagi- 
nary. For  the  imaginary  tangents  from  a  focus  are  projected 
into  real  tangents,  and  the  cyclic  points  and  ^the  antif od  into 
roal  points.  It  will  be  seen  that  all  these  results  follow  from 
the  projections  of  the  four  lines  e  ±  z  ±  y^/-!,  forming  an 
imaginary  circumscribed  quadrilateral  to  a  conic,  into  four  real 
lines. 


1.  If  a  variable  circle  touch  two  fixed  lines  the  chords  of  oontaetare 
parallel.  Hence,  by  projection,  if  a  variable  conic  touch  two  fixed  lines, 
and  pass  through  two  fixed  points  7,  •/,  the  chords  of  contact  are  concurrent. 

2.  If  a  variable  circle  touch  two  fixed  lines,  the  locus  of  its  centre  is 
a  right  line.  Hence,  if  a  variable  conic  touch  two  fixed  lines,  and  peas 
through  two  fixed  points  /,  /,  the  locus  of  the  pole  of  the  chord  itTia  a  right 
line. 

3.  If  a  variable  circle  pass  through  a  given  point  and  touch  a  giren  line, 
the  locus  of  its  centre  is  a  parabola,  having  the  given  point  as  focus. 
Hence,  if  a  eireumconie  of  a  given  triangle  touch  a  given  line,  the  loci  of  the 
polee  of  the  tides  of  the  triangle  are  eoniet  ineeribed  in  it. 

4.  Two  lines  through  the  focus  of  a  conic  are  cut  by  pairs  of  tangents 
parallel  to  them  in  four  concyclic  points. 

6.  The  circumcircle  of  the  triangle  formed  by  three  tangents  to  a  para- 
bola passes  through  the  focus.  Hence  the  verticet  of  tunt  eireumtriemglm  ef 
«  em\ie  lis  on  a  eonie. 
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6.  If  a  circumtriangle  to  a  giyen  circle  have  two  sides  fixed  and  the 
third  variable,  the  envelope  of  its  circumcircle  is  a  circle.  Hence,  if  a 
circumtriangle  of  a  given  conic  have  two  sides  fixed,  and  the  third  variable, 
the  envelope  of  a  conic  passing  through  two  fixed  points  J,  /  of  the  f onner 
conic,  and  through  the  vertices  of  the  triangle,  is  a  conic  passing  through 
the  two  points  /,  /.  (Peop.  J.  Pursbe.) 

7.  The  locus  of  the  centre  of  a  circle  touching  two  given  circles  is  a 
conic  section,  having  the  centres  of  the  given  circles  as  foci  Hence,  if  a 
variable  conic  passing  through  two  given  points  J,  /  touch  two  given 
conies  also  passing  through  /,  /,  the  locus  of  the  pole  of  the  chord  //  with 
respect  to  it  is  a  conic  inscribed  in  the  quadrilateral  formed  by  the  tangents 
to  the  fixed  conies  at  the  points  J,  /. 

8.  Through  any  three  points  can  be  described  six  conies  to  osculate  a 
given  conic.  | 

9.  The  poles  of  any  side  of  the  triangle  formed  by  the  three  points 
in  Ex.  8  with  respect  to  the  six  osculating  conies  lie  on  a  conic. 

275.  In  projecting  a  locus  described  by  the  vertex  of  a 
constant  angle,  we  consider  the  pencil  formed  by  its  legs 
and  the  lines  from  the  vertex  to  the  cyclic  points ;  and  it 
follows,  from  §  273,  that  we  get  a  constant  pencil.  Again, 
if  the  sum  or  difference  of  angles  be  given,  we  get,  by  pro- 
jection, pencils  the  product  or  quotient  of  whose  anharmonic 
ratios  is  constant.     This  projection  is  always  imaginary. 


1.  The  angle  contained  in  the  same  segment  of  a  circle  is  constant. 
Hence  the  anharmonic  ratio  of  the  pencil  formed  by  lines  drawn  from  any 
variable  point  to  four  fixed  points  of  a  conic  is  constant. 

2.  If  two  tangents  to  a  conic  be  perpendicular  to  each  other  they  inter- 
sect on  the  orthoptic  circle.  Hence  the  locus  of  the  point  of  intersection  of 
tangents  to  a  conic  which  divide  a  given  line  IJ  harmonically  is  a  conic 
through  the  points  J,  /,  and  the  envelope  of  the  chord  of  contact  is  a  conic 
which  touches  the  tangents  to  the  original  conic  from  /,  /. 

3.  If  two  tangents  to  a  parabola  be  at  right  angles,  they  intersect  on 
the  directrix.    Hence  the  locus  of  the  point  of  intersection  of  tangents  to 
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a  conic  which  divide  harmonically  a  given  line  //  touching  the  oonie  ia  a 
right  line. 

4.  If  from  any  point  on  a  circle  two  lines  he  drawn  foiming  a  given 
angle,  the  chord  joining  their  other  extremities  touches  a  ooncentzic 
circle.  Hence  if  i,  /  he  two  fixed  points  on  a  conic ;  P,  Q  two  TariaUe 
points,  such  that  the  anharmonio  rutio  of  the  four  points  P,  <},  J,  /  is 
constant,  the  envelope  of  FQ  is  a  conic. 

6.  Project  the  following  properties  : — 

If  two  tangents  to  a  parahola  include  a  given  angle,  the  lociu  of  their 
intersection  is  a  conic. 

6.  If  two  circles  he  such  that  a  quadrilateral  can  he  inscribed  in  one 
and  circumscribed  to  another,  the  chords  of  contact  intersect  at  right 
angles. 

7.  Confocal  conies  intersect  at  right  angles. 

8.  If  two  tangents,  one  to  each  of  two  confocals,  be  at  right  angles,  the 
locus  of  their  intersection  is  a  circle. 

9.  If  a  variable  chord  of  a  conic  subtend  a  right  angle  at  a  fixed  point 
not  on  the  conic,  the  envelope  of  the  chord  is  a  conic. 

10.  If  a  variable  line,  whose  extremities  rest  on  the  circumferences  of 
two  given  concentric  circles,  subtend  a  right  angle  at  any  giyen  fixed 

point,  the  locus  of  its  centre  is  a  circle. 

• 

Orthogonal  Pkojections. 

276.  IfPy  Q  he  two  planes  intersecting  in  a  line  Z,  and  inclined 
at  an  angle  $,  and  if  from  all  the  points  A^  A^ ,  ,  ,  of  a  figure  Fy 
in  tlie  plane  P  perpendiculars  he  drawn  to  the  plane  Q,  meeting  it 
in  the  points  j5„  j5a .  .  .forming  a  figure  jPj*  the  figures  -F„  F^ 
are  said  to  he  orthogonally  relfUedj  F^  is  called  the  projection  of 
Fi,  and  Fi  the  inverse  projection  ofF^;  the  line  L  is  called  the 
axis,  and  cos  0  the  modulus  of  projection. 

The  following  ore  fundamental  properties  of  orthogonal  pro- 
jection : — 

1°.  To  parallel  lines  in  either  figure  correspond  parallel  lines 
in  the  other. 

2^.  The  ratio  of  parallel  lines  is  unaltered  by  orthogonal  pro- 
jection. 
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277.  By  supposing  the  plane  P  to  turn  round  the  axU  until 
it  coincides  with  Q,  the  figures  i^i,  F^  will  be  reduced  to  one 
piano.  It  is  evident  that  any  two  corresponding  points  will  be 
situated  on  the  same  perpendicular  to  the  aads  at  distances 
which  are  in  the  ratio  1  :  cos  6.  Hence  if  the  axis  of  projec- 
tion and  a  perpendicular  to  it  be  taken  as  axes  of  co-ordinates, 
the  equation  of  F2  can  bo  found  from  that  of  Fi  by  writing 
Xy  ky  for  x,  y  where  Jc  =  cos  6, 


EXEBOISES. 

1.  The  line  at  infinity  is  projected  into  the  line  at  infinity.  For  the 
equation  of  the  line  at  infinity  is  Oj.o;  +  0 .  ^  +  0  "=  0,  and  the  substitution  of 
§  277  leaves  this  unaltered. 

2.  A  conic  of  any  species  is  projected  into  a  conic  of  the  same  species. 
For  suppose  the  conic  in  i^i  to  be  a  hyperbola,  it  meets  infinity  in  two  real 
points.     Hence  its  projection  in  F2  meets  infinity  in  two  real  points. 

3.  nomothetic  figures  remain  homothetic  after  projection. 


Lhuilieb's  Problem. 

278.  To  pr eject  a  given  triangle  AiA^A^  into  a  triangle  BiB^B^ 
which  shall  he  similar  to  a  given  triangle  CxC^C^, 

Solution. — The  generality  of  the  problem  will  not  be  lessened 
by  supposing  the  point  Bi  to  coincide  with  Ay.  On  the  side 
^2^3  of  the  given  triangle  construct  the  triangle  DiA^A^ 
similar  to  C1C2C3,  and  describe  a  circle  SAiBi  through  the 
points  AiDij  and  haying  its  centre  on  the  line  A^A^. 

Let  the  circle  cut  the  line  AiA^  in  the  points  8^  S\  Join 
Ai8y  BiS;  let  fall  the  perpendiculars  AiO^,  A^a^  on  AiS. 
Draw  SM,  making  the  angle  A18M  equal  to  Di88'^  cutting 
^203,  Aia^  in  the  points  B^^  B^ :  then  AiB^B^  is  the  triangle 
required. 
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Dem. — The  triangle  J,SM  is  evidently  dnuUr  to  0,88". 
Therefore  Ai8 :  8M: :  J},S :  88";  but  SM:  SB,  ■.■.S8':  SAf 
Hence  A^S  :  SS, : :  I),8  :  SAt,  and  the  angle  A,8B,  =  2),S^, 
(conat.).  Hence  the  angle  SB^Aim  SA^^.  Therefore  A^B^t 
=  2},AtAt.  Similaily,  AxB,Bt  =  D^A^i.  Hence  tlie  tiiangle 
AiBtBt  if  similar  to  i>,^,^i,  and  therefore  similar  to  CxCtC^. 
(Q.E.D.) 


If  throngh  iS"  tho  line  S'Jf  be  drawn  parallel  to  8M,  and  the 
lines  A\Bt,  AiB,  produced  to  meet  it  in  B",,  B^,  the  tiiasgle 
AfB'jB'}  is  the  inverse  projection  of  A,AiAt. 

For  Ajfft  ■•  -^iSt : :  A^S" :  AtST,  that  is : :  ojA, :  o,5,.  Hence 
the  line  ^1^1  is  pandlcl  to  ^,S,  and  therefore  perpendicular 
to^iiS'.  Similarly,  ^,^]  is  perpendicular  to  AiS".  Hence  the 
triangle  AiB'jB',  is  the  inverse  projection  A,AiJ,  with  respect 
to  the  axis  A,S'. 

The  foregoing  solution  In  taken  from  Noubcrg,  "  Sur  lea  pro- 
jections et  contre-projections  d'un  ti-iangle  fixe,"  Brozelles, 
1890.  It  ia  due  to  Gagler,  vho  published  it  in  the  2nd 
Edition  Thuli  dt  Otenutrtt  duoriptiva,  pago  103. 
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Cor,  1. — If  i/i  be  the  sym^trique  of  A  with  respect  to  A^A^^ 
the  axes  of  projection  are  the  bisectors  of  the  angle  DxAxiy\ 
and  its  supplement. 

Cor,  2. — The  line  A^Bx  is  perpendicular  to  the  sides  j^a^s, 
^iB\  of  the  projections.  For  let  AxDx  intersect  B^B^  in  P. 
^rhen  [Euc.  III.  xxi.]  the  angle  BA^B  =  SS^By,  and  A^BB 
=  iS"5A  (const.).     Hence  A^PS  =  BBS'^ 

Cor,  3. — The  perpendiculars  A^B^  AyP  of  the  projections 
A1B2B3,  AiB'^B'z  are  respectively  equal  to  |  (-4i2>i  -  AiB^i\ 

This  follows  from  Sequel^  Prop,  vm.,  Book  TV*. 

Cor.  4. — If  the  axes  of  projection  be  given,  but  the  modulus 
variable,  the  locus  of  summits  of  triangles  similar  to  the  pro- 
jections of  AiAiA^  described  on  the  line  AfA^  is  a  circle,  viz. 
tho  circle  A^SS^  whose  diameter  SS'  is  the  intercept  which  the 
axes  make  on  the  line  A%A^.  (Nsttbebg.) 

Cor,  5. — If  the  modulus  be  constant  but  the  axes  variable, 
the  locus  is  a  circle. 

For  let  A\  be  the  sym6trique  of  Ai.  Join  /Si^i,  SiUxy  cut- 
ting AiA\  in  the  points  iV,  N*  respectively,  we  have  cos  6 
=  A,M/A,S'  =  tan  B^SS'/  tan  A^SS'  =  NHjAiH',  and  since  6 
is  constant  and  u^iJT  constant,  HNhs  constant,  and  iVis  a  given 
point.  Similarly,  iV'  is  a  given  point,  and  the  circle  NB^iIP 
described  on  N^  N'  as  diameter  is  a  given  circle,  that  is  the  locus 
of  i^i  is  a  given  circle.  B)id,) 

Cor,  6. — The  circumcircle  of  the  triangle  AxA^Ai  will  pro- 
ject iuto  an  ellipse,  whose  axes  will  be  parallel  to  the  axes  of 
projection  AiS^  Ax8' , 

EXEBOISBS. 

1 .  If  a  circle  be  projected  into  an  ellipse,  the  centre  of  the  ellipse  will  be 
the  projection  of  the  centre  of  the  circle. 

2.  Any  ellipse  touching  the  three  sides  is  touched  by  a  homothetic  ellipse 
passing  through  the  middle  points  of  its  sides. 

3.  In  the  figure  (§  278),  prove  that  tan' \9  =  AxD\IA\Dx. 
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4.  The  mtTJinnin  triangle  inscribed  in  mn  ellipse  iB  that  wlioee  eentie  of 
graTitj  coincides  with  the  centre  of  the  ellipse.  For  if  the  ellipse  be 
projected  ^to  a  circle,  the  triangle  most  be  projected  into  an  equilateral 
triangle. 

5.  The  minimnm  triangle  drcnmscribed  to  an  ellipse  is  that  whose  sides 
are  bisected  at  the  points  of  contact. 

6.  Any  hyperbola  can  be  projected  into  an  equilateral  hyperbola. 

7.  Two  triangles  orthogonally  related  are  orthologiqne. 

Suppose  the  triangles  to  be  AiAtAi^  BiBiBy,  fig.  {  278.  Now  the  tri- 
angle A\A%A%  and  the  flat  triangle  ^10103  are  evidently  orthologique,  for 
the  perpendiculars  from  AiAtAz  on  the  sides  of  ^losos  ue  concorrent  since 
they  meet  at  infinity,  and  the  vertices  of  AiJBzBs  divide  the  distances 
between  correspondiof^  vertices  of  AiA%A^  and  ^10903  in  the  same  ratio. 

8.  The  tangents  to  an  ellipse  at  the  summits  of  its  maxi'mnm  inscribed 
triangle  are  parallel  to  the  opposite  sides  of  the  triangle.  Hence  the  equa- 
tion of  an  ellipse  referred  to  its  maTimnm  inscribed  triangle  is 

fiyJBmA  +  7a/sini?  +  afiinn  C  =  0.  (852) 

This  is  called  the  SUiner  ellipse  of  the  triangle.  The  contrast  between 
its  equation  and  that  of  the  circumcircle  is  worthy  of  note. 

9.  If  the  triangle  A\A%Az  turn  in  its  own  plane  round  the  centre  of  its 
circumcircle,  and  be  projected  in  all  its  positions  on  a  plane  Q,  all  the  pro- 
jected triangles  will  be  inscribed  in  the  same  ellipse.  Prove  that  if  the 
axes  of  the  ellipse  be  taken  as  axes  of  co-ordinates,  the  co-ordinates  of  the 
points  J^i,  Btt  B%  will  be 


itcos(^i  +  X)       I   itcos(^  +  X)      I   Arc06(^  +  X) 
At' sin  (^1  +  X)       (   A;' sin  (^t  +  X)      (   A;'8in  (^  +  X) 

^i»  ^1  ^  being  constants,  and  X  variable. 


j (8«3) 


10.  Construct  two  triangles  orthogonally  related,  the  first  of  which  shall 
be  equal  to  a  given  triangle  067,  and  the  second  similar  to  another  given 
triangle  a'^'y'. 

11.  If  b\  V%  h"*  be  the  semidiameters  of  an  ellipse  parallel  to  the  sides 
of  an  inscribed  triangle,  and  if  0,  &  be  the  semiaxes  of  the  ellipse,  prove 
that  the  ciroumradiufl  of  the  triangle  is  h'h"b'"\ab.  (M'Cululok.) 
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12.  The  modulus  in  the  figure  of  §  278  is  given  by  the  equation 

cos  9  +  see  9  =  2  (cot  A%  cot  Bz  +  cot  B%  cot  ^3) .       (Nbubbro.) 

Cor. — All  equilateral  triangles  in  the  same  plane  are  projected  on  any 
plane  into  triangles  baying  the  same  Brocard  angle. 

Sections  of  ▲  Cone. 

279.  A  cone  of  the  second  decree  is  the  surface  generated  by 
a  variable  line  passing  through  the  circumference  of  a  fixed  circle 
called  the  hase,  and  through  a  fixed  point  not  in  the  plane  of  the 
circle.  The  generating  line,  in  any  of  its  positions,  is  called  an 
edge  of  the  cone,  the  fixed  point  its  vertex y  and  the  line  joining 
the  vertex  to  the  centre  of  the  base  the  axis  of  the  cone. 

The  line  generating  the  cone  being  produced  indefinitely  both  ways,  it  is 
evident  that  the  complete  surface  consists  of  two  sheets  united  at  the  vertex, 
and  the  whole  is  considered  only  as  one  cone,  of  which  the  vertex  is  a  node 
or  double  point. 

When  the  axis  of  the  surface  is  at  right  angles  to  the  plane 
of  the  base,  it  is  called  a  right  cone ;  in  other  cases  it  is  oblique. 

In  the  following  propositions  a  plane  through  the  axis,  per- 
pendicular to  the  plane  of  the  base,  will  be  the  plane  of  reference, 
and  the  sections  of  the  cone  will  be  understood  to  be  those  made 
by  planes  at  right  angles  to  the  plane  of  reference. 

280.  Sections  of  a  cone  made  hy  parallel  planes  are  similar. 
This  is  evident,  for  the  sections  are  homothetic  with  respect 

to  the  vertex. 

Cor,  1. — Any  line  drawn  through  the  vertex  will  meet  the 
planes  of  two  parallel  sections  in  homologous  points  with  respect 
to  those  sections. 

Cor,  2. — The  sections  made  by  planes  parallel  to  the  base  are 
circles. 

Def. — A  section  whose  plane  intersects  the  plane  of  reference  in 
a  line  antiparallel  to  the  diameter  of  the  base  is  called  an  antiparallel 
section. 
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281.  If  an  oblique  cane  ABC  he  eut  hy  a  plane  ELF  in  an 
-antiparallel  positiony  the  section  will  be  a  circle. 

Dem. — Through  any  point  R  - 

in  EF  draw  a  plane  HLK  par- 
allel to  the  base.  Then,  since 
the  planes  ELF,  HLK  me  both 
normal  to  the  plane  ABC,  their 
common  section  (Euc,  XI.  xix.), 

RLf  is  normal  to  it.  Hence  (Euc,  B^^ ^A 

III.  XXXV.),  RL'r^HR .  RK.  But 
from  the  hypothesis,  the  four  points  -ff",  E^  K^  F  are  concydic. 
Hence  ER ,RF  =  HR . RK\  therefore  ER.  RF^  RD.  Hence 
the  section  ELF  is  a  circle. 

Cor.  1. — Any  sphere  passing  through  the  base  of  a  cone  will 
cut  the  cone  again  in  an  antiparallel  section. 

Cor.  2. — If  a  sphere  be  described  about  a  cone,  its  tangent 
plane  at  the  vertex  is  antiparallel  to  the  base. 

282.  Any  section  of  an  oblique  cone  which  is  not  antiparaUel  is 
either  a  parabola,  an  ellipse,  or  a  hyper- 
bola. 

1°.  Let  the  section  be  parallel  to  an 
edge  of  the  cone. 

Let  AN  \>B  the  intersection  of 
the  section  with  the  plane  of  refe- 
rence. Then  since  AN  i&  parallel 
to  the  edge  CD^  and  NE  parallel 
to  the  diameter  of  the  base,  the 
triangle  ANE  is  given  in   species. 

Hence  the  ratio  of  AN:  NE  is  given ;  and  since  AD  is  equal 
to  FNy  the  ratio  of  the  rectangle  AD .  AN:  FN.  NE  is  given ; 
but  FN,  NE  =  iVy.  Hence  the  ratio  AD .  AN:  PN^  is  given , 
therefore  PN*  varies  as  AN.     Hence  the  section  is  a  parabola. 

Cor.—U  the  point  Q  be  taken  in  CD,  such  that  DC .  DQ 
«  DA\  then  DQ  =  latus  rectum  of  the  section. 
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2^.  Let  the  section  eut  all  the  edgee  of  one  sheet  of  the  cone. 

Let  Ay  BhQ  thejvertices  of  the 
section.  Draw  any  section  EF 
parallel  to  the  «base,  intersecting 
the  former  in  the  points  P,  F*. 
Then,  since  the  planes  APB,  EPF 
are  both  normal  to  the  plane  of  re- 
ference, their  common  section  is 
normal  to  it ;  hence  NF  is  per- 
pendicular to  EF.  Therefore  FN^ 
=  EN,  NF, 

Again,  from  the  pairs  of  similar  triangles  BA  O^  BNF;  ABDy 
ANE,  we  get 

AB'.AQ.BBwAN.NB'.EN.NF  ox  FN". 

Hence  the  ratio  AN ,  NB :  FN^  is  given,  and  therefore  the  locus 
of  F  is  an  ellipse. 

3°.  Let  the  plane  of  eeetion  meet  both  sheets  of  the  cone. 

The  section  in  this  case  will 
be  a  hyperbola.  The  proof  is 
the  same  as  2^. 

Cor.— The  rectangle^  ^.  BB 
is  equal  to  the  square  of  the 
conjugate  diameter. 

283.  If  a  right  cone  enice- 
loping  two  spheres  be  cut  by  a 
plane  touching  both  of  them, 
the  points  of  contact  will  be 
the  foci  of  the  section, 

(Dandelin  and  Quetslbt.) 

Dem. — Take  any  point  F  in 
the  section.    Join  CP  meeting 
the  planes  of  contact  in  B,  B'. 
Join  FF,  FF\     Then  FF.  «  P2>,  being  tangents  to  a  sphere, 
and  FF'  =  Pi/.    Hence  PP+  FF'':'  BU  -  distance  on  an  edge 
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of  the  cone  between  the  planes  of  contact.    Hence  PF-v  PF  i§ 
constant,  and  the  proposition  is  proved. 

Cor. — The  plane  of  section  intersects  the  planes  of  contact  in 
the  directrices  of  the  section. 

c 


EXEBOISES. 

1.  The  orthogonal  projection  of  the  section  APB  on  the  base  of  the  cone 
is  a  conic  having  a  focus  at  the  centre  of  the  base. 

2.  If  the  section  of  a  cone  by  a  plane  be  a  hyperbola,  proye  that  the 
asymptotes  are  parallel  to  the  edges  in  which  the  cone  is  cut  by  a  plane 
parallel  to  the  section.    (Make  use  of  {  280.) 

3.  If  a  right  cone  enveloping  two  spheres  be  cut  by  a  plane  which  also 
cuts  the  spheres  in  two  circles,  the  sum  or  difference  of  the  tangents  to  the 
circles  from  any  point  in  the  section  of  the  cone  is  constant. 

4.  If  0  be  the  eccentricity  of  the  conic  in  Ex.  3,  prove  that  if  9  denote 
the  distance  between  the  centres  of  the  circles,  8/(8um  or  difference  of  tan- 
gents) =  e. 

5.  The  eccentricity  of  any  section  of  a  cone  is  proportional  to  the  cosine 
of  the  angle  which  the  axis  of  the  cone  makes  with  plane  of  section. 
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6.  The  planes  of  contact  of  the  spheres  intersect  the  plane  of  the  cirdee 
in  lines  which  correspond  to  the  directrix.  That  is,  if  <  he  the  tangent  from 
any  point  in  the  conic,  and  p  the  perpendicular  on  the  corresponding  line, 
tjp  =  e. 

7.  The  latus  rectum  of  the  section  is  equal  to  twice  the  perpendicular 
from  the  vertex  on  the  plane,  multiplied  hy  the  tangent  of  half  the  vertical 
angle. 

8.  If  Pbe  any  point  in  the  circumference  of  the  section,  prove  that  the 
right  cone,  having  F'P,  PFj  PC  as  edges,  has  the  tangent  at  P  to  the  curve 
for  its  axis. 

9.  The  locus  of  the  vertex  of  all  right  cones,  out  of  which  a  given  ellipse 
can  be  cut,  is  a  h3rperhola,  having  for  summits  and  foci  the  foci  and  sum- 
mits of  the  ellipse.    The  relation  between  the  ellipse  and  hyperbola  are 

reciprocal. 

10.  If  through  the  vertex  of  an  oblique  cone  standing  on  a  circular  base 
a  plane  be  drawn  perpendicular  to  one  of  its  edges,  this  plane  will  cut  the 
base  in  a  line  whose  envelope  is  a  conic,  having  the  foot  of  the  peipendioolar 
from  the  vertex  on  the  base  as  focus. 

11.  If  a  right  cone  be  cut  by  a  plane,  the  perpendiculars  from  the  vertex 
of  the  cone  on  any  tangent  to  the  section,  and  from  the  point  where  the 
plane  meets  the  axis,  are  in  a  contrary  ratio.  (Nbxtbero.) 


CHAPTER  XII. 

THEORY  OF  HOMOGRAPHIC  DIVISION. 

284.  If  0  be  the  origin,  and  the  absciss®  OA^    OB,   the 

roots  of  the         0  A  C       B  D 

equation  • '        '  ' 

or*  +  2^  +  J  =  0,  and  00,  OD  the  roots  of  a'a^  +  2h'x  +  3'  =  0; 
then,  if  C7,  2)  be  harmonic  conjugates  to  ^,  B, 

ay  +  afh^  2hh'  =  0.  (854) 

Dem. — If  the  abscissa  of  0  be  a/,  its  polar,  with  respect  to 
ax^  +  2hx  +  5,  is  axx'  +  A(a:+ar')  +  5  =  0;  and  the  points 
whose  abscisssB  are  x,  x'  will  be  harmonic  conjugates  with 
respect  to  A,  By  and  therefore  x,  x'  will  be  the  roots  of 
aV  +  2h'x  +  5'  =  0.     Hence 

a  a* 

and,  substituting  in  axx'  +  A  (or  +  :p')  +  &  =  0,  we  get 

aV  +  a'h  -  2hh'  =  0.     Compare  §  42,  Cor.  2. 
Cor.  1. — The  point  pair  denoted  by 

Axoif  +  .5(ir  +  a/)+C=0 
are  harmonic  conjugates  to  the  pair 

As?  +  2Bx  +0=0. 

285.  If  the  three  point  pairs 

<w>  +  2Aa:  +  5  =  0,     a'«2  +  2h'x  +  5'  «=  0,     a' V  +  2A"ar  +  i"  =  0 
have  a  common  pair  of  harmonic  conjugates,  the  determinant 
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tf,  A,  by 

a',       h\       b\ 
cl\      A",     h" 


=  0. 


(855) 


Bern. — Let  As^  +  iSz  +  J9  =  0  be  the  common  pair  of  har- 
monic conjugates :  then  we  have  three  equations 

Aa  -  2Eh  +  JJ9  =  0,  &c., 

and  eliminating  -4,  JST,  j5  we  get  (855). 

Cor.  1 . — If  the  point  pair  (u^  +  2hx  +  &  «  0  be  harmonic  con- 
jugates  to 

C^=flV  +  2A'a:  +  5'  =  0  and  to  raa'V+ 2A"a?  +  *"  =  0, 
they  are  also  harmonic  conjugates  to  C^+  )feF=«  0. 

Cor.  2. — If  the  line  pair  aa^  +  2hxy  +  5y*  =  0  be  harmonic 
conjugates  to  the  line  pair  a'^  +  2Nxy  +  h'^  =  0,  then 

ab'  +  a'h  -  2M'  =  0. 

Cor.  3. — The  line  pairs 

U^aa^^2hxy-^hf=^0,     V^da^A,  2h'xy  +  *y  =  0 
have  the  line  pair 

{aN  -a!h)2^-\-  {db'  -  a'b)  xy^ihb'^  h'b)  y« »  0 

as  harmonic  conjugates.  For  each  of  the  former  line  pairs  fulfil 
with  this  the  condition  of  harmonicism.  The  last  equation  may 
be  written 

dUdVdUdV 

dx'  dy      dy'dx^'  ^       ' 

Cor  4. — If  the  line  pairs  U^  0,  F-  0,  be  written  in  Abok- 
hold's  notation  thus, 

(fljari  +  ihXtY  =  0,     (&,«i  +  Ml)*  -  0, 

2b 


i 
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the  condition  that  they  form  a  harmonic  pencil  is 

(aA-flj^O'-O,  (a57) 

where,  as  usual,  a^  02,  &c.y  have  no  meaning  until  the  multipli- 
cation is  performed. 

2S6,  If  a^  =  0,  V  -  0  he  th^  equations  of  two  eanio*^  it  it 
required  to  find  the  locus  of  a  point  whence  tangents  to  them  form 
a  harmonic  pencil. 

Let  X  be  the  point ;  then  if  y  be  a  point  on  a  tangent  to  a/  =  0, 
the  equation  of  a  pair  of  tangents  from  y  to  a/  «  0  is  got  by 
substituting  the  expressions 

for  X„  X2,  X3  in  the  tangential  equation  A)^  "  0  (§  260,  Cor.  2). 
Hence  the  pair  of  tangents  are — 

-^l»  -^2>  -^Sj 

J^u         ^2,  ^3,       =  0 ;  (858) 

and  putting  y^  =  0,  the  pair  of  points,  where  the  tangents  meet 
the  third  side  of  the  triangle  of  reference,  are  given  by  the 
equation 

{ {A^^  -  A^2)  yi  +  (^3^1  -  Aix^)  ya}*  =  0  ; 

where  Ai,  Aj,  A3  have  no  meaning  until  the  multiplication  is 
performed.     Similarly  we  get  from  the  conic,  hj  =»  0, 

{(^aar,  -  JB^Zi)  y\  +  (^3iJ?i  -  Bix^)  y,}'  =  0. 
Hence  (§  285,  Cor.  4)  the  condition  of  harmonicism  ii 

A^^  -  A^2y        A^x  -  AiX^f      * 
B.^^  -  ^3^2)        B^  Xi  -  BiXz 


=  0; 


or 


A\y 


Bi^ 


^3, 
B, 


-0. 


(859) 
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Similarly,  the  envelope  of  X,,  which  cuts  the  conies  a,*  =  0, 
bg^  =  0  harmonically,  is 

^ij        ^»        ^» 


=  0. 


(860) 


''i,  (hf  «3> 

hi,         ^2,         hi 

The  two  conies  (859),  (860)  may  he  called,  respectively,  the 
point  and  line  harmonic  conies  of  a,*  =  0,  i,'  =  0.  Their  importance 
in  the  theory  of  a  pair  of  conies  was  noticed  hy  Dh.  Salmon 
( Camhridge  and  Dublin  Math,  Journal,  vol.  ix.,  p.  30).  They  are 
due  to  Staudt,  who  published  them  in  1834,  in  his  *'  Niimherger 
Programm." 

The  equations  (859),  (860)  expanded  are 

A  (-423^33  +  ^33X122  —  2^2i^'i3)  Xi 

+  22  (^12^13  +  -4ij^i2  -  ^11^25  -  ^»Ai)  ^a^Ta  =  0,     (859') 
and 

2  {onb^  +  Ot^hn  -  2fl28*23)  Xi' 

+  22  (Mis  +  tflS^ia  -  «11^28  -  <»28^1l)  \A8  »  0.  (860') 

Car, — The   point  and  line  harmonic  conies  of  aiXi^  +  flaar,* 
-\-  fljiTa'  =  0,  and  hiXi^  +  ^2^:2*  +  hs^^^  =  0  are,  respectively, 

ttibi  {a^hi  +  03^2)  ^1*  +  «3^2  («8^i  +  <iih)  ^3*  +  «3^s  (<»i^a  +  ^h)  ^z  =  0, 

(861) 
and 

(^2^3  +  (hh)  V  +  («8*i  +  « A)  V  +  («i^a  +  «8^i)  V  =  0.     (862) 

PiiOJECTIVB  EOWS. 

287.  Def, — Pairs  of  points  X,  X'  whose  abscissa  x,  oif  with 
respect  to  two  fixed  points  0,  (y  on  two  given  lines  Z,  Z',  or  whose 
ratios  of  section  X,  X'  with  respect  to  two  pairs  of  fixed  points  0,  Oi 
on  Z,  and  O,  0/  on  L'  satisfy  equations  of  the  first  degree  of  the 
forms 

axif  -  5«  -  5'«  +  <?  «  0,  (863) 

OiXX'  -  5iX  -  5i'X'  +  <?i  «  0  (864) 

2b2 
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are  said  to  mark  projective  rows  (French,  PonetueUes  profectives^ 
German,  Projehtivischen  Punktreih&n)  on  Z,  L\ 

It  is  necessary  to  show  that  (863),  (864)  are  consistent.     Let 


O' 


00,  ^m,    0'0/  =  m',     X^  XO/XO.^  xl{z  -  m), 

V  =  X'aiX'O,'  =  ixfl{x'  -  m'), 

and  eliminating  a?,  x'  between  these  and  (863),  we  got  an  equa- 
tion  of  the  form  (864). 

Projective  rows  have  a  \  to  \  correspondence :  that  is,  to  every 
point  of  one  row  corresponds  one,  and  only  one,  point  of  the  other. 
For  it  is  evident  that  being  given  the  value  of  either  variable  in 
(863)  or  (864),  we  get  only  one  value  of  the  other. 

Cor,  1. — The  eqtiations  (863),  (864)  retain  their  forms  after 
transformation  to  new  origins  on  the  lines  Z,  Z'. 

For,  since  the  points  X,  X'  have  a  1  to  1  correspondence  before 
transformation,  they  must  have  it  after  transformation,  j  .  _.    ^ 

Cor,  2. — If  -4,  B,  Cy  A'y  B\  C  be  two  triads  of  fixed  points  on 
two  fixed  lines,  and  X,  X'  variable  points  on  the  same  lines 
satisfying  the  relation  (^J9CX)  =  (^'J9'(7'X'),  then  Z,  X'  mark 
projective  rows  on  these  lines 

For  it  is  evident  that  JT,  X'  have  a  1  to  1  correspondence. 

Cor.  3. — A  pencil  of  lines  marks  projective  rows  upon  two  trans- 
versals.    In  other  words,  two  perspective  rows  are  projective. 

288.  In  two  projective  rows  the  anharmonic  ratio  of  any  four 
points  of  one  is  equal  to  the  anharmonic  ratio  of  the  four  corre- 
sponding points  of  the  other.  In  other  words,  projective  rows  are 
homographic. 


Theory  of  Homographk  Division,  373 

Let  AA\  BB\  two  corresponding  point  pairs,  be  taken  as 
origins.  Then  we  have  X  =  X^/X^,  V  =  JC'^'/X'^.  Now,  if 
X  coincide  with  -4,  X'  will  coincide  with  A* ;  hence,  when 
X  =  0,  V  =  0.  Similarly,  if  X  coincide  with  B,  X'  will  with  B\ 
and  it  follows  that  when  X  =  oo,  X'  =  oo  ;  but  if  X,  X'  be  each  equal 
to  zero  in  (864),  we  get  Ci = 0,  and  if  each  equal  to  infinity,  we  have 
Oi  =  0.  Therefore,  when  pairs  of  corresponding  points  are  taken 
as  origins  the  equation  (864)  becomes  ^X  +  ^'X'  =0,  or  X  =  ^X'. 
Now,  if  CC,  Djy  be  the  corresponding  point  pairs,  we  have 

CB"      C'F'  ^^'BB^      UB'' 

Hence  {A BCD)  =  (A'B'Ciy). 

Car, — Two  projective  rows  are  in  perspective   when  three 
corresponding  point  pairs  arc  in  perspective. 

289.  Points  which  Corbespond  to  Infinity. — Suppose  a ><  0, 
the  equation  (863)  can  be  written 

X!xf  -mx  -  mV  +  n  =  0,  or  (a:  -  w')  {of  -  m)  ^  mm!  -  n=p 

suppose.    Now,  transferring  the  origins  to  points  /,  /,  whose 
abscisses  on  Z,  Z'  are  m'  and  m,  the  new  abscissas  are 

y  =  IX  =  X  -  m\     and  y*  =  «/X'  =  xf  -  m. 

Hence  yy*  -p-     Then  7,  J  are  points  which  correspond  to  in- 
finity.    For,  if  y  =  0,  y'  =  oo,  and  if  y'  =  0,  y  =  oo. 

Ccr, — The  standard  forms  to  which  (863),  (864)  can  be  re- 
duced, are  yy' -Py  (865) 

X  =  h)s!,  (866) 

290.  SiMiLAE  Rows. — If  a  =  0  in  (863),  the  relation  becomes 
i^+^V-(J  =  0,  that  is  x  =  ''h'lb{xf  -elb'),  or  x  =  m(x'~n), 

and,   transferring  the  origin  O'  to  a  point  which  has  n  for 
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abscissae,  x  =  my'.  Here  there  is  a  constant  ratio  between  the 
segments  on  L  and  the  corresponding  segments  on  U^  and  when 
^  =  00,  y  =  00.    Hence  the  points  I,  J  fire  both  at  infinity. 

Cor.  1. — If  the  points  /,  J  he  at  infinity,  the  rows  are  similar. 

Cor,  2. — If  m  t=  ±  1,  homologous  segments  on  Z,  1/  are  equal. 


1.  It  AT,  BT  be  two  tangents  to  a  conic,   XX*  any  Yariable  tangent, 
T 


the  points  X,  X'  divide  dXAT,  ^T homographically.   For,  evidently,  there 
is  a  1  to  1  correspondence. 

2.  If  a  tangent  parallel  to  ^7* cut  ^7 in  /,  and  a  tangent  parallel  to  AT 
cut  BT'm  /,  then  the  rectangles  IX .  JX\  IA,JT,  /  7.  /fi  are  all  equal 

3.  Two  fixed  tangents  to  a  parabola  are  divided  proportionally  by  a  variable 
tangent.    For  it  is  easy  to  see  that  the  points  /,  /  are  at  infinity. 

4.  If  JX,  JX'  be  parallel  tangents  to  a  central  conic  J,  /  being  the  points 
of  contact,  and  if  any  variable  tangent  cuts  them  in  X,  X*,  then  JX .  JX 
=  constant. 

Peojective  Pencils. 

291.  Def. — Two  pencils  are  said,  in  relation  to  each  others  to  be 
projective  when  the  ratios  of  section  X,  X'  of  two  homologous  rays 
with  respect  to  any  origins  of  raysAB^A'B'  satisfy  a  relation  of  the 

form  a\y  -  iX  -  h'Xf  +  c  =  0. 
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Li  two  projective  pencils  the  anharmonte  ratio  of  any  four  rays 
of  one  is  equal  to  the  anharmonte  ratio  of  the  four  homologous  rays 
of  the  other. 

Dem. — The  preceding  relation  gives  X'  «=  {h\  -  c)/{a\  -  i'). 
Kow,  let  (Ai,  A,')  (A2,  A2')  .  .  .  (A4,  \i)  be  the  ratios  of  section  of 
four  pairs  of  corresponding  rays.     Then  it  is  easy  to  verify 

A.  -  K\  A.  -  X.\     A,'  -  V\  /  V  -  V\ 
.^  -  X,  j  -^.x,  -  A,j  •  •  Vv  -  V  j'  W  -  vj 

it  suffices  to  replace  A/  by  (b\i  -  c)l(a\i  -  i'),  &c. 

Car.  1 . — If  two  pencils  be  such  that  the  anharmonic  ratio  of 
three  fixed  rays,  A,B,  C,  and  a  variable  ray  X  of  one  be  equal  to 
the  anharmonic  nitio  of  three  fixed  rays,  A\  B*,  C",  and  a  variable 
ray  X^  of  the  other.  Then  the  anharmonic  ratio  of  the  pencil 
foi-med  by  -X  in  four  different  positions  is  equal  to  that  formed 
by  X'  in  the  corresponding  positions.  Because,  to  a  ray  of  one 
corresponds  one,  and  only  one,  ray  of  the  other. 

Cor.  2. — Any  two  projective  pencils  are  cut  by  two  trans- 
versals in  projective  rows. 

Car.  3. — If  two  homographic  pencils  be  such  that  three  pairs 
of  homologous  rays  intersect  in  a  right  line,  then  all  pairs  of 
homologous  rays  intersect  in  a  right  line. 

EXBB0I8BS. 

1 .  Two  pencils  whose  vertices  lie  on  a  conic,  and  whose  corresponding 
rays  intersect  on  the  same  conic  are  equal,  for  the  rays  have  a  1  to  1  corre- 
spondence. 

2.  If  four  chords  of  a  conic  pass  through  the  same  point,  the  anharmonio 
ratio  of  four  of  the  points  in  which  these  chords  meet  the  conic  is  equal  to 
the  anharmonic  ratio  of  the  remaining  four  points  in  which  they  meet  it. 
For,  let  Xf  X'  he  the  points  in  which  any  of  the  chords  meets  the  conic, 
and  let  0,  0'  be  two  fixed  points  on  it.  Join  OXy  O'X' ;  these  will  be  rays 
of  two  pencils,  whose  vertices  are  0,  0',  and  they  evidently  have  a  1  to  1 
correspondence. 

3.  If  two  conies  have  double  contact,  the  anharmonic  ratio  of  four  of 
the  points  in  which  any  four  tangents  to  one  meet  the  other  is  equal  to  that 
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of  the  remaining  points  in  which  the  same  tangenti  meet  the  cmre,  and 
also  the  same  as  that  of  the  points  of  contact.  (TomranrD.) 

4.  MaelaurtfCa  Method  of  Deserihing  Coniee. — The  lociii  of  the  Ttttex  of 
a  variable  triangle  whose  sides  pass  through  three  fixed  pointe,  and  whoae 
base  angles  move  on  fixed  lines,  is  a  conic. 

6.  Newton* a  Method  of  Deteribing  Coniee. — ABCD  ie  a  oyolie  quadri- 
lateral, the  points  A,  Dare  fixed,  and  the  angle  BAC  is  given  in  magnitude ; 
then,  if  B  describe  any  right  line,  or  if  it  describe  any  conic  p^—nirg  through 
the  points  A,  D,  C  will  describe  another  conic  pasting  throu|^  ^^  2)., 

Superposed  Rows. 

292.  Upon  the  same  line  Z  we  can  have  pairs  of  points 
X,  X',  whose  abscissfiB  x,  x!  with  respect  to  two  given  origins 
satisfy  an  equation  of  the  fonn 

axxf  -hx  -  Vixf  +  <?  =  0. 

In  this  case  the  rows  are  superposed.     In  superposed  rows  the 
origins  may  or  may  not  coincide. 

293.  Double  Points. — Double"  points  of  superposed  rows  are 
those  in  which  conjugate  points  coincide.  If  the  origins  O^  O 
coincide,  then,  for  the  double  points  we  shall  have  x^xf^  and 
their  abscissae  are  given  by  the  equation 

a3^^{h^h')x\e^^,  (867) 

Hence  there  are  two  double  points,  real  and  distinct,  coincident, 
or  imaginary.  When  they  are  real  and  distinct,  let  them  be 
denoted  by  -F,  jP  ;  and  let  (-4,  A'\  (X,  X)  be  two  corresponding 
point  pairs.  Then  (§  288)  we  have  {FF'AX)  =  (FF'A'X), 
or  (§  39), 

AF   XF     A'F   X'F      ,   AF^  A'F      XF  X'F 
ZP*  XP  "  A'F'  X'F '   •'•  AF'  A'F  "  XF'  XT ' 

Hence  {FFAA')  =  {FFXX'),  (868) 

Therefore  the  anharnumic  ratio  of  the  double  points  and  any 
homologous  point  pairs  is  cotistant. 
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294.  If  the  double  points  -F,  F'  coincide  in  F,  and  this  be 
taken  as  origin,  the  equation  (867)  will  have  two  roots  each 
equal  to  zero.  Hence  c  -  0,  b  +  b'  ==  0,  and  the  relation  of  pro- 
jectivity  becomes  axxf  -  ^  (a?  -  d?  )  «  0,  or 


1/a?  -  l/x"  =  l/tn. 


(869) 


295.  DoiTBLE  Points  pound  Geometbicallt. — The  following 
geometrical  construction  for  the  double  points  holds,  whether 
the  origins  do  or  do  not  coincide.  Thus,  let  -d,  B,  C  be  three 
points  of  one  system ;  -4',  B',  C"  the  corresponding  points  of 
the  other;  then  if  JTbe  the  double  point,  we  have  {XABC) 
=  {XA'B'C') 


A' 


B' 


C* 


or 


X5  xa_  jm;^  xa 

AB' AC"  A'B'' A'C 


Hence       XB.XC:  XB*.  XC  i  :  AB.  A*C  i  A'B\  A  C. 

Therefore  the  ratio  of  XB.  XC  :  XB* ,  XC  is  given,  that  is, 
the  ratio  of  tangents  from  Xto  circles  described  on  BC  and 
B'C  as  diameters  is  given,  and  X  wiU  be  either  of  the  points  of 
intersection  of  the  line  Z,  with  a  given  circle  coaxal  with  the 
circles  on  J9  (7',  B'C. 

Similarly,  we  may  have  two  triads  of  points  on  a  conic 
say  A,  By  C;  A\  B\  C,  and  require 
to  find  a  point  0,  such  that 
(OABC)  =  {OA'B'C*):  This  is 
solved  by  constructing  the  Pascal's 
line  of  the  hexagon  which  they 
form,  as  in  the  diagram.  For  if 
AA'  be  joined,  it  is  evident  that  the 
pencils (^'.  OABC),  {A.  0 A' B'C*) 
are  equal. 
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1.  IiLBcribe  in  a  conic  section  a  polygon  all  whose  aides  pass  thioiii^ 
given  points. 

Solution.— Assume  any  arbitrary  point  a  for  the  yertex  of  tlie  polygon, 
and  form  a  polygon  whose  sides  pass  through  the  given  points ;  the  point*', 
where  the  last  side  meets  the  conic,  will  not  in  general  coincide  with  «. 
If  we  make  three  such  attempts,  we  get  three  pairs  of  points  «,  «' ;  h^V  \ 
Cf  e' ;  then  a  point  X,  such  that  {Xabe)  =  {Xa'b'e')  will  be  the  point 
required. 

2.  In  a  triangle  inscribe  another  triangle  whose  sides  pass  thzough  given 
points. 

296.  Two  projective  pencils  which  are  united  at  their  summits 
in  the  same  plane  are  said  to  he  concentric  or  superposed.  In 
intersecting  them  by  any  transversal,  we  obtain  t-wo  projective 
rows  superposed.  These  rows  have  double  points,  real  or 
imaginary,  which  joined  to  the  common  summit  give  two 
double  rays  of  the  pencils, 

Involtttion. 

297.  ijT  two  systems  of  homographic  points  on  the  same  line  hiKS 
a  pair  of  corresponding  points  {Ay  A*)  permtdable,  then  any  pair 
of  corresponding  points  of  the  systems  are  permutahle. 

Dem. — Let  a,  a'  be  the  abscissae  ot  A^  A' ;  then,  by  hypo- 
thesis, we  have 

aaa'  -ha-  Va!  +  <?  =  0,     ooa'  -  ha!  -  ^'a  +  (?  «  0. 

Hence,  by  subtraction, 

(^  -  i')(a  -  a')  =  0,   and  since  a  ><  a',  ^  =  h\ 
and  the  relation  becomes 

axsf  -  i(a:  +  a/)  +  <;  =  0 ;  (870) 

and  since  it  is  symmetrical  in  ^,  j/,  the  points  X,  jL'  are  per- 
mutahle. 
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Def. — Two  superposed  projective  rows  in  which  homologous 
points  are  permutahle  are  said  to  he  in  involution. 

298.  Central  Poiirr  of  Involution. — Supposing  axO,  ixO, 
the  equation  (870)  may  be  written  xx'  -  »»(a:  +  a/)  +  c'  =  0,  or 

(a:  -  m)(a:' -  m)  =  n.  (871) 

where  n  =  m^  -  &.  Then,  taking  the  point  whose  abscissa  is  m 
as  origin,  denoting  it  by  0,  0  is  called  the  central  point  of  the 
involution,  and  equation  (871)  gives 

OX.OX*  =  n,  (872) 

n  being  a  constant.  We  see  that  the  central  point  is  that 
which  corresponds  to  infinity  (/  or  J)  in  the  general  case. 

299.  Double  Points  of  Involution. — When  two  homologous 
points  coincide  in  one,  such  a  point  is  called  a  double  point. 

Now,  if  Xy  X'  coincide  in  (872),  we  have  OX  «=  ±  ^/n  ;  if  n  >  0, 
there  are  two  double  points,  which  are  sym6triques  with 
respect  to  the  central  point.  In  this  case  homologous  point  pairs 
are  situated  at  the  same  side  of  the  central  point,  and  the  involu- 
tion is  said  to  be  hyperbolic.  If  n  <  0  the  double  points  are 
imaginary,  and  the  involution  is  called  Mliptie. 

300.  In  an  hyperbolic  involution^  any  two  homologous  points 
divide  harmonically  the  distance  between  the  double  points, 

Dem. — Let  F,  F*  be  the  double  points,  then  we  have  (872) 
OX,  OX'  =  «  and  Oi^  =  OF^  =  n;  .-.  OX,  OX'  =  OF^;  but 
0  being  the  middle  point  of  FF,  this  equality  indicates  that 
Xj  X'  are  harmonic  conjugates  to  FF'.  Reciprocally,  all  the 
point  pairs  which  divide  harmonically  a  given  segment  FF' 
belong  to  an  involution. 

Cor.  1 . — If  three  point  pairs 

(wr^+2^  +  *=0,   fl V  +  2A'ir  +  *' «=  0,    a"«*  +  2A"a:  +  i"  =  0 

form  an  involution,  they  have  a  common  pair  of  harmonic  con- 
jugates.   Hence  the  condition  of  involution  is  the  detenninant 

(855). 


f* 


.<3,.    .  •    'k 
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Cor.  2. — If  (fl,  of),  (by  V\  (ij,  </)  be  the  abscissae  of  three  point 
pairs  in  involution,  then  the  determinant 

hV,         h  +  h\         1,       =0.  (873) 

cc\  C  +  (/,  1 

Cor,  3. — If  ^=0,  V=0  be  the  equations  of  any  two  point 
pairs,  then  17+  kV  =  0  forms  an  involution  with  ^and  V, 

301.  Stmmetric  Involution. — If  a  =  0,  the  equation  of  invo- 
lution (870)  reduces  J  (a?  +  a?')  -  (?  =  0  or  (ar  -  e/2b)  +  («'  -  (j/2i)  =  0, 
and  transferring  the  origin  to  the  point  whose  abscissa  is  c/2b. 
Supposing  this  point  JE,  we  have  £X  +  £X*  =  0,  then  the 
involution  is  formed  by  point  pairs,  which  are  8ym6triques 
with  respect  to  ^.  J?  is  a  double  point,  the  second  double 
point  is  at  infinity. 

This  involution  having  two  real  double  points  is  hyperbolic. 

302.  If  two  superposed  projective  pencils  be  such  that  a  pair 
of  homologous  rays  are  permutable,  then  the  rays  of  every 
homologous  pair  are  permutable,  and  the  two  pencils  are  said 
to  be  in  involution.  Their  theory  is  reduced  to  that  of  points  in 
involution  by  cutting  the  pencils  by  a  transversal.  Pencils  in 
involution  are  also  divided  into  hyperbolic  and  elliptic.  The 
former  has  two  real  double  rays,  which  are  harmonic  conjugates 
to  any  pair  of  homologous  rays.  As  a  particular  case,  we  may 
note  the  involution  formed  by  line  pairs  symmetrical  with 
respect  to  a  fixed  axis  (one  of  the  double  rays,  the  ray  perpen- 
dicular to  this  axis  is  the  second  double  ray).  This  is  iBogonal 
itwolution.  The  elliptic  involution  has  two  imaginary  double 
rays.  The  most  remarkable  case  is  orthogonal  involution, 
formed  by  the  sides  of  a  right  angle  turning  round  its  summit. 
If  we  take  the  sides  of  one  of  these  angles  for  axes  of  co- 
ordinates, the  angular  coefficients  of  two  conjugate  rays  of  the 
involution  satisfy  the  equation  mm'  +  1  =  0  where  w,  m'  are  ratios 
of  section  relative  to  OX,  0  Y,  Hence,  making  m  =  m\  the  double 
rays  are  defined  by  w*  + 1  =  0  orm  =  ±  ♦.  Hence,  the  double  rays 
are  the  imaginary  lines  from  0  to  the  cyclic  points. 
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EXEBOISBS. 

1.  Givon  two  homologous  point  pairs  of  an  involution,  show  how  to 
find  the  central  point  and  the  double  points. 

2.  A  system  of  conies  passing  through  four  fixed  points  cuts  any  trans- 
versal in  involution. 

For,  let  Sf  S'  be  two  fixed  conies  passing  through  the  points,  then  8'\-kS' 
will  denote  a  variable  conic  through  them ;  and  if  ^,  iS*  be  given  by  their 
general  equations,  then,  if  the  transversal  be  the  axis  of  x,  the  point  pairs 
in  which  they  are  intersected  by  the  transversal  are  given  by  the  equations 

ax^  +  2ffx  +  c,  ax^  +  2g'x  +  c',  and  <w»  +  2^«  +  c  +  *  {a'x^  +  2g'x  +  e') . 

Hence  (§  300,  Cor,  3],  they  are  in  involution. 

3.  The  three  pairs  of  opposite  sides  of  a  quadrangle  are  cut  in  involution 
by  any  transversal. 

4.  Coaxal  circles  are  cut  in  involution  by  a  transversal :  the  points  of 
contact  of  the  circles  of  the  system  which  touch  the  transversal  being  the 
double  points,  and  the  central  point  that  in  which  the  radical  axis  meets  it. 

6.  A  system  of  conies  having  a  common  self-conjugate  triangle  out  in 
involution  any  line  passing  through  a  summit  of  the  triangle. 

6.  For  every  two  projective  rows  on  different  lines  there  exist  two  points, 
for  each  of  which  the  rows  are  isogonal,  that  is,  the  angles  subtended  by 
one  row  are  respectively  equal  to  those  subtended  by  the  other. 

(TOWNSBITD.) 

7.  If  aa\  hb'y  cd  be  three  point  pairs  in  involution — 

ab'.  he,  ea'  +  a'b,b*e.ea^  0.  (874) 

ab\be.  e'a'  +  ab .  b'e' .  ca  =  0.  (876) 

ab  . b'e\ ea'  +  a'b'. be.e'a^  0.  (876) 

ab .  b'e .  <?V+  a'b\  bc^.ea^O.  (877) 

8.  A  common  tangent  to  any  two  of  three  circumconics  of  a  quadrilateral 
is  cut  harmonically  by  the  third. 

9.  Show  that  the  following  are  special  cases  of  Ex.  8 : — 

V,  If  through  the  intersection  of  common  chords  of  two  conies  a  tangent 
be  drawn  to  one  of  them,  it  is  cut  harmonically  by  the  other. 

2*.  If  through  any  point  on  the  chord  of  contact  of  two  tangents  to  a 
conic  a  third  tangent  be  drawn  intersecting  both,  it  is  divided  harmonically 
by  the  tangents  and  the  point  and  chord  of  contact. 


CHAPTER  XIII. 

THEOEY  OF  DUALITY  AND  RECIPEOCAL  POLARS. 

303.  It  has  been  seen  in  Chapter  III.  that  every  circle  has 
two  forms  of  equation,  viz.  trilinear  and  tangentitU,     The  same 
has  been  shown  in  Chapters  IX.  and  X.  to  hold  for  every  conic, 
and  in  fact  it  is  universally  true  for  all  curves.      ConverBelj 
every  equation  represents  two  distinct  curves,  according  as  it  is 
regarded  in  pointer  line  co-ordinates.  Thus,  in  Z/^+m/y-f  ft/s=0, 
if  or,  y,  s  be  trilinear  co-ordinates,  it  represents  a  conic  circum- 
scribed to  the  triangle  of  reference ;  and  if  they  denote  tan- 
gential co-ordinates,  it  is  the  equation  of  an  inscribed  conic. 
It  follows  as  an  inference  from  this  twofold  interpretation  of 
equations,  that  every  theorem  which  gives  a  graphic  property 
of  a  conic  has  another  related  theorem  called  its  reciprocal,  and 
that  the  same  demonstration  proves  both  theorems.     This  two- 
fold interpretation  is  caUed  the  principle  of  Duality. 

EXBBOISES. 

1.  S  —  kS'  s  0  represents  in  point  co-ordinates  the  general  equation  of 
a  conic  passing  through  the  four  points  common  to  S  and  y,  and  in  line 
co-ordinates  the  general  equation  of  a  conic  inscrihed  in  the  quadrilateral 
formed  by  the  four  common  tangents  to  Sf  S'. 

2.  ay  -  A:/35  =  0  in  point  co-ordinates  denotes  that  the  rectangles  con- 
tained by  the  perpendiculars  from  any  point  of  a  conic  on  a  pair  of  opposite 
sides  of  an  inscribed  quadrangle  is  in  a  given  ratio  to  the  rectangle  contained 
by  the  perpendiculars  from  the  same  point  on  another  pair.  In  line 
co-ordinates  it  proves  that  the  product  of  the  distances  of  any  tangent  to  a 
oonio  from  a  pair  of  opposite  vertices  of  a  circumscribed  quadrilateral  is  in 
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a  givon  ratio  to  the  product  of  the  distances  of  the  same  tangent  from 
another  pair  of  opposite  vertices. 

3.  Interpret  the  tangential  equation  A.y  =  kii?. 

4.  If  two  conies  have  each  double  contact  with  a  third  conic,  their  poles 
of  contact  and  a  pair  of  opposite  vertices  of  the  complete  quadrilateral 
formed  by  their  common  tangents  are  collinear,  and  form  a  harmonic  row. 

6.  If  three  conies  have  each  double  contact  with  a  fourth,  six  of  the 
points  of  intersection  of  common  tangents  form  the  opposite  vertices  of  a 
complete  quadrilateral,  and  the  remaining  six  may  be  divided  into  four  sets 
containing  three  each,  such  that  the  pairs  of  common  tangents  which  inter- 
sect in  them  are  tangential  to  a  conio. 

6.  If  three  conies  touch  the  same  pair  of  lines,  the  intersection  in  each 
case  of  the  remaining  pair  of  common  tangents  are  collinear. 

304.  Since  the  coefficients  in  the  tangential  equation  of  a 
conic  occur  in  the  co-ordinates  of  its  centre,  and  in  the  equations 
of  its  orthoptic  circle  and  foci,  when  the  tangential  equation  is 
given,  we  can  at  once  write  out  its  orthoptic  circle,  foci,  and 
centre.  Thus  the  tangential  equation  of  the  envelope  of  the 
line,  cutting  harmonically  the  conies 

(«,  h  cj,  9,  h)  {X,  y,  1)«  =  0  (a',  *',  ^,/,  /,  A')  {x,  y,  \y  =  0, 
is    {h(/  +  h'c  -  2/')  X«  +  {caf  +  ^a  -  2y/)  /a»  +  {aV  +  a!b  -  2AA')v» 
+  2(yA'  +  y'A  -  af  -  a'/)/.v  +  2(A/  +  A/-  */  -  b'g)v\ 

The  orthoptic  circle  is 
{ah'^a'h-2hh'){x'^y^)'2{hf^hy-hg''h'g)X'2{gh'^-g'h'af-^^^ 
^{h(f^h'c-2f-^caf'\-</a^2gg^)^Q.  (878) 


1.  The  locus  of  the  centre  of  a  conio  inscribed  in  a  quadrilateral  is  a 

right  line. 

2.  The  orthoptic  circles  of  conies  inscribed  in  a  quadrilateiral  form  a 
coaxal  system. 
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Theory  of  Recipbocal  Polabs. 

305.  The  principle  of  duality  may  be  also  inferred  from  the 
theory  of  poles  and  polars,  some  propositionB  in  connexion  with 
which  have  been  already  given  (§  183). 

Def. — If  any  figure  A  he  given,  by  taking  the  poU  of  every 
line  and  the  polar  of  every  point  in  it  with  reepeet  to  any  orH- 
trary  conic  8,  we  construct  a  new  figure  B,  which  ie  caUed  tht 
polar  reciprocal  of  A  with  respect  to  8,  The  eonie  8  u  caUei 
the  reciprocating  conic. 

From  the  definition,  we  have  at  once  the  following  re- 
sults : — 


1°.  For  a  point  on, 

2°.  A  tangent  to. 

3°.  A  system  of  collinoar 
points  on. 

4°.  A  pencil  of  concur- 
rent lines. 

5°.  A  pair  of  lines  ho- 
mographically  di- 
vided. 

6°.  The  join  of  two 
points. 

7**.  The  locus  of  a  point. 


B. 


1°. 
2°. 
3°. 


A  tangent  to. 

A  point  on. 

A  pencil  of  concur- 
rent lines. 

A  system  of  coUinear 
points. 

Two  pencils  of  homo- 
graphic  lines. 

The    intersection     of 
two  lines. 

The    envelope    of    a 
line. 


306.   The  following  are  a  few  theorems   proved  by  this 
method : — 
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1.  Any  two  Jixed  tangent*  to  a  conic  are  cut  komographieaUy  by  any 
variable  tangent. 

Let  ^7,  BThQ  two  fixed  tangents 
touching  the  conic  at  the  points  Ay  B ; 
CD  any  variable  tangent  touching  it  at 
P,  Join  APy  BP.  Now  AP  is  the 
polar  of  C,  and  JSPof  D;  and  if  P  take 
four  different  positions,  the  point  C  will 
take  four  corresponding  positions,  and  so 
will  D.  Then  the  anharmonic  ratio  of 
the  four  positions  of  C  will  be  equal 
to  the  anharmonic  ratio  of  the  pencil  from  A  to  the  four  positions  of  P. 
Similarly,  the  anharmonic  ratio  of  the  four  positions  of  D  will  be  equal  to 
the  anharmonic  ratio  of  the  pencil  from  B  to  the  same  positions  of  P;  but 
the  pencils  from  A  and  B  are  equal.  Hence  the  anharmonic  ratio  of  the 
four  positions  of  (7  is  equal  to  the  anharmonic  ratio  of  the  corresponding 
positions  of  2>. 

From  the  theorem  just  proved  it  follows,  that  if  two  lin^a  be  divided  in 
egttal  anharmonic  ratios  by  four  othere,  the  six  lines  are  tangents  to  a  eonie. 
And,  more  generally.  If  ttDo  lines  be  divided  homographieallyf  the  etwelope  of 
the  join  (f  corresponding  points  is  a  eonie, 

2.  Any  four  fixed  tangents  to  a  eonie  are  cut  by  a  variable  tangent  in 
points  whose  anharmonic  ratio  is  constant. 

Bern. — The  joins  of  the  point  of  contact  of  the  variable  tangent  to  the 
points  of  contact  of  the  fixed  tangents  are  the  polars  of  the  points  of  inter- 
section of  the  variable  tangent  with  the  fixed  ones ;  but  these  form  a  con- 
stant pencil.    Hence  the  proposition  is  proved. 

Z.  If  a  hexagon  be  described  about  a  eoniCy  the  joins  of  opposite  angular 
points  are  concurrent. 

For  the  circumhexagon  is  the  polar  reciprocal  of  the  inhexagon,  and  the 
joins  of  its  opposite  vertices  are  the  polars  of  the  intersection  of  opposite 
sides.    Hence  the  proposition  is  the  reciprocal  of  Pascal's  Theorem. 

4.  The  three  pairs  of  points,  in  which  a  transversal  meets  three  oireom- 
conics  of  a  quadrilateral,  are  in  involution. 

6.  The  common  tangent  to  any  two  of  three  ciromnoomicB  of  a  quadri* 
lateral  is  cut  harmonically  by  the  third  conic.    Henoei  if  three  conioi 
Sy  S't  S"  be  inscribed  in  a  quadrilateral ;  and  if  from  P,  a  point  off  intM^^lM 
section  of  S,  S\  tangents  be  drawn  to  S",  theae  f6nn  a  hannooio  ^[^  1 

with  the  tangents  at  P  to  ^,  S'. 

2c 


/ 
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6.  From  Ex.  2  it  follows  that  tbe  intercepts  on  any  TariaUe  tugm 
to  a  parabola  made  by  three  fixed  tangents  have  a  given  mtio. 

7.  Tbe  reciprocal  of  Ex.  6,  §  302  is — ^pairs  of  tangents  to  m  syitem  of 
conies  baving  a  common  self -conjugate  triangle,  drawn  from  any  point  ia 
one  of  its  sides,  form  a  pencil  in  involution. 

8.  Tbe  six  sides  of  two  inscribed  triangles  of  a  conio  are  sacih  that  nj 
two  are  cut  in  equal  anbarmonic  ratios  by  tbe  remaining  four.  Heoee 
tbey  toucb  anotber  conic. 

Reciprocally,  if  two  triangles  circumscribe  a  conic,  the  six  Tertices  lie  oi 
another  conic. 

9.  Tbe  locus  of  tbe  pole  of  a  given  line,  with  respect  to  any  dicm- 
conic  of  a  quadrilateral,  is  another  conic.  Hence  the  envelope  of  the  poiv 
of  a  given  point,  with  respect  to  a  conic  inscribed  in  a  qiiadrilatenl,  ii 
a  conic. 

307.  When  the  reciprocating  conic  is  a  circle,  its  centre  n 
called  the  centre  of  reciprocation.  The  following  results  will 
be  evident  from  a  diagram  : — 

1^.  The  angle  between  any  two  lines  is  equal  or  supple- 
mental to  the  angle  at  the  centre  of  reciprocation  subtended  Ij 
the  join  of  their  poles. 

2^.  Since  the  nearer  any  lino  is  to  the  centre  of  redpio- 
cation  the  more  remote  its  pole,  it  is  evident  that  the  pole  of 
any  line  passing  through  the  centre  must  be  at  infinity,  and 
in  the  direction  perpendicular  to  the  line  through  tbe  centn. 
Hence  it  follows,  since  two  real  tangents  can  be  drawn  from 
any  external  point  0  to  a  conic,  that  the  polar  reciprocal  d 
that  conic  with  respect  to  0  is  a  hyperbola.  Similarly,  tho 
polar  reciprocal  of  any  conic  with  respect  to  any  point  on  it 
is  a  parabola,  and  its  polar  reciprocal  with  respect  to  any 
internal  point  is  an  ellipse. 

3^.  If  a  conic  reciprocate  into  a  hyperbola,  the  asymptotes  of 
the  hyperbola  are  perpendicular  to  the  tangents  drawn  from  t£e 
centre  of  reciprocation  to  the  original  curve. 

4*^.  If  a  conic  reciprocate  into  an  equilateral  hyperbola,  the 
loooB  of  the  centre  of  reciprocation  is  the  auxiliary  circle. 
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5°.  The  polar  of  the  centre  of  reciprocation  with  respect  to 
any  conic  will  reciprocate  into  the  centre  of  the  reciprocal 
conic. 

6°.  If  the  original  conic  be  a 
circle,  its  centre  will  reciprocate 
into  the  directrix. 

308.  If  0  be  the  centre  of 
reciprocation  ;  ABC  the  tri- 
angle of  reference  for  trilinear 
co-ordinates;  A'B'C'  its  reci- 
procal ;  L  the  polar  of  any  point 
P ;  Xi,  Xj,  X3  perpendiculars  from 
A\  B*y  C"  on  Z  ;  and  ai,  o^,  013  the 
trilinear  co-ordinates  of  P;  then  {Sequel,  Book  III.,  Prop,  xxvu.), 
if  OA'y  OB',  OC'he  denoted  by  pi,  p,,  p^,  we  have 

a,  =  OF.  -,  &c. 
Pi 

Hence,  if  {a,  b,  c,  f,  g,  h)(ai,  oa,  a,)'  =  0  be  the  equation  of  any 
conic,  the  equation  of  its  reciprocal  with  respect  to  the  circle 
0  will  be 

{a.  h,  c,  f,  g,  h)(\     ^,     -'Y=0.  (879) 

\P\       Pa       Pz  I 

Again,  if  {A,  B,  C,  F,  G,  H){\i,  X„  A^)'  =  0  be  the  tangential 
equation  of  a  conic,  where  Xi,  Xj,  X,  denote  perpendiculars  from 
the  angles  A',  B*,  C  of  the  triangle  of  reference  on  any  tangent 
L  to  the  conic ;  then,  if  x^,  Xi,  x^  be  the  trilinear  co-ordinates 
of  0  with  respect  to  the  reciprocal  triangle  ABC,  we  have 
iCipj  =  r*,  where  r  is  the  radius  of  reciprocation.  Hence,  elimi- 
nating pi  between  this  equation  and 

OP.Xi 


we  get 


ai 


Ai 


Pi 

OF'x^ 
2c2 
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and  similar  vuluce  for  X„  A,.     Hence  the  traDaformed 
tion  \i — 


{A,B,  C,r,  G,  B)    -',     ^, 


( 


;t09.  It  t>  required  to  find  the  ctntre  of  reeiproeation, 
the  polar  reciprocal  of  a  given  triangle  ABC  may  be  tin 
amtlwr  given  triangle  A'B'C". 

BoLUTioif. — On  the  eidca  of  ABC  describe  triatiglea 
AB'C,  ABC  flimaar  to  A'B'C.  The  circnmcireles  erf 
triangles  will  have  a  common  point  D,  vhich  will  1 
required  centre. 


Sem. — Let  JS„  S„  E,  be  the  drPumccntrcB  of  the  tii 
A'BC,  AB'C,  ABC.  Join  AD,  BB,  CD.  It  is  easy  tc 
that  these  linoB  producod  pass  respectively  through  ^',  . 
Join  EjE„  EjEy,  EiE«.  These  lines  are  respeotivoly  p 
dioulor  to  AD,  BB,  CD.  Hence  the  angle  E^E^E^  is  U 
it  of  BDC,  and  the  angle  BA;C  is  also  the  supp] 


Theory  of  Duality  and  Reciprocal  Polars.         S89 

of  BBC;  therefore  ^3  E.H^  ^BA*C.  Similarly,  EiEJS^  =  AB*  C, 
and  E^E^Ei  =  ACB,  Hence  the  triangle  EiEjE^  is  similar  to 
A'B'C. 

Again,  the  polars  of  the  points  A,  B,  C,  with  respect  to  any 
circle  whose  centre  is  i),  are  perpendiculars  to  AD,  BD,  CD<, 
respectively,  and  therefore  parallel  to  the  sides  of  the  triangle 
EiE^E^,  Hence  the  reciprocal  of  the  triangle  -4J5C  with  respect 
to  B  is  similar  to  A'B'C  In  like  manner,  if  the  triangles 
A'BCy  AB'Cf  ABC  be  described  inwards,  the  point  of  inter- 
section iy  of  their  circumcircles  will  be  another  centre  of 
reciprocation. 

Def. — The  triangle  ExE^Ei  formed  hy  the  ctrcumeentres  is 
called  LionneVs  triangle^  after  M.  Lionnet,  whoy  in  the  NouvelUn 
Annates,  1869,  p.  528,  made  use  of  a  construction  similar  to  the 
foregoing  in  solving  Lhuilier*s  projection  problemy  §  278. 

Cor. — If  E  be  the  circumeentre  of  the  triangle  ABC,  the  points 
B,  E  are  isogonal  conjugates  with  respect  to  Lionnet^s  triangle. 

For  the  radius  BEi  and  the  perpendicular  from  B  on  BC 
are  isogonals  with  respect  to  the  angle  BBC.  Hence  the  lines 
BEi  and  EEi  are  isogonals  with  respect  to  the  angle  E^EiE^, 
whose  sides  are  respectively  perpendicular  to  those  of  BBC. 

310.  If  LionneVs  triangle  {last  Jig.)  be  moved  parallel  to  itself 
until  the  point  E  coincides  with  2>,  it  will  in  its  new  position  be  a 
polar  reciprocal  of  ABC  unth  reject  to  B. 

Dam. — Since  E  and  B  are  isogonal  conjugates  with  respect 
to  the  triangle  EiE^E^y  the  distances  of  E  from  the  sides  are 
inversely  proportional  to  the  distances  of  B,  and  therefore 
inversely  proportional  to  AB,  BB,  CB.  Hence  the  proposition 
is  proved. 

311.  The  barycentric  co-ordinates  of  2)  with  respect  to  the 
triangle  ABC  are 

l/(cot^  +  cot^')>    l/(cotJ5  +  cot.&')>    l/(cot  C+cotC")- 

(881) 
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Bern. — When  Lionnet's  triangle  is  placed  as  in  §  310,  the 
sides  of  ABC  will  be  the  polars  of  the  yerticee  of  ^^E^ 
with  respect  to  D,  and  therefore  the  distances  of  D  from 
the  sides  are  proportional  to  l/JSJSi^  IjEEtt  1/JS%.  Hence 
the  barycentric  co-ordinates  of  D  with  respect  to  .ABC  are 
^alEE,,  ih/EEt,  iejEE^.  Now,  if  EEx  interaect.SC  in  if, 
we  have  ExM »  ^a cot  A\  ME ^^acotA.    Hence 

^^i  =  ta(cot^  +  cot^');  •••  i«/-£'^  =  l/(cot-4  +  oot-4')- 
Hence  the  proposition  is  proved. 

Similarly,  the  barycentric  co-ordinates  of  D'  are — 

l/(cot^-cot^')»  1 /(cot  ^- cot  J?'),  l/(cotC-cotCr).     (882) 


1 .  The  equation  of  the  circumcircle  of  the  triangle  of  referenoe  ia — 

sin  ^      sin  ^      sin  C 

+    +   r=  0. 

ai  oa  cts 

Now  it  is  easy  to  see  that  the  angles  AyByCcH  the  old  triangle  of  reference 
will  be  the  supplements  of  the  angles  which  the  sides  of  the  new  tiiangk 
of  reference  subtend  at  the  centre  of  reciprocation.  Hence,  denoting  these 
angles  by  ^i,  4^,  ^3,  respectively,  the  result  of  reciprocation  gires  the  fol- 
lowing theorem : — Given  afoeut  and  a  triangU  eireum$eribkt  to  «  eonUj  Ut 
tangential  equation  i» — 

sin  4^1 .  ^  +  sin  4^2 .  ^  +  sin  ^ .  ^  =  0.  (883) 

Ai  A3  A3 

2.  If  a  polygon  of  any  number  of  sides  be  inscribed  in  a  circle,  and  if 
the  angles  which  the  sides  subtend  at  any  point  in  the  circumference  be 
denoted  by  ^'i*  ^>  4^»  &c.,  we  have  (§  117),   if  oi  =  0,  oi  =  0,  03  ^0, 

&c.,  be  the  standard  equations  of  its  sides,  2  — —  ~  0.    Hence,  recipro- 

01 

eating  with  respect  to  any  point  in  the  circumference,  we  get  the  following 
theorem : — If  a  polygon  of  any  number  of  aidee  eireumtcribe  a  parabola^  and 
if  ^if  ^»  4fZt  ^c,  be  the  angles  subtended  at  its  focus  by  the  tides  of  the 
polygon f  Ai,  Aa,  As,  ^f.,  perpendiculars  from  the  vertices  on  any  tangent, 
pit  p%t  pzt  ^c,,  the  distances  of  the  angular  points  from  thefocus^  then 

a  ^l*hf}  =  0.  (884) 

Ai 
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3.  In  equation  (339),  if  we  put  mn  A,  da  B^  sin  C  for  a,  by  e,  the  tan- 
gential equation  of  the  circumcirde  of  the  triangle  of  reference  may  he 

written 

sin  A  V  A.I  +  sin  5  y/\%  +  sin  C7  -v/ As  =  0. 

Ilonce,  hy  the  foregoing  suhstitutions,  heing  given  a  focua  and  three  tan- 
gents, the  equation  of  the  conic  is 


sin  Ori  /—  +  sin  Jfj    /—  +  sin  *s    / —  =  0. 


(885) 


4.  If  the  focus  he  one  of  the  Brocard  points,  viz.  the  point  whose  co- 
ordinates are— 

e      a      b 
P    ?     a' 

then  the  angles  <fri,  r^,  if^,  which  the  sides  suhtend  at  that  point,  are  the 
supplements  of  the  angles  C,  A,  By  respectively.  Hence  the  equation 
of  the  Brocard  ellipse,  that  is  the  inscrihed  ellipse  whose  foci  are  the 
Brocard  points,  ii 


^  a     \  b     ^  c 


(886) 


5.  If  the  angles  of  a  polygon  drcumscrihed  to  a  circle  he  denoted  hy 
Ay  Bf  Cy  &c.,  and  the  perpendiculars  from  its  angular  points  on  any 
tangent  to  the  circle  hy  A.i,  A.2,  &c.,  we  have 


(^)-»- 


Hence,  if  a  polygon  of  any  numher  of  sides  he  inscrihed  in  a  conic ;  and  if 
^h  ^2)  xsy  &c.,  he  the  perpendiculars  from  one  of  its  foci  on  the  sides,  and 
^ii^2i  &c.,  the  angles  suhtended  at  that  focus  hy  the  sides,  we  have 


(^1^^'\^0, 


(887) 


Dbp.  I. — If  through  any  point  be  drawn  three  lines  (/,  m,  n)  parallel  to 
the  vectors  ADy  BD,  CD  of  a  quadrangle  ABCD,  and  \,  th  ^  parallel  to 
BCy  CAy  AB,  the  pencil  in  involution  (/A,  m/n,  nv)  is  called  the  pencil 
of  the  quadrangle. 
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Dbf.  11.— Two  quadnmgU$  ABC  J),  A*B'(TD\  which  mrt  mck  ikat  iki 
normal  co-ordinate*  of  D  with  retpeet  to  ABC  are  inveraefy  proportiomai  te 
the  veetort  from  If  to  the  point*  A\  B\  C,  are  eaid  to  ha  matmpoiar,  atd 
the  point*  J),  jy  their  metapole*. 

6.  If  (/A,  MM)  ny)  be  the  pencil  of  a  quadrangle  ABCD^  ^ftow^  that 
(X/,  /Am,  m)  is  the  pencil  of  a  metapolar  quadrangle. 

7.  If  two  quadrangles  be  metapolar,  they  can  be  placed  ao  that  corre- 
sponding triangles  will  he  reciprocal  in  four  different  ways. 

8.  If  the  points  2),  2/  be  isogonal  conjugates  with  respect  to  the  trianfls 
ABC,  and  if  JDiIhlh  he  the  pedal  triangle  of  2>,  the  quadrangles  DJhJhlh, 
D'ABC  are  metapolar. 

9.  If  ABC,  A'BC  be  two  triangles  on  the  same  base,  and  if  the  join  ol 
A,  A'  meet  the  circumcircles  of  ABC,  A'BC  again  in  2>,  2>',  prove  that  ths 
quadrangles  If  ABC,  BA'BC  are  metapolar. 

10.  Place  two  pencils  Imn,  A/iy  so  that  they  shaU  be  in  inyolution. 

11.  Being  given  two  pencils  {}nm)^  >?<¥*)%  to  construct  the  right  an^ 
which  correspond  in  the  pencils. 

12.  Construct  the  rectangular  rays  of  a  pencil  associated  to  a  quadrangle. 
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Section  I. — On  a  System  of  Thbee  Fiottbes  Dulectlt  Similab. 


312.  Let  Aj  Bf  C  ,  .  ,  be  a  system  of  points  belonging  to 
a  figure   Fi ;   on  the  radii 
vectores    drawn     from     a 
fixed      centre     0,     taking 
0A\  OB',    OC"  .  .  .  such  o 
that    OA'/OA  =    OB' /OB 

=  OC'/OC^.,,  =  klh;h,h 
being   given    lengths,  the 

points  A%  B*,  C\  &c.,  make 
a  new  figure  J^i,  which  is 
homothetic  to  Fi  with  re- 
spect to  the  point  0.  Then, 
if  Fi  turn  round  the  point 
0  through  any  given  angle, 
denoting  by  -4",  -5",  C"  the  new  positions  of  the  points 
A',  B\  C",  and  by  -F,,  the  figure  which  they  form,  F^  and  F^ 
are  two  figures  directly  similar,  having  for  double  point  or  centre 
of  similitude  the  point  0, 

The  double  operation  by  means  of  which  Fi  is  transformed 
into  F^  is  called  a  rotation.  It  is  said  to  be  around  the  point  0, 
having  for  its  measure  the  ratio  OA  :  OA". 

313.  Being  given  two  polygons  directly  similar,  it  is  required  to 
find  their  double  point. 
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Let  AB,  A'B'  be  two  homologous  sides  of  the  figures, 
C  their  point  of  intersection. 
Through  the  two  triads  of  points 
AA'Cy  B'BC  describe  circles 
intersecting  in  0,  0  is  the  double 
point. 

For,  evidently,  the  triangles 
OAB^  O-^'-S*  are  directly  similar. 

This  construction  fails  when 
the  homologous  sides  of  the  figures  are  two  consecatiTe  sides 
BA^  AC  oi  &  triangle.    In  this  case,  upon  the  lines  ^A,  AC 
describe    two    segments    BOA, 
AOC,  touching  AC,  AB  respec- 
tively at -4.  Then  0,  their  second 
intersection,  is  the  double  point, 
for  it  is  evident  that  the  triangles   B^ 
BOA,  AOC  Bxe  directly  similar. 

Cor.  1. — 0  is  the  focus  of  a 
parabola  touching  AB,  AC  at 
the  points  B,  C. 

Car.  2. — The  distances  of  the 
double  point  from  any  two  homologous  points  or  lines  are  in 
a  given  ratio. 

Cor.  3. — If  ^  0  be  produced  to  meet  the  circuincircle  of  the 
triangle  ABC  again  m  D,  AO  equal  OB. 

Cor.  4. — Either  Brocard  point  is  the  double  point  of  the  given 
triangle,  and  of  any  of  an  infinite  number  of  directly  sinular 
inscribed  triangles. 

For,  let  O  be  a  Brocard  point.  Take  any  point  D  in  BC, 
Describe  circles  about  the  triangles  BBO,  QCB  intersecting 
the  sides  BA,  AC  respectively  in  the  points  F,  E,  Then 
the  triangle  FBEia  directly  similar  to  ABC. 

For  the  angle  BFil  is  equal  to  BBQ  =  FAQ  and  FBO  =  FIXl. 
Hence  the  triangle  BCIA  is  directly  similar  to  IKlF.    Sixailarly, 
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the  pairs  of  triangles  FXlE,  AQC;  JEXiD,   COB  aio  directly 
similar.     Hence  the  proposition  is  proved. 


TlIB££  SlMILAB  ElGUBES. 

314.  Notation. — Let  ^i,  Fa,  F^  be  three  directly  similar 
figures,  I'l,  I2,  h  three  corresponding  lengths,  oi  the  angle  of  ro- 
tation of  Fiy  Fzy  os,  os  the  angles  of  rotation  of  F^^  Fi  and 
Fly  F2  respectively,  5i,  S^y  83  the  double  points  of  F2,  F^, 
F3,  Fi,  and  of  F„  Ft.  We  shall  also  denote  by  {O.AB)  the 
distance  from  the  point  0  to  the  Hue  A£.  The  triangle  SiS^S^ 
formed  by  the  double  points  is  called  the  triangle  of  similitude 
of  the  figures,  and  its  circumcircle  their  circle  of  similitude. 

In  every  system  of  three  figures  directly  similar  the  triangle 
formed  by  any  three  homologous  lines  is  in  perspective  with  the 
triangle  of  similitude^  and  the  locus  of  the  centre  of  perspective  is 
the  circle  of  similitude.  (Takry.) 

Dam. — Let  ai,  aty  a^  he  three  homologous  lines  forming  the 
triangle  AiAjA^.     Then  we  have  (§  313,  Cor,  2) 

{Sj^^lt     {82,  a,)     h     (S,,a,)      h 
(^i.^a)      k'    {82. a,)' h'    {82.02)^1; 
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Hence  it  follows  that  the  lines  SiAj,   SfAj,   S,Ai 

in  a  point  L  whose  distances  from  the  lines  O),  a,,  t^  aze  propor- 


tional  to  l„  li,  if  Again,  the  triangle  AiAtA,  being  fonned  br 
throe  corresponding  lines,  its  angles  are  supplements  of  a,,  o^  ■< 
respectively.  Hence  the  angles  A,LAt,  A^LA,,  A^LAi  an 
given,  that  is,  the  angles  S,Z5„  S^LSi,  StLSt  arc  givea.  Hence 
the  point  Z  moves  on  three  circles  passing  through  iSi  and  S„ 
Sj  and  S3,  St  and  ^i  respectively,  that  is,  it  movee  on  the 
circumcirole  of  the  triangle  SiSA. 

315.  In  every  tyitsnt  0/ thrM  limHar  Jiguru  there  ii  mt  injatitt 
number  of  triad*  o/emeurrent  homologout  Una;  these  turn  rmaU 
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three  fixed  points  /i,  /,,  I^  of  the  circle  of  similitude,  and  the  locus 
of  their  point  of  concurrence  is  the  circle  of  similitude.      (Takbt.) 

Dem. — Let  Z  be  the  centre  of  perspective  of  the  triangle 
S1S2S3,  and  AiA^A^  formed  by  three  homologous  lines. 
Through  Z  draw  Z/i,  Z/j,  Z/3  parallel  to  the  sides  of  AiAtA^, 
respectively.    These  are  homologous  lines  for 

Again,  the  point  1%  is  fixed ;  for  the  angle  81LI2  is  equal  to 
S1A1A3,  which  is  given.  Hence  the  arc  81I2  is  given,  and  I2  is 
a  given  point.     Similarly,  /a,  7i  are  given  points. 

Def. — /„  /a,  /a  are  called  the  invariable  points,  and  IiI%I^  the 
invariable  triangle. 

Car.  1. — The  invariable  triangle  is  inversely  similar  to  the 
triangle  formed  by  three  homologous  lines. 
For  the  angle  /2/s/i  =  /jZ/,  =  A2A2A1,  &c. 

Car,  2. — The  invariable  points  form  a  system  of  three  corre- 
sponding points. 

For  the  angle  /a^S^i/a  =  ai,  and  81I2 :  81!^ : :  ^ :  /a. 

Cor.  3. — The  lines  joining  /i,  /,,  /a  to  any  point  of  the  circle 
of  similitude  are  corresponding  lines  of  Fi,  F2,  F^, 

For  they  pass  through  three  homologous  points,  and  make, 
with  each  other,  angles  equal  to  ai,  os,  oa,  respectively. 

Cor,  4. — The  triangle  formed  by  any  three  corresponding 
points  is  in  perspective  with  the  invariable  triangle  and  the 
locus  of  the  centre  of  perspective  is  the  circle  of  similitude. 

For  the  joins  of  corresponding  vertices  are  corresponding  lines 
through  the  invariable  points. 

Cor.  5. — The  invariable  triangle  and  the  triangle  of  simili- 
tude are  in  perspective.  For  we  have  ^ :  ^  : :  S1I2  :  81I3  :  : 
{S,.IJ2):{S,,IJ,). 

316.  MoDULia  QuADBANGLS. — If  from  a  point  Q  we  draw  three 
lines  QQi,  QQ2,  QQ^  equal  to  h,  ky  ^  respectively,  and  parallel 
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to  any  three  homologoue  lines  ofFu  F^,  F^,  the  figure  QQiQiQ^  ii 
called  the  modular  quadrangle.  (Nxubbho.) 

It  is  evident  from  the  constmction  that  the  angles  Q^QQt, 
QsQQi,  Q1QQ3  are  respectively  equal  to  ai,  os,  o^. 

Cor,  1. — The  figure  formed  hy  the  point  L  (fig. 9  %  814)  mii 
Lif  Z2,  Liy  the  feet  of  perpendiculars  from  it  on  the  sides  ef 
the  triangle  AiA^A^  is  similar  to  the  modular  quadrangle. 

Because  the  distances  of  L  from  the  sides  of  the  triangle 
AiAiA^  are  proportional  to  ^,  ^,  ^,  and  the  angles  L%LI^ 
hJjL\y  IryLL^  are  respectively  equal  to  ai,  os,  a,. 

Cor.  2. — The  pedal  triangle  IIxM^M^  of  Z  with  respect  to 
LxL%L^  is  easily  seen  to  be  inversely  similar  to  SiS^S^,  Hence 
the  pedal  triangle  of  Q  with  respect  to  QiQiQuis  inversely  simHer 
to  the  triangle  of  similitude. 

Cor.  3. — The  antipedal  triangle  of  Q  with  respect  to  QiQiQ^ 
is  similar  to  the  triangle  formed  hy  any  three  correspondin§ 
lines  ofF,,  i^j,  F^. 

For  the  antipedal  of  Z  with  respect  to  LiL%L^  is  the  triangle 

317.  If  Ply  P%y  Pi  he  a  triad  of  homologous  pointe  of  Fi,  /Vi  Pu 
Mil  M2,  fh  the  areas  of  the  triangles  Q^QQ^,  Q^QQu  QiQQ^  oftht 
modular  quadrangle.  The  mean  centre  ofPiy  P^,  P^for  the  sysUm 
of  multiples  fix,  fji^,  fi^is  a  fixed  point.  (Nbubeeo.) 

Bern. — Let  Ri,  R^,  R^  be  another  triad  of  homologous  points, 
divide  P%Pzy  R%Ri  in  the  ratio  ftj  :  ftj  in  the  points  P4,  JZ;; 
draw  Pi  Uy  Pi  V  equal  and  parallel  to  P^R^  and  Pj-fi,,  respec- 
tively. Join  RiUy  R^V,  Now  we  have  -ffj C^:  i?s F" :  :  ^ : ^ : : 
R^Ri :  R^i,  Hence  the  line  UV  passes  through  R^,  Again, 
in  the  modular  quadrangle  wo  can  suppose  QQi,  QQs»  QQs  to  be 
equal  and  parallel  to  P\Rxy  PiR%y  P^Rzy  respectively.  Hence 
the  triangle  PiWib  equal  in  every  respect  to  QQgQ^,  Hence, 
if  we  produce  QiQ  to  meet  QzQs  in  Qi,  it  follows  that  P^Ri  is 
equal  and  parallel  to  QQ4.  Therefore  PiRi  and  PiJSi  are 
parallel,  and  the  lines  PiPi,  RyR^  intersect  in  a  point  2>,  such 
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that  each  is  divided  in  i>  in  the  ratio  QQ,  rQCi-     Hence  D  is 


the  mean  centre  of  the  triads  of  points  Pi,  Pj,  P, ;  i^i,  R^^  R^ 
for  the  multiples  /xi,  ft^,  /ii|. 

Dkf. — D  is  called  the  dtrbcior  point, 

318.  Let  S\  he  the  point  of  Fy  %ohieh  corresponds  to  Si,  con- 
sidered as  a  point  in  F2  and  F^ ;  8\  the  point  of  /J,  which  cor- 
responds  to  S2  in  F^  and  Fi  ;  and  8\,  the  point  of  P,  which 
corresponds  to  83  in  Pj  and  P,.  Then  the  lines  8i8\y  828*2^  8^8^ 
are  concurrent. 

In  fact  2>  is  the  mean  centre  of  /S'l,  81,  8x  for  the  multiples 
Ml)  fhj  fta-  Therefore  2)  is  a  point  on  818^1,  which  it  diyides  in 
the  ratio  /xi :  fig  +  /1A3.    Similarly,  it  is  a  point  on  828'^  and  8i8\, 

Or  thus — By  hypothesis  the  three  points  8\f  81^  8i  are  homo- 
logous points.  Hence  the  lines  8\Iif  81/2,  81!^  joining  them  to 
the  invariable  points  are  concurrent.  Hence  the  points  8\,  D,  8i 
(fig.,  §  314)  are  collinear.  Similarly,  8\f  D,  82  are  collinear, 
and  /S's,  J)i  Si  are  collinear. 

Dkf. — The  points  8\j  5's,  8^  ore  called  the  adjoiht  pointe^ 
and  the  triangles  8*18282,  818^82,  81828^  Airirxx  tritmgUe, 
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319.  The  annex  triangles  are  directly  iimilar  to  ike 
triangles.  nf( 


Dem.— The  points  8\^  5„  5j  in  Fi  correspond  to  Si,  S',,  8^ 
in  i^„  and  to  S^  5,,  S\  in  jPj.     Hence  the  triangles  SiS^A 


SiS^S'i  are  similar  to  QQaQs.  Therefore  the  angle  SiStD  v 
equal  to  SiS'z^,  and  the  circumcircle  of  the  triangle  SiSjS^t 
passes  through  B.  Similarly,  the  circumcircles  of  the  triangles 
iS'i-SjSs,  SiS'iSi  passes  through  2>.  Let  ^i,  JSi,  ^  be  the  cir- 
cumcentrcs  of  the  annex  triangles.  Then,  as  they  form  a  triad 
of  homologous  points,  the  triangles  <S\^2^3,  S^SsEif  S^JSiE^  axe 
directly  similar  to  the  triangles  QQaQs)  QQiQi*  QQiQtf  but  the 
lines  SiDy  S^D,  5,2)  are  perpendicular  to  JEtHi,  jEyEi,  jg;j5; 
at  their  middle  points.  Hence  the  triangles  i>^J^,  DEJSu 
DUiEt  are  inversely  similar  to  QQ^Qay  QQzQiy  QQiQ»'  There- 
fore the  triangle  JE1E2E2  is  inyersely  similar  to  S'lStS^.  Hence 
S\S%Si  is  directly  similar  to  QiQiQi. 
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Cor. — The  liuoBS,S'„  8%^t,  SjJS',  are  respectively  the  doubles 
of  the  altitudes  of  the  triangle  B,EiE,. 

For  i)5'i  is  biaectod  by  the  perpendicular  from  -51  on  it,  and 
S,i>  is  bisected  by  E^E,. 

Dep. — W»  ihall  call  the  eireuineiroha  of  the  annex  triangle* 
Aknex  Cibcles,  and  the  triangU  formed  hy  their  eentret  LiomrBr's 
TRUHaLB.  Compare  §  309,  Dof.,  and  the  circnmciTcle  of 
Lionnet't  triangle  Lionnet's  Ciaclb. 

320.  The  triangle  formed  by  any  thrM  homologowi  points  P,, 
P„  Ps  i»  orthologique  with  Lionnet'i  triangle  E,E^i.    (Nbubeeo.) 

Dem. — Let  the  barycentric  co-ordinates  of  Pi  with  respect 
to  tiio  triangle  S'tS^St  be  \i,  A,,  A,,  then  the  barycentric  co- 
ordinates of  Pi  with  respect  to  S^S'tS,  and  of  P^  mth  respect  to 


SiSjS's  are  Xi,  A,,  V  Again,  join  S',Pi,  and  prodace  to  meet 
-SjSj  in  F.  Join  US,,  and  draw  P,P  parallel  to  S',St  meeting 
US,  in  P.  Then  it  is  easy  to  see  that  the  barycentric  co- 
ordinates of  P  with  respect  to  8,8^8,  axe  X„  X,,  X..  Similarly, 
2s  J 
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it  may  be  proved  that  the  parallel  through  P%  to  ^%8ti  and 
through  P3  to  S'zSzi  pass  through  the  point,  whose  baryoentric 
co-ordinates  with  respect  to  SiS^S^  are  Xi,  A«,  A*.  Hence  the  three 
parallels  are  concurrent,  but  these  parallels  are  perpendicular  to 
the  sides  of  ^^a-^s*    Hence  the  proposition  is  proved. 

Cor,  1. — The  figures  /\,  F2,  F^  are  projectively  related  to  a 
fourth  figure  F. 

For  when  Pi  describes  F^  F  will  describe  F^  which  will  be 
the  projection  of  each  of  the  figures  Fi,  P,,  F^. 

Cor.  2. — The  inyariable  triangle  is  the  reciprocal  of  Lionhxi's 
triangle. 

For  the  perpendiculars  from  D  on  the  sides  of  ^J^jS*,  are  the 
halves  of  the  lines  81D,  StD^  8^,  respectively,  and  these  are 
proportional  to  the  reciprocals  of  DIi,  Dlt^  Dl^f  respectively. 

321.  The  triangle  formed  hy  any  three  corresponding  points  U 
similar  to  the  pedal  triangle  of  any  of  these  points  with  respect  to 
the  corresponding  Annex  triangle, 

Dem. — Let  the  perpendicular  co-ordinates  of  Pi  with  respect 
to  8*18281  be  a?!,  yi,  %i ;  those  of  P2  with  respect  to  SyS^^Si, 
«,,  ya,  «2,  and  of  P^  with  respect  to  81828'i  be  ^,  y„  i^.  Now 
from  similar  triangles  we  have 

8\8i  :  PiP  : :  {8\ .  828^)  :  a?i, 
but  8\8i  =  2  (JSi .  E2F3)  Cor.,  §  319. 

Hence  2  {Fi .  -^.^i)  :  {8\ .  8282)  : :  PiP  :  a?x. 

Similarly,        2  {F2 .  F2F1) :  (5',  .  8281)  : :  P2P  :  y, ; 
but  from  similar  triangles, 

{8'2.828i):{82.828\)::y2:yi 
Hence  (Euc.  V.  xxu.), 

2(-Ei.  JijEi) :  (82.828\)  ::P2P:  yi- 
But  since  the  triangles  JS'iJS',^,  8*18282  are  similar, 

(J2i .  -Fa^O  :  (8\ .  8282)  : :  {F2.F2E1)  :  {82 .  S^S\). 

Hence  PiP  :  4?i : :  P2P  :  yi,  and  similarly  as  PjP  :  «i,  and  tha 
proposition  is  proved. 
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Cor. — The  ratios  PiP  :  Xi^  P^P  :  y^  P^P :  %i  are  given.  For 
each  is  equal  to  the  ratio  of  any  side  of  EiE^Ei  to  half  the 
homologous  side  of  8\8%8^.  The  proposition  just  proved  affords 
immediate  solution  of  a  large  number  of  propositions.  The 
following  are  a  few  instances : — 

\^.  If  three  homologow  points  he  eoUineary  their  loci  are  the 
annex  circlee. 

Por  the  feet  of  the  perpendiculars  from  each  on  the  sides  of 
its  annex  triangle  are  collinear. 

2°.  If  the  Brocard  angle  of  the  triangle  formed  hy  three  homolo' 
gou8  points  he  given,  their  loci  are  Schotjte  circles  of  the  corre* 
spending  Annex  triangles. 

3^.  If  the  area  of  the  triangle  formed  hy  three  homologous  points 
he  given,  the  locus  of  each  is  a  circle. 

For  the  area  of  the  pedal  triangle  of  each  point  with  respect 
to  its  annex  triangle  is  given. 

The  maximum  triangle  formed  hy  three  homologous  points  is 
LionneVs  triangle  EiEtE^. 

4°.  If  the  angle  P%PiP%  of  the  triangle  formed  hy  three  homolo* 
gous  points  he  given,  the  locus  of  Pi  is  a  circle  passing  through  the 

points  82*  S^. 

5^.  If  the  sum  of  the  squares  of  the  sides  of  the  triangle  formed 
hy  three  homologous  points  he  given,  the  locus  of  each  is  a  circle. 

In  each  of  the  foregoing  cases  the  locus  of  the  point  P  is  an 
ellipse. 

6°.  IfPu  Pi}  P9  he  homologous  points,  P'l,  P',,  i^s,  their  inverses 
with  respect  to  the  annex  circles,  the  triangles  PiP^Pi,  P'^P'aP',, 
are  inversely  similar.  D  is  their  double  point,  and  ifPiP'i  inter- 
sect  its  Annex  circle  in  the  points  V,  V,  DV,  DV  are  their  double 
lines.  (M'Cat.) 

For  if  Pi,  P'l  be  inverse  points  with  respect  to  the  annex 
circle  8\S28i,  their  pedal  triangles  are  inversely  similar. 
Hence  PiPzPs,  P'lP'JP'z  are  inversely  similar. 

2d2 
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7°.  The  triangle  I\r2^z  farmed  hy  the  tnversee  of  the  imforMle 
points  with  respect  to  the  Annex  circles  is  directly  similar  to  the 
triangle  formed  hy  any  three  corresponding  lines.  {Ihid.) 

8^.  The  anticomplementary  of  FiI^F^  is  a  triangle  {say  ABC) 
formed  hy  three  corresponding  lines,  and  the  middle  points  of  its 
sides  are  homologous  points  of  Fi,  J",,  ^3.  The  perpendietdars  to 
the  sides  of  ABC  at  Fi,  F^^  F^,  or  at  their  middle  points  are  eon- 
current  homologous  lines.  Hence  they  pass  through  the  invariable 
points,  and  intersect  on  the  circle  of  similitude.  Hence  the  ortho- 
centre  ofFiFiFz  is  a  point  on  the  circle  of  similitude,       {Ihid.) 


1  The  inyariable  triangle  is  oithologique  with  that  formed  by  any  three 
corresponding  lines. 

2.  If  corresponding  circles  of  Fi,  Ft,  Fz  be  concentric  with  the  annex 
circles,  circles  cutting  them  orthogonally  form  a  coaxal  system,  of  which 
the  director  point  is  a  limiting  point.  (M'Gat.) 

3.  If  the  figures  Fi,  Ft,  F3  be  equal,  the  director  point  is  the  ciicom- 
centre  of  Lionnet*s  triangle,  and  the  orthocentre  of  the  triangle  of  simili- 
tade. 

4.  In  the  same  case,  the  annex  triangles  are  the  sym^triqoes  of  the 
triangle  of  similitude  with  respect  to  its  sides. 

6.  If  through  any  three  corresponding  points  lines  be  drawn  parallel  to 
the  sides  of  Lionnet*s  triangle,  they  form  a  triangle  of  constant  area. 

6-10.  If  the  director  point  be  on  the  circumference  of  Lionnefs  circle, 
then — l**.  The  double  points  are  collinear.  2°.  The  invaiiable  points  are 
at  infinity.  3*.  The  triangle  I'lIWz  coincides  with  LionneCt  triangle. 
4**.  The  adjoint  points  are  the  sym^triques  of  2>  with  respect  to  the  tri- 
angle AJBC,  the  anticomplementary  of  Lionnet's  triangle.  6^.  If  the  line 
818289  cut  the  sides  of  ABC  in  angles  A'^  B\  C,  and  R  be  the  circum- 
radius  of  ABC,  the  radii  of  the  annex  circles  are 

J2coe-4',    RcqbB',    HcoaC, 

*  These  Exercises  have  been  selected  chiefly  from  Nbubbro  **  Sur  le« 
projections  et  oontra-projections."    Bruxelles,  1890. 
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11-17.  If  the  points  Su  St,  Si  remain  fixed,  while  the  diieotor  point 
D  is  at  infinity  in  a  given  direction  9,  then — 1^.  The  lines  through 
Si,  S2,  S3  parallel  to  9  cut  the  circle  of  similitude  in  the  invariable  points. 
2"*.  /ui  +  /us  +  /AS  =  0.  3*".  Every  line  parallel  to  S  meets  the  sides  of  the 
triangle  of  similitude  in  three  corresponding  points.  4^.  The  triangle 
formed  by  three  corresponding  lines  is  similar  to  the  triangle  of  similitude. 


5°.  It  is  inscribed  in  the  triangle  of  similitude.  6*.  The  adjoint  points 
are  the  intersections  of  the  side  of  SiSiSz  with  the  parallels  Silif  S%I%, 
Szh.  7^  The  annex  triangles  reduce  to  flat  triangles  S'lStSz,  SiS'iSty 
SiSi^z. 

18-23.  If  from  any  point  P  of  a  line  d  perpendiculars  be  drawn  to  the 
sides  of  a  fixed  triangle  ZiZtZi,  their  feet  mark  three  homologous  rows  of 
points  which  may  be  regarded  as  making  parts  of  three  directly  similar 
figures  Fi,  F2,  ^3,  then — 1**.  The  feet  of  perpendiculars  from  the  summits 
of  Z1Z2Z3  on  the  line  d  are  the  double  points  Si,  S2f  Sz  of  the  system. 
2^.  The  triangle  Z1Z2ZZ  is  similar  to  Lionnet's  triangle.  3**.  The  invariable 
points  are  at  infinity  on  the  perpendiculars  of  Z\Z%Zz.  4.  The  director 
point  D  is  the  point  common  to  perpendiculars  from  5i,  S%,  S3  on  the  sides 
of  ZiZiZz,    b^.  If  d  intersect  the  drcumcircle  of  Z\Z%Zi  in  the  points 
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V,  V\  the  Simson's  lines  of  F,  V  with  respect  to  Z\Z%Z^  pass  tluough  L. 


6°.  If  <^  be  a  diameter  of  the  circumcircle  of  Z\Z%Zii  D  will  be  on  its 
niue-points  circle. 

24.  If  P],  P2  be  homologous  points  of  directly  similar  figures  ^1,  Ft^  and 
if  through  any  fixed  point  S  a  line  Sp  be  drawn  equal  and  parallel  to  PiPa^ 
the  locus  of  1?  is  a  figure  similar  to  Pi,  F%. 

25.  If  PiQi22i,  PaQz/^s  be  two  triangles  directly  similar,  and  if  through 
any  point  i^,  be  di-awn  lines  Sp^  Sq,  Sr,  respectively  equal,  and  parallel  to 
PiPs,  QiQii  i^i-Sa;  the  triangle /^^r  is  similar  to  the  given  triangle. 

26.  Being  given  Lionnet's  triangle  of  three  similar  figures,  then  any 
triangle  PiPzPs  whose  summits  are  three  homologous  points,  is  only  altered 
in  position  by  the  change  of  position  of  the  director  point. 

27.  If  Pi,  Ps,  P3  be  a  triad  of  homologous  points  of  three  similar  rows, 
and  if  upon  a  fixed  base  a  triangle  similar  to  PiP^Ps  be  described,  the  locus 
of  the  free  summit  is  a  circle. 


Section  II. — Theoby  of  Habmonic  Chobds. 

322.  JfA'JB'  he  a  chard  of  given  length  inscribed  in  a  circle  Zy 
8  a  given  pointy  then  if  the  litiee  A'S,  B'S  intersect  the  eircU 
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again  in  AB,  a  point  Kl^called  tht  tymmedian  foint)    can  hi 
found,  luch  that  the  ratio  {S.  AB)jAB  it  oonitant. 


Let  AB,  A'B'  prodncud  meet  in  P,  snd  intenect  in 


C,  C,  the  line  j'oimng  S  to  the  centre  0.  Through  P  draw 
PS',  the  polar  of  S,  then  S',  the  harmonic  conjugate  of  0  with 
respect  to  8,  &",  is  the  point  required. 

Dem.— Since  the  pencila  P{SCS'C'),  P(SK^O)  are  har- 
monic, 

2/SS'=  l/«0+l/SC'-l/i-ir+  1/50, 


.-.  {SK-  SC)I{8E.  8C)  =  {80'  -  SO)l{SC' .  80). 
KClSC-.OCjSC  :  :  SZS:  0. 


Hen 
Therefore 

(jr.  AB)I{S .  AB) :  {O.A'^f{8 .  A'ff) : :  8K:  80. 

{8  .AB):{S .  A'Jff)::AB'.  A'B-. 

{S:.  AB)jAB :  (O.A'B')IA'B' : :  8K:  SO. 

£ut  the  three  last  terms  of  this  proportion  are  given,  tlierefore 
the  first  is  given. 


But 
Hence 


408 


Recent  Oeotnetry, 


Cor.  1. — If  the  points  ^,  ^  be  joined  to  8*^  and  prodnoed  to 
meet  Z  again  in  A^\  B'\  these  points  are  the  syindtiiqiiefi  of 
A',  B'  with  respect  to  S8\ 

Cor.  2. — If  the  chord  A'B*  take  different  positiQnfl  in  the 
circle,  its  extremities  will  divide  the  circle  homographicallj. 
Hence  the  corresponding  positions  oi  A,  B  will  be  homographic 
Hence  we  have  the  following  theorem : — 

If  the  extremities  of  a  chord  of  a  circle  divide  it  homo^aphieMy^ 
there  is  a  fixed  point  in  its  plane  such  that  its  perpendstnUar  dis- 
tance from  the  chord  hears  a  constant  ratio  to  its  length, 

Def. — The  points  8,  8'  are  called  the  centres  ofinvereum. 

323.  JBbooabd  Ellipse. — Since  A'B'  is  a  chord  of  constant 


length,  its  envelope  is  a  circle  concentric  with  Z.  Hence  the 
envelope  of  AB  is  an  ellipse,  called  the  Brocard  Ellipse ;  its  foci 
are  foiind  as  follows : — 

Let  iTbe  the  sjmmcdian  point,  0  the  centre  of  Z,  upon  OK 
as  diameter  describe  a  circle.  (This  is  called  the  Brocard  Circle.) 
Draw  OJ  perpendicular  to  AB,  cutting  the  Brocard  Circle  in  /. 
Join  Aly  BIf  cutting  the  Brocard  Circle  in  O,  O' ;  these  are 
given  points,  and  are  the  required  foci. 
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Dem. — Since  the  ratio  (JT.  AJB)/AJB  is  giyen,  the  ratio 
IJ:  ABj  therefore  the  ratio  IJ:  JB  is  given.  Hence  the  angles 
JIB^  IBJqxq  given.  Hence  the  angle  0/0  is  given.  Hence  O 
is  a  given  point.  From  il  draw  QM  perpendicular  to  AB. 
Now,  since  the  triangle  ilBMi&  given  in  species,  and  B  moves 
on  a  given  circle,  the  point  M  describes  a  fixed  circle.  This 
will  be  the  pedal  circle  of  the  conic,  which  is  the  envelope  of 
AB.     Hence  O  is  a  focus.     Similarly,  O'  is  a  focus. 

Def. — O,  O'  are  called  the  Broeard  points  of  the  ay  stem,  and 
either  base  angle  of  the  tsoaeelee  triangle  lAB  its  Broeard  angle. 

Cor.  1.— If  the  angle  which  A'B*  (fig.,  §  322)  subtends  at 
the  centre  be  denoted  by  2a,  the  distance  OK  by  8,  and  the 
Broeard  angle  by  cd,  then 

tan*a>.tan*a=l -8»/iP.  (888) 

Dem. — From  the  proof  of  §  322, 

(JT.  AB)IAB :{0.  A'B')IA'B' : :  8Ki  80. 
But 

(K  AB)IAB  =  i  tan  cu,     ( 0 .  A'B')IA'B'  =  J  cot  a. 

Hence 

tan  (i>. tana  =  8K/80. 

Again,  since  the  points  0,  ^(fig.,  §  322)  are  harmonic  con- 
jugates with  respect  to  8,  8'^  and  8,  1^  aie  inverse  points  with 
respect  to  ^,  it  is  easy  to  see  that 

SE^ISG"  =  1  -  8VjR».     Hence  tan» « .  tan»  a  =  1  -  ^{B?. 
Cor.  2.--  8»  =  iP  (1  -  tan«  a .  tan^  (o).  (889) 

Cor,  3. — Since  the  locus  of  M  is  the  auxiliary  circle  of  the 
Broeard  ellipse,  the  radius  of  the  auxiliary  circle  is  R  sin  o>, 
that  is,  the  transverse  axis  of  the  ellipse  is  2R  sin  cd,  also  the 
distance  UO!  between  the  foci  is  equal  to  8  sin  2(d,  that  i.<«, 


R^/il-  taxL*a .  tan*  cd)  sin*  2o). 
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Hence  the  equation  of  the  firocard  ellipse  referred  to  it*  ixm  it 
a'sin'ot  +  y>coB*a  ■=  iPain'u.  (890) 

Cor.  4. — If  the  lines  00,  00  meet  the  circle  Z  in  tlie  ponb 
V,  V,  the  chord  7V'  is  equal  to  the  major  axia  of  the  ellipw. 
324.  If  0  be  the  circumcentre,  S,  8x  the  centres  of  invenioD, 
08:  OjS,  ::coB(tii-a):coB(u  +  a).  (891) 


I}«m. — Since  jS,  Si  are  the  limiting  points  of  the  circles  2,  X, 
the  radical  axis  bisects  SSi  in  Q,  but  the  radical  axis  is  the 
inTerse  of  X  with  respect  to  Z.  Hence  OQ  =  S?li,  and  since 
8i  is  a  limiting  point  Q8^  >  0^  -  IP.    Hence 

QSi*  =  £?  {IP  -  S')IS'  .•.CS,  =  JiManatanttt/S. 
Hence 

OS  =  .a>(l  + tana  tan <»)/«,     OS,  =  ^'(1  -  tana  tan m)/S. 
Therefore  OS  -.OS,::  cos  (u  -  o) :  cos(oi  +  a). 

Cor.  1.— The  angle        S,05  -  2a.  (892) 

For,  join  OQ,  and  produce  it  to  meet  the  radical  axis  in  Z. 
Join  IS,  LSi.     Sow, 

QSi  =  IP  tan.  a.  tan  a  jS=  OQ  tan  a  tan<i>  =  QZ  tana. 
Again,  since  the  radical  axis  is  the  inverse  of  X  with  reject 
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to  Z,  we  have  OQ  .  OZ  =  ^  =  08  .  08i.  Hence  the  points 
Sf  Z,  Q,  8i  are  concyclic.    Hence  the  angle  8iQ8  =  8iZ8  =  2a. 

Cor.  2. — If  the  lines  80,  8C^  meet  the  Erocard  circle  again 
in  the  points  F,  F',  the  angle  TOT  ^  2a. 

Cor.  3. — The  directrix  of  the  Brocard  ellipse  passes  through 
the  point  Z. 

Cor,  4. — The  major  axis :  minor : :  OL :  L8, 

HjLBHOiriC  PoLTGOirs. 

325.  If  the  chord  A'B'  (§  322)  be  the  side  of  a  regular  polygon 
of  n  sides,  AB  will  be  a  side  of  a  cyclic  polygon  of  n  sides, 
having  a  point  K  in  its  plane,  such  that  its  distances  from 
the  sides  are  proportional  to  the  sides,  such  a  polygon  is,  for 
reasons  that  will  appear  further  on,  called  a  harmonic  polygon. 
Hence  we  have  the  following  theorem  : — If  any  point  8  in  the 
plane  of  a  circle  he  joined  to  the  summits  of  an  inscribed  regular 
polygon,  the  joining  lines  will  cut  the  circle  again  in  the  summits 
of  a  harmonic  polygon. 

From  §§  322-324,  it  is  seen  that  every  harmonic  polygon 
has  a  symmedian  point,  a  Erocard  circle,  two  Erocard  points, 
a  Erocard  ellipse,  a  Erocard  angle  and  two  centres  of  inversion, 
viz.  the  points  8,  8i,  which  are  the  limiting  points  of  the  cir- 
cumcircle  and  Erocard  circle. 

326.  IfAQ,  Ai  .  .  .  A^i  he  the  summits  of  a  harmonic  polygon 
of  n  sides,  the  chords  AiA^i .  A^A,^,  ifc,  are  concurrent. 

Dam. — Let  Khe  the  symmedian  point.  Join  A^,  and  pro- 
duce it  to  meet  the  circumcircle  in  A'^,  Then,  since  the  perpen- 
diculars from  JTon  the  chords  A^A^^i,  A^i  are  proportional  to 
the  chords,  the  points  A^,  A\  are  harmonic  conjugates  with 
respect  to  A^-i,  Ai,  Hence  the  line  AiA^^i  passes  through  the 
pole  of  AqA'q,  Similarly,  AtA^i  passes  through  the  pole  of 
AqA^q,  &c.     Hence  the  proposition  is  proved. 

327.  If  a,  p,  y,  Sfc,  he  the  equations  of  the  sides  of  the  harmonic 
polygon,  a,  h,  c,  ^c,  their  lengths,  then  the  polar  line  of  K  with 
respect  to  the  polygon  is  2a/a  =  0. 
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Dem. — Tlirongh  K  draw  any  line  cutting  the  aideB  of  the 


polygon  in  the  points  i?i,  i^  .  .  .  and  on  it  take  a  point  M,  audi 
that  nIKR  =  \jKRi  +  \|KR^  ...     The  locus  of  22  is  required. 

Let  K  be  taken  as  origin,  then  if  p,  p\  ^"  ...  be  the  perpen- 
diculars from  JT  on  a,  )9,  y  . . .  and  if  KR  make  an  angle  0  with 
the  axis  of  x,  we  have 

IjKR^  =  cos  {0  -  a)lp,  IIKR2  =  cos  {0  -  I3)Ip\  &e. 
Now,  denoting  KR  by  p,  we  have  by  hypothesis, 


^w  p, 


^/co8(tf-a)      1\      ^ 
0,ors(-^^--)-O. 


__                   _,  /a:  cos  a  +  y8ina-«\      ^.^..^i        ^ 
Hence         2( )  ■  0,  that  is  Sa/p  =  0 ; 

and  since  K  is  the  symmedian  point,  p,  p',  p"  are  propoitioDal 

to  a,  S,  c.  .  .  .    Hence 

"Zfila  =  0.  (893) 
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328.  The  polar  of  K  with  reapeot  to  the  etreumeirele  is  also  the 
polar  of  K  with  respect  to  the  harm<mio  polygon. 

Dom.—  Let  a  be  the  pole  of  the  chord  AqA'q  with  respect  to 
the  circle.  Then  a  is  a  point  on  Sa/a  =  0.  For,  join  Ka^  and 
if  n  be  even,  the  sides  may  be  distributed  in  pairs,  such  that 
K  and  a  are  harmonic  conjugates  with  respect  to  the  points  in 
which  each  pair  are  cut  by  Ka.  Hence  IjKRi  +  IjKR^  =  2/JP<i, 
\IKR2  +  IjKR^i  =  2/ira,  &c. ;  and  if  n  be  odd,  the  intercept 
made  by  one  of  the  sides  on  Ka  is  equal  to  Ka,  Hence 
2  {l/KRi)  =  n/Ka,  Hence  a  is  a  point  on  the  line  Sa/a  =  0, 
Similarly,  the  pole  with  respect  to  the  circle  of  the  line  joining 
the  point  K  to  each  vertex  of  the  polygon  is  a  point  on 
^a/a  =  0.  Hence  ^is  the  pole  of  2a/a  «  0  with  respect  to  the 
circle. 

Cor,  1. — The  circle  is  the  polar  conic  of  K  with  respect  to 

the  polygon. 

Cor,  2. — If  a  radius  vector  through  K  cut  the  sides  of  the 
polygon  as  in  §  327,  and  a  point  be  taken  on  it,  such  that 


[kE^  ""  KRj  "  ^' 


the  locus  of  R  contains  the  circumcircle  as  a  factor. 

It  may  be  proved,  as  in  §  327,  that  the  locus  of  i2  is  2a/a  =  0. 
This,  which  is  a  curve  of  the  (»- 1)  degree,  contains  the  circum- 
circle as  a  factor.     (See  §  117.) 

329.  If  through  the  symmedian  point  of  a  harmonio  polygon  a 
parallel  he  drawn  to  the  tangent  at  any  of  its  vertices^  the  intercept 
on  it  between  the  symmedian  point  and  where  it  meets  either  side 
through  the  vertex  is  constant. 

Dem. — Let  ^^  be  a  side  of  the  polygon,  AT  the  tangent, 
KU  the  parallel,  produce  AK  to  meet  the  circle  in  A'.  Join 
A^B,  and  draw  KX  perpendicular  to  A£.    Now,  we  have 
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KXjKU^  sin  ^  CrjT  -  sin  TAB  =  sin  AA'B  =  uLBl2R.     Hewc 
KUjR  =  2KXIAB  =  tan  « ;   .-.  KU^  i2  tan  ».      Hence  KU  is 

constant. 


Cor, — If  the  polygon  be  one  of  n  sides,  there  will  be  2»  poinU 
corresponding  to  U^  and  these  will  be  concyolic. 

330.  If  the  symmedian  lines  of  a  harmonic  polygon  he  difnU 
in  a  given  ratio  in  the  points  A",  B" . . , ,  and  thrfmgh  theee  peinh 


paralleU  be  drawn  to  the  tangents  at  the  summits,   each  pandit 
meeting  the  two  sides  passing  through  the  corresponding  suwsmii, 
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all  the  points  of  intersection  are  eoneyclie,  and  taken  alternately 
form  the  summits  of  two  polygons  similar  to  the  original, 

Bern. — Let  the  ratio  be  I :  m.  Join  AO^  OK.  Draw  -4"0' 
parallel  to  A  0,  and  A^'  XT  parallel  to  the  tangent  at  A,  Then 
we  have  (yA"=lEI{l+m\  A"ir=mKUI{l+m)=^mIiiaiiiol{l+m) 
(§  329).  But  O'  C^  =  (TA''^  +  A'' U""  =  iP(P  +  m' tan»o))/(/+  mf. 
Hence  OXT  \&  constant. 

Again,  if  B"  V  be  parallel  to  the  tangent  at  JB,  the  triangle 
Qfj^f  yi  jg  jjj  every  respect  eqnal  to  (yA"  XT.  Hence  the  angle 
irO'V  ia  equal  to  A  OB.  Hence  the  points  17\  V .  .  .  axe  the 
summits  of  a  polygon  similar  to  that  formed  by  the  points 

A,  B It  is  evident  that,  proceeding  in  the  opposite 

direction  from  Aj  we  get  another  harmonic  polygon.  Hence 
the  proposition  is  proved. 

If  the  ratio  I :  m  vary,  the  point  0'  will  move  along  OK^  and 
to  each  position  of  it  will  correspond  a  circle  intersecting  the 
sides  of  the  polygon  ABC ...  in  points  which  form  the  sum- 
mits of  two  harmonic  inscribed  polygons.  This  system  of  circles 
is  called  the  Tucker* s  Circles  of  the  Polygon. 

Cor.  1. — ^If  ^  be  an  angle  determined  by  the  relation  /  tan  0 
=  mtan(D,  the  corresponding  ''Tucker's  Circle"  intersects  the 
sides  of  the  polygon  at  angles  equal  to  {A  -  0\  {B -  0\  {C-  6) 
....  respectively. 

For  tan  ^  =  w  tan  «//  =  A"U'I  Of  A"  o  tan  A^CW.  Hence 
0  ^  A"  Of  XT.  Again,  denoting  the  angles  subtended  by  the 
sides  AB^  BC  . . . .  oi  the  polygon  at  any  point  of  its  circum- 
circle  by  .4,  ^ .... ,  and  drawing  O^R  perpendicular  to  AB^  we 
have  the  angle  A"O^R  =  A"XJ'Ay  which  is  evidently  equal 
to  A.  Hence  XT'OR^A-O^  and  the  circle  whose  centre  is 
C  and  radius  0^  XT  cuts  AB  at  angle  equal  io  A-0. 

Cor.  2. — The  perpendiculars  from  the  centre  of  a  "  Tucker 
Circle"  on  the  sides  are  proportional  to  cos (^  -  0)y  cos  (^ -  ff)y 
&c.,  and  the  intercepts  they  make  on  the  sides  to  sin  (^  -  0\ 
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dn  (J?  -  ^)  . . . .    In  the  special  case,  that  the  polygon  reduce 
to  a  triangle,  these  results  will  he  found  important. 

Car.  3. — If  0  he  changed  to  90°  +  0,  the  perpendiculars  are 
proportional  to  sin  (^  ~  tf),  sin  (^  -  0). . . . 

Cor.  4. — If  E0  denote  the  radius  of  "  Tucker's  Circle," 

i^^  =  i2  sin  to/an  {$  +  «»)•  (894) 

Cor.  5. — The  centres  of  similitude  of  the  original  polygon 
and  the  two  inscrihed  polygons  are  the  Brocard  points  of  the 
polygon. 

331.  If  from  the  eireumeentre  of  a  hamumie  polygon  perpeti" 
dictUars  he  drawn  to  its  aides,  the  tnteraeetians  with  the  Brocard 
eirele  are  the  invariable  points  of  similar  figures  described  on  its 
sides. 

Dem. — Let  AB,  fig.,  §  323,  he  one  of  the  sides,  0  the  circum* 
centre,  O/the  perpendicular  intersecting  the  Brocard  circle  in  I^ 
I  is  one  of  the  invariahle  points.  For  the  polygon  and  the 
figure  formed  hy  the  /  points  are  douhly  in  perspective,  the 
centre  of  perspective  heing  the  Brocard  points :  and  this  is  the 
property  of  the  invariahle  points. 

332.  If  through  the  vertices  of  a  harmonic  polygon  lines  be 
draum  making  eqtud  angles  with  the  sides,  and  in  the  same  direc- 
tion of  rotation,  the  centre  of  similitude  of  the  original  polygon  and 
that  formed  by  these  lines  is  a  Brocard  point  of  each. 

Thus,  ]1DFE,  fig.,  §  313,  Cor.  4  (for  simplicity  we  take 
triangles,  hut  the  proof  is  general),  he  the  original  triangle, 
BAC  that  formed  hy  lines  equally  inclined  to  the  sides, 
then  O  is  the  centre  of  similitude. 

333.  If  figures  directly  similar  be  described  on  the  sides  of  a 
harmonic  polygon,  every  system  of  homologous  points  lies  on  the 
arst  pedal  of  a  conic. 
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Dem. — ^Let  BC\>q  one  of  the  sides  of  the  polygon,  A*  a  point 
of  the  system  which  belongs  to  the  figure  on  BC^  /the  corre- 
sponding invariable  point.  Now,  since  the  figore  formed  by  the 
system  of  points  corresponding  to  A\  and  that  formed  by  the 
invariable  points,  are  in  perspective,  and  have  their  centre  of 
perspective  on  the  Brocard  circle  of  the  polygon,  if  we  join  LA'^ 
cutting  the  Brocard  circle  in  P,  aU  the  lines  corresponding  to 
lA'  pass  through  P.    Join  A'B^  A'C^  and  draw  iZ,  Pif  perpen- 


dicular to  A'B.  Now,  the  quadrilateral  IBA'C  is  one  of  a 
system  of  similar  quadrilaterals.  Hence  the  ratio  of  IL  :  LA', 
and  therefore  the  ratio  of  PM\  PA'  will  be  the  same  in  all. 
Again,  since  BA'  and  its  homologous  lines  are  equally  inclined 
to  the  sides  of  a  harmonic  polygon,  they  form  the  sides  of 
another  harmonic  polygon.  Hence  they  envelop  a  conic  (the 
Brocard  ellipse  of  the  polygon  they  form).  Therefore  M  and 
its  homologous  points  lie  on  the  pedal  of  an  ellipse.  Hence  A* 
and  its  homologous  points  lie  on  the  pedal  of  a  similar  ellipse. 

BZBBOISES. 

1.  If  jPi,  J3,  Fz  be  three  similar  polygons,  each  formed  by  homologous 
lines  of  a  given  harmonic  polygon.  Then,  since  ^1,  ^3,  F%  form  a  system  of 
three  similar  figures,  they  have  three  invariable  points,  and  since  they  are 
harmonic  polygons,  each  has  a  symmedian  point ;  prove  that  the  latter 
points  coincide  with  the  former. 

2b 
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2.  ProTO  that  the  centres  of  similitude  of  figoiM  direotly  ««wi1*»-  ^^fffwinJ 
on  the  consecutive  sides  of  a  harmonic  polygon,  form  the  summits  of  ano- 
ther harmonic  polygon.  (Tabst.) 

8.  If  AA\  BB\  CO*  be  homologous  segments  of  three  similar  figmci^ 
whose  extremities  A,  ^,  B,  (T,  C,  A'  are  concyclio,  prove  thftt  the  Bxianehoii 
point  of  the  hexagon  formed  bj  the  tangents  at  these  points  is  the  sym- 
median  point  of  the  three  chords. 

4.  In  the  same  case,  the  feet  of  the  perpendiculars  from  the  circnmoenin 
on  the  Brianchon  chords  are  the  double  points  of  the  three  MmiTjfcy  figoi^a. 

5.  In  every  system  of  three  similar  figures,  F\^  F%^  Fy^  there  exists  sa 
infinite  number  of  homologous  segments,  AA\  BV^  CC'^  whose  extremi- 
ties are  concyclic,  and  the  locus  of  the  circumcentre  of  the  eoLtremities  ii 
the  circle  of  similitude  of  Fi ,  Ja,  Fz, 

6.  In  the  same  case  the  envelopes  of  the  segments  A^\  JSB',  CC  an 
parabolsB,  whose  foci  are  collinear,  and  whose  directrices  are  concuiient. 

7.  In  every  system  of  three  similar  figures  there  exists  an  infinite  number 
of  triads  of  corresponding  circles  which  have  the  same  radical  axis. 

8.  Prove  that  the  envelope  of  the  radical  axis  (in  Ex.  7}  is  a  parabola 
whose  focus  is  the  point  common  to  the  directrices  in  £x.  6,  and  whose 
directrix  is  the  line  of  coUinearity  of  the  foci  in  Ex.  6. 

Section  III. — The  Tbianole. 

834.  Triangles  being  particular  cases  of  harmonic  polygons, 
their  geometry  may  be  inferred  from  that  of  the  polygon  but, 
on  account  of  its  great  importance,  we  give  a  separate  discnasion. 

ITie  paraUeh  to  the  sides  of  a  triangle  through  ite  eymmedum 
point  meet  the  sides  in  six  eoncyclie  points.  (Lsx onrE.) 

Dem.— Let  the  parallels  be  i>-E",  EF',  FJy ;  join  Ejy^  BF, 
FE\  Now,  since  AFKE'  is  a  parallelogram,  ^jE'bisects  FP. 
Hence,  FE'  is  antiparallel  to  BC;  similarly,  J)F*  is  antiparallel 
to  AC.  Therefore  the  aogles  AFE\  BFD  are  equal,  and 
E*F^  F'JD.  In  like  manner  E'F^^  J^E.  Again,  if  O  be  the 
circumcentre,  OA  is  perpendicular  to  E'F.  Hence  the  perpen- 
dicular to  FE'  at  its  middle  point  bisects  OK^  and  it  is  easy  to 


Recent  Oeomeiry. 


419 


see  that  the  middle  point  of  OJTis  equally  distant  from  the  six 
points,  FE'EBBF'.    Hence  the  proposition  is  proved. 


Def. — The  circle  through  the  points DF' . . .  m  ealled  the  LBMonrB 
Circle,  and  the  hexagon  of  which  they  are  the  summits,  the 
Lkmodte  Hexagon  of  the  triangle. 

Car,  1. — If  lines  through  the  angles  of  a  triangle  ABC, 
and  through  a  Brocard  point,  meet  the  circumcircle  again  in 
A',  B',  C\  the  figure  AB^CA'BC*  is  a  Lemoine  hezajgon. 

Cor,  2. — If  a  triangle  AxB^Cx  he  homothetic  with  ABC,  the 
symmedian  point  of  ABC  being  the  homothetie  centre,  and  if  the 
sides  ofAiBiCi,  produced  if  necessary,  meet  those  of  ABC  in  the 
points  D,  jE"  ;  E,  F'  \  F,  iX.     These  six  points  are  concgelie. 

Prom  the  hypothesis  it  is  evident  that  the  lin^s  AE^,  BE,  CE 
bisect  FE',  DF,  EH.  Hence,  as  in  §  834,  the  six  points  are 
concyclic. 

Def. — The  circles  got,  as  in  this  Cor,,  when  the  triangle  AiBiCt 
varies,  are  called  the  Tuoxxb'b  CzBOLtt  of  the  triangle  ABC* 

2x2 


?;»friTi 


rio-    7i 


htt  8  be  tlie  centre  ol  iiiTcnioB,  A'B^C  ihe  eqnilateiil 
triangle  of  whoea  sommits  the  paints  A^  B^  C  ue  the  inTene% 
1/  the  middle  point  of  A'C  Join  SJy  intersecting  AC'mR 
Then  ($  323)  B^  the  point  of  contact  of  ^Cwith  the  Bzocard 
Ellipse.  Kow,  in  the  triangle  8A'C',  AC  is  antiparmUel  to 
A'C,  and  ^2/  is  the  median  of  8A'C'.  Hence,  iS2>  is  the 
symmedian  al  SAC  .-.  AD :  DC : :  8A* :  SC  Again,  from 
the  pairs  of  simikr  triangles,  8AB,  SB' A',  SCB,  SB'C  we 
haye  8A  i  AB  ii  SB' i  BA' ;  SCi  CB  x  .  SB^  i  B'C\  but 
B'A'  -  BC  Hence  SAzABzzSCz  CB.  Therefore  AB\ 
BO : :  AD;,  DC.    Hence  {D .  AB)IAB  =  {D .  BCyBC. 

Therefore,  if  a, )?,  y  be  the  equations  of  the  sides  of  the  tri- 
angle ABC,  and  a,  h,  c  their  lengths,  the  equation  of  BD  is 
'jc  -  ala  >  0.     Hence  the  equation  of  the  Brocard  ellipse  is 


^/a/a  +  ^fi/b  4\/y/tf  =  0. 


(895) 
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Cor,  1. — The  reciprocal  of  the  Brocard  ellipse  with  respect  to 
the  conic  a'  +  )8«  +  /  =  0  is  l/oa  +  Ijip  +  l/<7  »  0,  which  we 
shall  see  is  the  Steiner  ellipse. 

Car,  2. — The  directrices  of  the  Brocard  ellipse  are 

sin  ^  cos  C  a  +  sin  (7  cos  ^  .  ^  +  sin  u^  .  cos  ^ .  y  s  Oy    (896) 

cos  -5  sin  C .  a  +  cos  C .  sin  -4  .  ^  +  cos  -4  sin  ^ .  y  =s  0.     (897) 

336.  To  find  the  equation  of  the  Tucker* s  Circles, 

From  the  hypothesis,  it  is  eyident  that  the  equations  of  the 
sides  of  the  homothetic  triangle  (§  334,  Cor.  2)  AiBiCi  are  of 
the  forms 

Hence  oj8y  -  (o  -  *a)  (^  -  kh)  (y  -  fo)  =  0, 

or  {aPy  +  ^a  +  caP)  -  k  {ahy^hea  +  eaP)  +  Vabc  «  0      (898) 

is  the  required  equation. 

Cor. — The  envelope  of  Tucker* 8  Circle  %»  the  Brocard  Ettipee, 
For  the  discriminant  with  respect  to  £  of  the  equation  (898) 
is  an  equation  of  which  \/ a/a  +  ^/ Pjh  +  ^s/yfc  -  0  is  the  norm. 

337.  Let  figures  directly  similar  Fi^  F^^  F^^  be  described  on 
the  sides  BC^  CA,  AB  of  the  triangle  ABC^  and  8i  be  the 
double  point  of  F2,  F^ ;  St  of  ^3,  Fi ;  and  Si  of  ^1,  jPj.  Then,  since 
ABC  is  a  triangle  formed  by  three  corresponding  lines,  and 
S1S283  the  triangle  of  similitude,  ABC  and  Si8%8%  are  (§  315) 
in  perspective.  The  centre  of  perspective  JT  is  such  that  its 
distances  from  the  sides  of  ABC  are  proportional  to  correspond- 
ing lines  of  ^1,  F2,  F^,  and  therefore  proportional  to  the  sides 
of  ABC.  Hence  it  is  the  symmedian  point,  and  from  the 
demonstration  of  §  315  we  see  that  the  parallels  to  the  sides  of 
ABC,  drawn  through  JT,  meet  the  circle  of  similitude  81828^ 
in  the  invariable  points  /i,  ^,  i^. 
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OlMMrration. — The  special  case  of  three  Bimilar  figares  here 
considered  being  that  which  was  first  studied,  the  ciTcIe  ol 
similitude,  the  invariable  triangle,  and  the  triangle  of  Mmilifaiiifl 
are  named,  respectively,  The  Broeard  Cireie,  JFtrsi  Broemi 
Triangle^  and  Second  Broeard  Triangle^  after  M.  H.  Broeard, 
who  first  investigated  their  properties. 


Cor.  1. — The  invariahU  triangle  I\I%It  it  triply  m  perepediei 
with  ABC. 

For,  sinoe  ^i,  F^,  jP,  are  described  on  the  sidea  of  A^BC^ 
Bj  C^  A  are  homologous  points  of  these  figures.  Hence  the 
lines  BIij  CI2,  AIi  (§  315)  are  concurrent,  and  meet  on  the 
oirole  of  similitude.  Similarly,  C7i,  ^Z,,  BI^  meet  on  the 
of  similitude.    Again,  since  the  Lemoine  circle  (§  334} 


^ 
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and  the  Brocard  circle  are  concentric,  and  tlie  line  JTZi  inter- 
sects them,  the  intercept  F'li  =  KE,  Hence  the  lines  AIi^  AK 
are  isotomic  conjugates  with  respect  to  BC,  Similarly,  BI2,  BK 
are  isotomic  conjugates  with  respect  to  CA,  and  €1^,  CK  with 
respect  to  AB,    Hence  ^/,,  ^7,,  CI^  are  concurrent. 

Cor,  2. — The  two  first  centres  of  perspective  are  the  Brocard 
points  oi  ABC. 

Cor.  3. — The  harycentric  co-ordinates  of  the  three  centres  of 
perspective  are 

111        111        111 

Cor.  4. — The  centre  of  perspective  of  the  triangle  formed  hy 
any  three  corresponding  lines  of  ^1,  ^2>  -^8>  and  Brocard's  second 
triangle,  is  the  symmedian  point  of  the  former. 

Section  IV. 

338.  Besides  the  Brocard  circle  and  ellipse,  Lemoine's  and 
Tucker's  circles,  &c.,  other  circles  and  conies  have  come  into 
prominence  in  connexion  with  recent  Geometry.  We  shall  in 
this  section  give  some  account  of  the  most  interesting  of  these. 

Neubebg's  CntCLES. 

Given  the  base  BC  of  a  triangle  ABC  and  its  Brocard  angle, 
to  find  the  loous  of  the  vertex. 

Let  x'y  y\  %'  be  the  perpendiculars  from  the  symmedian  point 
on  the  sides.  Then  tan  w  =  2a?'/a  -  2y'/*  =  2ss'  /c = 4iS/(a'  +  3«  +  c»), 
where  S  denotes  the  area  of  the  triangle ; .'.  coto>  «(a'+i*  +  c')/4i8. 
I^ow,  let  Ai  be  the  middle  point  of  the  base,  and  taking  AiC 
and  the  perpendicular  through  Ai  as  axes,  if  «,  y  be  the 
co-ordinates  of  ^,  we  get  a*  +  i*  +  c*  «  2«*  +  2y'  +  Sa^/2  and 
4:8  =  2ay.    Hence 

«*  +  y*  -  fly  cot  o>  +  3«V4  «  0  (900) 

is  the  locus  required.     It  is  called  the  Neukerg  circle  of  the 
triangle,  from  the  name  of  the  distinguished  Geometer  who  flrtt 
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showed  its  importance.  We  shall  denote  its  centre  by  N^  Ll 
the  same  manner,  taking  the  sides  CA^  AB^  as  the  common 
bases  of  equi-£rocardian  triangles,  we  get  two  other  Kenberg 
circles  iVi,  If„  respectively. 


Cor,  1. — Tangents  from  5  or  C  to  the  circle  JV^  are  eqnal 
to  BC. 

Cor.  2. — ^The  equation  of  Na  in  barycentric  co-ordinates  is 
fl^  08  +  y)(a  +  j8  +  y)  -  (a*j8y  +  i*ya  +  c»aj8)  =  0.        (901) 
For  in  the  general  equation  (/a  +  mfi  +  ny)(o  +  ^  +  y)  —  (a'^y 
+  J*ya  +  ^ap)  =  0,  /,  fw,  n  are  equal  to  the  powers    of  the 
summits  of  the  triangle  with  respect  to  the  circle. 

Cor.  3. — The  angle  which  BC  subtends  at  the  point  iV^  is 
equal  to  2(o. 

For  the  co-ordinates  of  iV«  are  0,  ^acota>,  and  AiO=sia, 
Hence  tan^iiV^(7atana>. 


r^v 
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Cor.  4, — If  A\A  meti  tht  Broeard  cireU  again  in  A',  tit  tri- 

anglei  ABC,  A' B C  art  mtdian  rteiprocoU,  or  iht  lidtt  of  ont  art 

proportional  to  the  mediant  oflht  other. 

For,  let  the  line  AAi  meet  the  circnmcirclB  again  in  A^, 

and   make  A,0  =  AjA,.      Join   AtB,  Bff,   QC,    CAf     Then 

A' A, .  AA,  =  3a'/4  .  SB  A,  .AjC"  3AAi .  AiA,  =  3JAi .  OAi. 

B.eaceA'A,  =  S0Af;  .-.  &  is  the  centroid  of  the  triangle  ^'^(7. 

Agaia,  the  angle  ABC=  OA^C  =  A^GB,  eaiACB=  6A,B. 

HuDce  ABC  is  similar  to  AjOB,  that  is  to  a  triangle  vhoae 

HiilcB  are  respectively  two-thirds  of  the  medians  ol  A'BC. 

Hence  the  proposition  is  proved. 

Cor.  6.— If  0  be  the  circnmcentre  OJV^Ci  a)  =  cot  5  +  cot  C. 

For  0N^  =  A,N,-  A^O,  and  0^■^Ci»)  =  cotw -cot-i. 
Cor.  Q.~0N.la  +  ON^jb  +  ON.le  -  cot «.  (902) 

Cor.  7.—  ON, .  ON^ .  ON.  -  £».  (903) 

339.  If  th«  Una  joining  iht  Mghttt  and  tht  hwtit  points  J„  /*« 


of  the  Ntuhtrg  tirelt  If,  to  oitKtr  txtremitg  C  of  tht  Imi  mi  tMt 
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cirele  again  in  the  poinU  T,  T,  then  the  Unee  JBT,  BT  ^imM§ 

these  points  to  the  other  extremity  are  tangents, 

Dem.— We  hare  J^C.  CT^  CB*;  .-.  J^C  i  CBiz  CBi  CT. 

Hence  the  triangles  JaCB,  BCT  are  similar,  bat  J^CB  m 
isosceles ;  .*.  BCT  is  isosceles.  Hence  BT  ia  a  tangent 
Similarly,  BT*  is  a  tangent. 

Bemark, — ^The  angles  of  a  triangle  equi-Brocardian  vriitkABC 
vary  from  TBC,  which  is  a  minimum,  to  TBC^  which  is  t 
maximum.  The  former  is  called  the^«^  Steiner  angle,  and  tbe 
latter  the  second  Steiner  angle  of  the  triangle.  We  ahall  denote 
them  by  2  Fi,  2  F,  respectively.  To  determine  these  angles  we 
have  BT^  a,  BN^  ^^a  cosec at.  Hence  sin  BNJT  b  2  8in«. 
Again,  BNJO^  BN^,  +  A^N.T^  BNJL,  +  TBC  =  •  +  2V,. 
Hence  sin (co  +  2  Fi)  =  2  sin  co.  Similarly,  sin(<ii+  2 Fi) a  2  ainti. 
Therefore  Fi,  F,  are  the  values  of  Fin  the  equation 


sin  (o)  +  2  F)  =  2  sin  (0. 


(904) 


840.  If  upon  the  sides  of  a  triangle  ABC  he  deseribed  three 
triangles  directly  similar 
BCAi,  CAB^,  ABC^,  such 
that  AAi,  BBiy  CCi  are  paral- 
lel, the  loci  of  Ai,  Bi,  Ci  are 
Neuherg's  circles. 

Taking  BC  and  a  perpendi- 
cular to  it  at  j9  as  axes.  Then, 
from  the  hypothesis,  the  angles 
CBAi,  ACBi  are  equal,  de- 
noting each  by  0,  and  BAi, 
CBi  by  p,  p'  respectively,  the 
co-ordinates  of  Ai  are 

p  cos  0,  p  sin  0, 
of-Bi, 

a-p'cos(C-tf),  p'sin((7-fl). 
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Hence  the  equations  of  AAi,  BBi  are,  respectivelyi 

(p  sin  tf  -  (?  sin  j5)  «  -  (p  COS  tf  -  tf  cos  ^)  y  +  />^  sin  (j5  -  ^)  ss  0, 
p'sin(C-tf)a?-  {a-p'cos(C7-tf))y  =  0. 

Then,  forming  the  condition  of  parallelism,  putting  p'tshp/a, 
and  reducing,  we  get 

«*  +  y*-ac-aycota>  +  a^=sO; 

which,  referred  to  the  middle  ot  BC  aa  origin,  is  the  Neuberg 

circle 

«*  +  y*  -  «y  cot «  +  3a'/4  «=  0. 

Cor.  1. — If  Gg,  G^,  Gg  be  the  centroids  of  the  triangles  ^C^i, 
CABif  ABCi,  these  points  are  collinear,  and  the  locus  of  each 
is  a  circle. 

Eor  if  6^  be  the  centroid  of  ABC,  it  is  evident  that  OG^ 
is  parallel  to  AAi,  GGi  to  BB^  and  GG^^io  CCi\  but  AAi^ 
BBiy  CCi  are  parallel ;  therefore  the  points  G,  G^,  G^,  G^  are 
collinear. 

Again,  taking  the  middle  point  of  BC  na  origin,  the  co-ordi- 
nates of  Ga  are  respectively  one-third  of  those  of  Ai.  Hence 
the  locus  of  Ga  is 

«»  +  y*  -  Ja  cot  CO .  y  +  ayi2  -  0.  (905) 

The  circles  which  are  the  loci  of  the  points  G„  G^  G^  are  called 
M^  Cay^s  eireks,  after  Mr.  M^Cay,  v.i.o.n.,  who  published,  in 
the  Tranaactumi  of  the  Eoyal  Irish  Academy,  Vol.  XXVTTT., 
pp.  453-470,  a  fuU  discussion  of  their  properties. 

Cor.  2. — ^M'Cay's  circles  are  special  cases  of  the  annex  circles 
(§  319),  viz.  when  the  figures  J^i,  ^i,  F^  are  described  on  the 
sides  of  a  triangle. 

Cor.  3. — The  vertices  of  Brocard's  first  triangle  are  respec- 
tively the  polars  of  the  sides  of  the  triangle  ABC. 

Cor.  4. — M'Cay's  circle  a^  ■¥  y^  -  Joy  cot «  +  a*ll2  a  0  is  the 
inverse  of  the  circle  J^^  with  respect  to  the  circle  on  ^C  as 
diameter. 


i 
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ISOGONAL  TfilirSFOBMATIOir. 

341.  It  has  been  seen  (§  47),  that  the  points  a^y,  ar^fi-^^ 
are  isogonal  conjugates.  Now,  if  the  former  point  describe  any 
curve  P,  the  latter  will  describe  a  curre  Q,  called  the  isogonal 
transformation  of  P.  Thus  the  isogonal  transformation  of  any 
line  is  a  circumconic  of  the  triangle  of  reference.  For  if  the 
line  be  ^  +  mp  +  ny  «  0,  its  transformation  is  Ija + mjp  +  n/y  »  0. 

Conversely , — The  isogonal  transformation  of  any  circumconic 
of  the  triangle  of  reference  is  a  right  line.  In  particular,  the 
transformation  of  the  circumcircle  is  the  line  at  infinity. 

842.  The  xeogonal  transformation  of  any  line  cutting  the  eireum- 
eireU  of  the  triangle  is  a  hyperhola  whose  asymptotic  angle  is  equal 
to  the  angle  of  intersection  of  the  line  and  circle. 

Dem. — Let  ABC  he  the  triangle  of  reference,  and  let  the  line 
cut  the  circle  in  the  points  i>,  £;  join  AD,  AE,  then  the 
isogonal  conjugates  of  i>,  JE  are  the  points  at  infinity  on  the 
sym6triques  of  AD^  AE  with  respect  to  the  bisector  of  the 
angle  BA  C.  Hence  the  curve  is  a  hyperbola  whose  asymptotes 
are  parallel  to  the  sym6triques  of  AD^  AE;  but  the  angle  be- 
tween the  sym6triques  of  AD,  AE  is  equal  to  DAE,  and  there- 
fore equal  to  the  angle  of  intersection  of  J)E  with  the  circle. 

Cor,  1. — The  transformation  of  any  diameter  of  the  circum- 
circle is  an  equilateral  hyperbola.  Hence,  to  find  the  equation 
of  an  equilateral  hyperbola  circumscribing  the  triangle  of  refer- 
ence, and  passing  through  any  point  P,  we  find  the  equation  of 
the  diameter  of  the  circle  which  passes  through  the  isogonal 
conjugate  of  P,  and  transform.  Thus,  the  equilateral  hyperbola 
which  circumscribes  the  triangle  of  reference,  and  passes  through 
its  incentre  is 

(cos-B-cosC)/a+(cos  C-cos^)/^  +  (cos^-cosj5)/y  =  0.  (906) 

The  centre  of  this  hyperbola  is  the  point  of  contact  of  the  nine- 
points  circle  with  the  incircle  of  the  triangle.  Corresponding 
properties  hold  for  the  hyperbolsB  through  the  ezcentres. 
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Cor.  2. — The  iBogonal  transformation  of  any  tangent  to  the 
circumcircle  is  a  parabola. 

Cor.  3. — The  transformation  of  any  line  which  does  not  meet 
the  circumcircle  in  real  points  is  an  ellipse. 

Cor.  4. — The  transformation  of  all  lines  equally  distant  from 
the  centre  are  similar  conies. 

Cor.  5. — If  a  conic  and  a  line  be  isogonal  conjugates,  their 
poles,  with  respect  to  the  triangle,  are  isogonal  conjugates. 

For,  let  the  conic  and  line  be  Ifiy  +  mya  +  nafi  a  0,  and 
la  +  mp  +  ny  =  0,  their  poles  are  /,  m,  n,   1//,  1/m,  1/n. 

Neubebg's  HtPERBOIuB. 

343.  The  isogonal  transformation  of  the  directrices  of  the 
Brocard  Ellipse^  §  335,  Cor.  2,  are 

cosj9  sin  C/a  +  cos  C BonA/p  +  coBA  sinj^/ysO,     (907) 

sinj^cos  C/a+  sin  CcobA/P-^ohA  cos^/ysO.     (908) 

I  have  named  these  conies  after  M.  Neuberg,  who  first  studied 
their  properties.  I  reproduce  here  his  investigation  from 
MathesiSf  tome  vi.,  pp.  5-7* 

''  If  from  a  point  F  peipendiculars  be  drawn  to  the  sides  of  a 
triangle  ABC,  and  produced  so  that 

the  perpendicular  on  a  meets  a  in  ^i,  bia  A%,  e  in  A^f 
„  h  meets  hia  B^  0  in  i?a,  0  in  Bz, 


>i 


e  meets  ^  in  Ci,  a  in  Ct,  h  in  C,. 


Then,  Ti,  7*2,  T^  denoting  the  areas  of  the  triangles  AiBiCi, 
A2B2  ^2,  ^3^3  Cs,  respectively.  The  loci  of  P,  when  the  triangles 
r,,  ^3  vanish,  are  the  hyperboke"  (907),  (908). 


Dem.— j;  -  sum   of  the  triangles  PJ.tB„   PStO,,  PCUt 
=  i {PA, . PBi  Bin  C  +  PSt  .PC^aaA  +  PCt. iU, sin  S) 
=  i  l/Sysin  (7/(coe  CcoaA)  +  ya  am  Aj(toa  A  cm S) 

+  dff  ain  J/(cofl  5  cos  <7) ) 
-  [fiy  coeP  aaC+ya  COB  Can  A 

+  aP  caBA^£]/{2ooaA  coaB  cmC). 
Hence  the  locus  of  P  when  the  points  At,  B,,  C)  are  coUinear  is 
the  hyperbola 

^y  cos^sin  (7+ya  cos  £7sin^  +  a^coB^  sinf  »>  0. 
Similaxly,  the  locus  of  points  for  which  Ay  Bj,  C,  are  collineai 
is        /3y  sin  £  cos  C  +  ya  sin  £?  cos  ^  +  a^  ein  ^  cos  £  n  0. 
These  hyperbola  have  been  named  Simson's  Conies  by  M.  Tigarifi. 
It  wonld  b«  difficult  to  conjecture  a  reason  for  thia  nomenclatnie. 
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Whatever  it  may  be,  there  would  be  a  stronger  for  calling  the 
circumcircle  th%  Simeon  Circle^  and  no  one,  I  presumoi  would 
think  of  doing  so.  The  name  I  have  given  has  the  merit  of 
honouring  a  mathematician  who  has  done  much  to  advance 
recent  Geometry. 

Cor,  1 . — The  locus  of  points  for  which  T2 «  Tz  is 

Py  sin  (i?  -  C)  +  ya  sin  {C-A)  +  a^S  sin  (^  -  j5)  =  0.     (909) 

This  is  Kiepert's  Hyperbola. 

Cor,  2. — Ti :  Ta  +  7i  in  a  constant  ratio. 

Cor.  3. — The  poles  with  respect  to  the  triangle  of  reference 
of  I^euberg's  hyperbolae,  Eiepert's  hyperbola  and  circumcircle 
are  coUinear,  and  their  line  of  collinearity  is  parallel  to 

a  cos  ^  +  ^  cos  i?  +  y  cos  £7  a  0. 

FuHBMAirar's  Ciboles. 

344.  Def.— 7)r  ABC  he  the  fundamental  triangU^  E  the 
orthocentre,  If,  i\r.,  If^  N^  the  NageVs  paints.  The  eireles  whose 
diameters  are  SN,  J5DV«,  SN^  SN^,  are  eaUed  FuhrmanrCs 
Circles  of  the  triangle.  They  will  he  denoted  respectively  hy 
F  F    F^  F 

If  through  N,  NA^  be  drawn  parallel  to  BC,  meeting  the 
perpendicular  from  A  onBCia  A^.  Then,  evidently,  AAq  s  2r, 
but  AJI=  2JR  oobA.  Hence  AJI ,  AA^ »  4Br  cob  A,  or  the 
power  of  A  with  respect  to  F  is  4Br  cos  A.  Hence  the  equa- 
tion of  ^in  barycentric  co-ordinates  is 

4jBr(a4  ^  +  y)(acos-4  +  ^  cosj5  +  y  cos  C) 

-  {a^py  +  *V  +  ^^fi)  =  0-      (910) 
Similarly,  the  equations  of  F„,  F^,  F,  are 

4jBra  (a  +  j8  +  y)  Q3  cos  j5  +  y  cos  C  -  o  cos  -4) 

-  (a'^y  +  h^a  +  c'ap)  =  0,     (911) 
4i2r»  (a  +  ^  +  y)  (y  cos  C  +  o  cos-4  -  ^  cos^) 

-  (a«i8y  +  h^a  +  (^afi)  «  0,     (912) 
4jRr,  (a  +  /3  +  y)  (o  cos  -4  +  ^  cos  j5  -  y  cos  C) 

-  {a'py  +  i*ya  +  e'ap)  -  0.     (913) 
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Cor.  1. — II  on  the  altitudes  A3,,  BHi,  CEtg,  of  the  triangle 
ASC,  Begments  AA„  BB„  CC^  be  cut  off  eadi  equal  to  &-, 


the  triangle  A^B^Ca  is  inscribed  in  F,  and  is  inversely  Himilm- 
ioABC. 

The  fint  part  is  evident  from  tbe  foregoing  demonstration' 
the'second  is  proved  tbna  :  NA„  NB„  are  parallel,  respectivelv, 
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to  BC,   CA.    The  angle  A^NB^  is  equal  to  BCA.    Hence 
AoCqB^  is  equal  to  BCA,    Hence,  &c. 

Cor.  2.— If  on  Affai  BHt,,  CH„  we  cut  off  AA^  -  -  2r., 
BBt^  =  2ray  CCa  B  2r«,  the  triangle  AJB^C^  is  inscribed  in 
the  circle  F^^  and  is  inversely  similar  to  ABC. 

345.  IfAiy  A%]  Bi,  B%;  Ci,  C%  he  the  pairs  of  points  where 
the  internal  and  external  bisectors  of  the  angles  A,  B,  C  meet  the 
drcumcircley  and  if  A\,  A'%  he  the  symitriqttes  of  Ai,  A^  with 
respect  to  BC;  B'l,  B'%  ofBi,  B2  with  respect  to  CA,  and  Ci,  Ct 
of  Ci,  Ci  with  respect  to  AB^  then  the  triangle  A\B'iC\  is  in- 
scrihed inF,  A\B\C\  in  F.,  AJB!^C\  in F^,  andA\WiC\  in F^ 

Dem. — Let  A'^  B\  C  be  the  middle  points  of  the  sides  of 
ABC,  Now,  AiA\  =  A^'  -  A'A\  =  AS.  Hence  EA\  is 
parallel  to  AA%.  Again,  let  /be  the  incentre  of  ABC,  and  since 
N  is  its  Nagel's  point  it  is  the  incentre  of  its  anticomplemen- 
tary triangle.  Hence  ^iVis  parallel  to  lA',  and  equal  to  2IA\ 
Hence  NA'  =  -4'n,  and  by  hypothesis  A\A*  =  A'Ai.  Hence 
A'lN  is  parallel  to  AAi,  and  it  has  been  proved  that  HA\  is 
parallel  to  AA^,  but  the  angle  AiAAf  is  right,  therefore  the 
angle  KA\N  is  right,  and  the  point  A\  is  on  the  circle  F. 
Hence  the  proposition  is  proved. 

Cor.  1.— The  triangles  A\B^^C\,  A\B'tC\,  A'JffiC't, 
A'iB'tC'i  are  each  inversely  similar  to  ABC. 

Cor.  2. — The  triangles  AqBqCqj  A\B\C\  are  in  perspective. 

From  /  let  fall  a  perpendicular  Ifi  on  AC.  Then  AI:  Ifi 
: :  BAi  :  AiA\  but  Ifi  =  r,  and  BAi  =  lAi.  Hence  AI:  lA^ 
:  :  2r  :  2AiA' :  :  AAq  :  AiA\.  Hence  the  triangles  AA^, 
AiA\I  are  similar,  therefore  the  points  ^,  /,  A\  are  collinear. 
Similarly  Bq,  I,  B\  are  collinear,  and  Co,  /,  C\.  Hence  the 
triangles  AoBqCq,  A\B\C\  are  in  perspective. 

It  may  be  proved  in  like  manner  that  ^a^.C.  and  ul'xj^sC'^ 
are  in  perspective. 

Cor,  3. — ^7  is  the  incentre  of  the  triangle  AqBqC^  and  the 
orthocentre  of  A'lB'iC'i.    Prom  the  similar  triangles  AJAq, 

2p 
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AJA\  we  have  AD  :  lAo* :  :  AI .  lAi  :  A^I .  LA'^  t]iati% 
AP :  lA^  : :  power  of  /  with  respect  to  drcomciitsle  of  ABC 
:  power  of  /  with  respect  to  ^.  In  like  xnazmer  JBI^xIB^' 
power  of  /  with  respect  to  circmncirole  of  ^JBC :  power  of  i 
with  respect  to  F,  Hence  it  follows  that  AZi  JBIi  CIi :  AJii 
Boll  CqI.  Hence,  since  /is  the  incentre  of  A.jBC,  it  Ib  the 
incentre  of  the  similar  triangle  A^BoOot  and  therefore  the  oiflio- 
centreof  ui'i^'iC'i. 

Car.  4. — /is  the  double  point  of  the  inversely  gimilftr  fignm 

Cor.  6. — Properties  corresponding  to  those  of  C&rs,  3,  4  hold 
for  the  excentres  /«,  lb,  /« with  respect  to  the  triangles  A^^C„ 

346.  I/r,,  Fi,  F,  he  the  eynUtriquee  of  I„  I^  I^  toiik  retped 
to  BC,  CA,  AB^  respectively,  the  eireumeircles  of  ihs  irumfin 
BCF^,  CAFb,  ABF^  and  the  lines  AF.,  BF^  CF.pa^M  thnm^ 
a  point  R, 

Dem. — The  eireumeircles  of  the  triangles  BCI^^  C^I^  ABI, 
pass  through  a  common  point  /.  Hence  their  symStriques  tht 
drcnmcircles  of  the  triangles  BCF^,  CAF^,  ABF,  pass  thioog^ 
a  common  point  B,  the  twin  point  of  /with  respect  to  the  triangle 
ABC. 

Again,  from  the  cyclic  quadrilaterals  ABRF^  JBCRF^  it  is 
easy  to  see  that  BA  coincides  in  direction  with  £/'«.  Henee 
AFa  passes  through  B. 

Cor.  1. — The  circumcentres  of  the  triangles  BCJT^  CAF^ 
ABFc  are  the  points  A\,  B'l,  C'l. 

Cor.  2. — The  sides  of  the  triangle  A'lB'iC'i  bisect  perpendi- 
cularly AB,  BR,  CR. 

Cor.  3. — The  middle  point  of  IR  is  the  point  ofeoiUact  of  (hi 
nine-points  circle  of  ABC  with  its  incircle,  and  the  eomman  Umyent 
at  this  point  coincides  with  the  axis  of  perspective  of  th^  trimngUs 
AiB\ Ci,  A \B \C I. 

Let  Ua,  Vb,  Ut  be  the  points  of  intersection  of  the  correspond- 
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ing  sides  of  the  triangles.  Then  /  heing  the  orthocentre  of  the 
triangles  AiBi  Ci,  A\B\  C'u  -^i  Oi  bisects  lA  perpendicularly,  and 
B\  C\  is  perpendicular  to  IAq  and  to  AB  ( Cor.  2)  at  their  middle 
points.  Hence  27^,  their  point  of  intersection,  is  the  centre  of 
the  circle  passing  through  the  four  points  A,  7,  A^^  B,  and  is 
on  the  perpendicular  to  IB  at  its  middle  point  Q.  Similarly 
this  perpendicular  passes  through  U^  and  U^.  Again,  the  figure 
AIAqB  is  a  cyclic  trapezium ;  therefore  IB  =  AAo  =  2r,  IQ  =  r, 
and  Q  is  a  point  on  incircle.  But  since  I  and  B  are  twin  points, 
the  equilateral  hyperbola  which  passes  through  the  points  A,  B, 
Cf  /also  passes  through  B,  and  /and  B  are  the  extremities  of  a 
diameter.  Hence  the  middle  point  Q  of  IB  is  the  centre,  and 
therefore  is  a  point  on  the  nine-points  circle  of  ABC,  Con- 
sequently, Q  is  the  point  of  contact  of  the  nine-points  circle  of 
ABC  with  its  incircle,  and  the  line  TJJJ^TI^  is  the  common 
tangent.  The  equation  of  the  hyperbola  ABCIB  is  given, 
§  342,   Cw.  1. 

Cw,  ^,^The  lines  A^\,  -&o^i,  Ct,C\  meet  the  iidee  BC,  CA, 
AB  of  ABC  in  three  points  situated  on  the  common  tangent  of  in- 
circle and  nine-points  circle, 

Dem. — Let  Q  be  the  middle  point  of  /S,  and  draw  /a  perpen- 
dicular to  BC.  Now,  in  the  cyclic  quadrilateral  BAIAq,  since 
AB,  lAo  are  parallel,  the  angle  BIA^  ^  AAJ[  ^  AJa.  That 
is,  if  Ffl  be  the  point  of  intersection  of  A^\  with  BC^  the 
angle  QIV^  =  aIV„  and  QI  ^  r  ^  la.  Hence  T.©/  =  Vjul 
=  right  angle.  Therefore  F^  is  on  the  tangent  at  Q  to  the 
incircle. 


1.  The  radical  axes  of  the  drcumcirole  and  the  ciroles  F,  Fa,  Fh,  Ft  form 
a  standard  quadrilateral. 

2.  The  equations  of  HA' if  ITS'i,  HCi  in  perpendicular  co-ordinates  are 

dcos^.iS  +  0CoeC7.7-(3  +  «)cos^.a-O,  &c.  (914) 

This  is  the  radical  axis  of  F  and  Fm* 

3.  The   orthologique    centre  of  the  triangle  AvB\C\  vith  respeet  to 

A\If\C'\  is  a  point  8  on  the  ciroumdrcle  of  ABCy  and  the  pointi  0, \y,  B 

are  coUinear. 

2f2 


6  Beemt  Oeonutrjf. 

I.  The  oithotogiqne  eentce  of  ^SG  with  TMpMt  to  .A^BoCk  ii  m  pdat  T 
lite  drole  A£0  duunettioallj  opposite  to  S. 
>.  Thelinoi^S,  £S,  CSareparallel  to  thendMof  .^ftS^fV 
I.  Theco-ordiiuite»of£vitbT«q>ecttoJ£CM« ((—«)->,  (c—m)-^,[u-tf*. 
'.  The  axil  ot  penpeodTe  of  ABC,  Ait3a(^  U  perpendioolftr  to  ST. 
I.  ThedoublelinM(dthemTaiMljiiiiulsTfigtii'ea>C£0',.i<»S^C^niaat.^ 
r,0ff,inpomt«{I.,5:t,  J,),  (JC,,  J'»,  J'.), moh  tli»t.AI,=iXi-CC 
!  - 1,  ^X.  »  £X't  =  CZ'.  a  J!  +  >.  where  t  -  ndiua  of  Jr. 
I.  If  A'l  he  joined  to  the  cenbv  of  the  nine-pointa  ouda,  ^n-l  prmh^tj 
oeet  the  altitude  AS  in  Z,  then  ^Z-  £. 

0.  The  b«U7centrio  co-ordinatea  of  Q  with  raqwot  to  A'B'C  are  •/(f-'L 
-(i),e/(o-*);  sadtheequatioiiof  r.rtiiB[ft-c]*-f  J(«-«)t4.Y(«-^ 
(na  iKtvooHAMH}. 


Tee  Orthockntboidal  Cibols. 
347.  Dmf.—TJu  nrelt  iohau  diamtUr  it  ih« 


join  o/A*9rii»- 


^^..JAd 


9mtr»  Sand  emlroid  G  of  a  triangle  ABC  u  ealUd  iU  orOittn- 
aireU. 
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Its  equation  is  easily  found.  For,  substituting  the  co-ordi- 
nates of  O  and  ^for  a')9'y',  a"fi'Y  ^  equation  (181),  we  get 

a'  sin  2u^  +  )3*  sin  2i9  -f  y*  sin  2C 
-  (a^  sin  C  +  )8y  sin^  +  ya  sin  -»)  =  0,         (916) 

or,  denoting  the  nine-points  circle  of  ABC  by  JV,  and  its  circnm- 
circle  by  8,  the  equation  of  its  orthocentroidal  cirde  is 

iV^+S  =  0.  (916) 

348.  ITie  9ix  points  in  which  the  orthocentroidal  circle  meets  the 
altitudes  and  the  medians  of  the  triangle  ABC  form  the  summits  of 
a  harmonic  hexagon, 

Bern. — Let  the  points  in  which  the  symmedians  of  ABCm^t 
its  circumcircle  be  Ai^  Biy  Ci ;  and  the  points  in  which  the 
orthocentroidal  circle  meets  the  altitudes  and  medians  of  ABC 
be  the  triads  of  points  (a,  3,  c) ;  (oi,  ^  Ci),  respectively.  Then 
taking  any  two  summits  of  the  hexagon  which  they  form,  such 
as  ^1,  by  the  angle  OiJIh  subtended  by  the  chord  Oih  at  the  point 
ff  of  the  orthocentroidal  circle  is  easily  seen  to  be  equal  to 
the  angle  which  the  corresponding  summits  of  the  hexagon 
AiBCiABiC  subtends  at  A.  Hence  the  hexagon  OihciahiCy 
AiBCiABiC  are  similar,  but  the  latter  hexagon  is  harmonic. 
Hence  the  former  is  harmonic,  and  since  they  have  different 
orientations  they  are  inversely  similar. 

Cor.  1. — The  triangles  abc^  ABCbto  inversely  similar,  and 
also  the  triangles  aJ^iCi^  AiBi  Ci. 

Cor.  2. — The  lines  ooi,  hhiy  cci  are  the  symmedians  of  the 
triangles  ahe,  aJfiCi, 

349.  If  A«,  Aft,  hg  he  the  intersections  of  corresponding  sides  of 
ABCy  and  its  orthique  triangle  ff^H^R,  the  lines  Hox^  JEbiy  JEci 
pass,  respectively,  through  h„  h^,  A^ 

Dem. — Consider  the  circumcircle  of  the  triangle  AS^^ 
the  orthocentroidal  circle  N+  8^  and  the  nine-points  circle  N. 
Now,  since  iV+  8,  N  and  8  are  coaxal,  the  radical  axis  of 


r\ 
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If  and  8  is  the  radical  axis  of  J\r+  8  and  Jfl  Therefore  the 
radical  axis  of  iV+  >S  and  N is  A^»A«.  Again,  the  radical  aiii 
of  the  circle  AHJB.^  and  iV+  iS  is  the  line  OiJ^  and  the 
radical  axis  of  AH^^  and  J\ris  the  line  S^^ ;  but  these  three 
radical  axes  are  concurrent,  therefore  OiJff  passes  through  k^ 

Otherwise :  The  line  hJS^  the  polar  of  A  with  respect  to  the 
circle  CSHfH^^  is  perpendicular  to  the  diameter  ^A,\ 

850.  The  points  Oi,  hi,  Oi  are  the  iymetriquee  of  A.1B1C1  wiA 
respect  to  the  sides  of  the  triangle  ABC. 

Dem. — Join  A' Hi,,  Then,  since  BH^C  is  a  right-angled  tn- 
angle  and  BC\%  bisected  in  A\  A'B  »  A*JI^,  Sence  the  ang^ 
BHiA'  =  A'BH^  »  EAH^.  Therefore  A'JS:^  is  a  tangent 
to  the  circle  through  the  cyclic  points  JETaiS^A.  Henee 
AA' .  OiA'  =  A'Ri^  =  A'C\  Again,  let  AA'  meet  the  ct 
cumcircle  in  A*\  Join  AiOi,  AiA".  Now,  A  A'  .  A* A"  ^AO. 
Hence  A' A"  =  aiA^.  Therefore  the  three  lines  A'et^^  A'A^ 
A' A"  are  equal  to  one  another.  Hence  the  angle  a^Ax  A"  is 
right,  and,  since  AiA"  is  parallel  to  BC,  aiAi  is  perpendicular 
to  BC,  and  is  evidently  bisected  by  it. 

Cor, — The  Appolonian  circle  of  the  triangle  which  divides  JC 
passes  through  Oi ;  for  since  AA' .  aiA^  =  A'B^^  the  triaofda 
AA'Bf  BA'ai  are  similar.  Hence  AB  :  OiB  :  :  A^'  :  AB\ 
similarly,  AC  :  OiCi:  AA!  :  A!C\  •.•  AB  i  AC  i  i  a^B  :  §iC 
And  the  proposition  is  proved. 

35 1 .  The  symmedian  points  of  the  figures  ajbciahie^  ^iB  CiABiC 
coincide,  and  form  the  douhle  point  of  these  figures, 

Dem. — Since  OiAi  is  perpendicular  to  ^C  it  is  parallel  to  At- 
Hence  AAi  and  ooi,  which  are  corresponding  lines,  divide  eack 
other  proportionally.  Therefore  their  point  of  intersection  is 
the  double  point  of  these  figures.  Similarly,  the  intersectkfi 
of  BBi,  hhi ;  and  also  the  intersection  of  CCi,  cci  is  the  douUe 
point.  Hence  the  three  pairs  of  lines  AAi,  aa^  ;  BBi  U^; 
CCij  eci  have  a  common  point  of  intersection,  which  is  theR- 
the  symmedian  point  of  each  hexagon. 
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352.  If  M^  N  he  the  extremities  of  the  diameter  HO  of  the 
circumcirele  ABC,  the  double  lines  S,  8'  of  the  inversely  similar 
figures  aibci^dfiCf  AiBCiABiC  divide  the  altitudes  of  the  triangle 
ABC,  in  the  ratio  MNi  UN,  MN\  MH,  respectively. 

Dem. — Since  K  is  the  double  point,  the  angle  AKa,  BKh, 
CKc  have  the  same  bisectors.  These  (§  206)  are  the  double 
lines  8,  8'.  Let  B,  8'  be  the  points  where  they  cut  AS.  Then 
we  have,  B  being  the  circumradius,  A8\  Sai'.AS'  i  a8' : :  2B : 

Since  Aa  «  \AK^.  These  proportions  can  be  transformed 
into  the  following  : 

A8\  8E^\\  2R\R\\QR.\MN.KN 

A8' :  S'H^'.:2Ri R-\QEii MN. ME. 

Cor. — The  double  lines  8,  S'  are  at  right  angles  to  each  other. 

Bbocabd's  Pababola. 

353.  If  two  isogondl  lines  P  -  ky^O,  kp  -  y  m  0  meet  the 
altittides  {fig.,  §  347)  BH^,  CH„  in  the  points  Q,  R,  the  envelope 
of  QR  is  a  parabola. 

Dem. — The  equation  of  QR  is 

a  cos^  -  ib  ()3  cos  (7+  y  cos jB)  + 
l!»(^  cos  J9+  y  cos  C-  a  cos -4)  =  0.  (917) 

For  this  may  be  written  in  the  form 

()8-^)  (cos jB-ifc  cos  C)- (a  cosui-i8  cos jB) (*•- 1) » 0, 

showing  that  it  passes  through  the  intersection  of  ^  -  i^  s  0, 
and  a  cos  ^  -  ^  cos  ^  B  0,  and  it  may  be  written  in  the  form 

(^P  -  7)(^  cos  B  -  cos  C)  +  (y  cos  C -  a  cosu4)(i» -  1)  =  0, 

showing  that  it  passes  through  the  intersection 

^^  -  y  =  0,     and  y  cos  C  -  a  cos^  =  0, 

and  its  discriminant  with  respect  to  ib  is 

4a  cos  A  ()8  cos  jB  +  y  cos  (7-  a  cos-4)  -  Q8  cos  C+  y  cos  B)^  =  0. 

(918) 
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Cor.  1. — The  points  Q,  R  divide  the  lines  j9J9F^  CJ5P«  propor- 
tionally.   Por,  evidently,  the  triangles  ABQ^  ^CM  are  nmilar 

and 

BQ:  CBiiABiACiiBS^i  CH^ 

Hence  BQiBH^w  CRiCH^ 

Cw,  2. — By  giving  special  values  to  h  we  get  special  pod- 
tions  of  QJEi  in  each  of  which  it  will  be  a  tangent.  Thns,  if 
ib  •  0  wo  get  a  s  0  as  the  tangent,  if  A  « oo  , 

j8  cos -ff  +  y  cos  C-  a  cos -4  »  O, 

that  is,  the  line  S^^  is  a  tangent,  and  by  making  jfc  «  ±  1,  we 
see  that  the  internal  and  external  bisectors  of  the  angle  BAQ 
are  tangents. 

S54.  If  P  be  the  point  which  divides  AS^  in  the  same  ntio 
as  B  divides  CS^  the  envelopes  of  the  lines  MP^  PQ  wiU  be 
two  other  parabolsB  whose  equations  are  obtained  from  (918)  bf 
interchange  of  letters,  viz., 

4^  cos  jB  (y  COB  C4  a  cos -4  -  )8  cos  -S)  ts  (y  cos -4  +  a  cos Bf. 

(919) 
4y  cos  C  (a  cos  -4  +  )8  cos  J?  -y  cos  C)  =  (a  cos  ^-i-  fi  cos -4)". 

(920) 
We  shall  denote  these  three  parabolee  by  tt.,  irj,  ir^  respectively. 

355.  The  iymmedian  linet  AK,  BK^  CKar$  the  direetricei  ^ 
the  three  parabola  iTa^  tt^,  tt^,  and  the  points  Oi,  3i,  Ci  are  thsirfod 

Dem. — If  the  ratio  in  which  the  points  Q,  B  divide  the  lines 
BH^,  CH,  be  equal  to  the  ratio  MN\  UN,  §  352,  QR  coincidef 
with  8,  and  with  h'  if  equal  to  the  ratio  MN:  ME.  Henoe  8,  i 
are  tangents  to  the  parabola  tt^,  and  since  they  are  at  right 
angles  to  each  other,  their  intersection,  the  point  BT^  is  on  the 
directrix.  And  since  the  internal  and  external  biaectoTs  of  the 
angle  BA  C  are  tangents  (§  353,  Cor.  2),  and  are  at  right  angles, 
point  A  is  on  the  directrix.    Hence  ^JTis  the  directrix  of 


^JJI^ 
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TT..    Similarly,  BK^  CK  are  the  directrices  of  w^,  ir^  respec- 
tively. 

Again,  since  the  point  Oi  is  common  to  the  circumcircles  of 
the  triangles  BHC^  R^B^  each  of  which  is  formed  hy  three 
tangents  to  tt^,  Oi  is  its  focus.    Similarly,  3i,  ^i  are  the  foci  of 

TTj,  Iff 

Astzt's  Pasaboub  (Second  Group). 

856.  These  touch  the  perpendicular  hisectors  of  two  sides  of 
the  triangle  of  reference,  and  the  internal  and  external  hisectors 
of  the  angle  formed  by  these  sides.     Their  equations  are 

{(^8inC+ysinjB)cos-4-aBinu4}»-Bin»-4Bin(-&-C)(/3«-y»). 

(921) 

{(y8in^  +  asinC)cos-5-^sinjB}«=sin»jBsin(C-^)(/-a«). 

.       (922) 

{(aBinjB+)8Bin^)coBe-yBinCj»«Bin»Csin(ui-^(a»-)8»). 

(928) 

The  subject  matter  of  §§  847-856,  are  chiefly  taken  from 
Brocard,  Memoir 6%  of  the  Aeademy  of  MontpeUier,  1886,  and  from 
Neuberg,  Mathesu,  vol  x.,  p.  166.  The  name  orthocentroidal 
is  due  to  Mr.  Tucker. 


1.  The  foci  of  the  Brocard'a  parabolflB  are  the  isogonal  conjugates  of  the 
summits  of  Brocard's  second  triangle. 

The  polars  of  orthocentre  IT  are  the  radii  OA^  OB,  OC  of  droumdrcle. 

2.  The  foci  of  Artzt's  parahdUe  are  the  fummita  of  Brocard's  second 

triangle. 

8.  The  equations  of  the  Hnes  oaj,  ^,  9e\  are 

2a  cos  ^  sin  (-B  -  C)  +  iS  sin  (.4  -  -B)  +  7  iin  ((7  -  ^)  »  0,      (924) 

a  sin  (^  -  ^)  +  2iS  coe^  sin((7-  ^)  +  7  iin(i?~  C)  sO,      (926) 

asin(^-  (7)+iSsin(C-^)  +  27C06CBhi(^-J^«0.      (926) 

4.  The  points  of  contact  of  the  paraboles  ««, «»,  «>«  with  the  ildet  idABO^ 
are  their  points  of  intersection  with  the  line 

a8eG.^-l-3aeei?  +  78eoC"0. 
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6.  The  direotiicM  of  Artit'a  parabdn  are  the  mediam  of  ABO* 

6.  The  tide  ^  of  the  triangle  o^  is  a  tangent  to  the  parabola  va. 

7.  The  oo-ordinatet  of  the  point  ai  are    |  tan  ^»  ain  C^  ain  B^      (MQ 

8.  The  co-ordinates  of  the  point  a  are     (,  aeo  (7,  aao  B.      (919) 

9.  The  axis  of  perspeotiye  of  the  triangles  ABC,  PQB  ({  864)  ia 

a/(cos^  -  A  cos i?  cos  C^  +  iS/(cos B-k  oomCoomA) 

'¥yl(G(MC^kcMAtomB)^0,   (990) 

when  k  is  yariahle. 

10.  The  enyelope  of  the  axis  of  pertpectiye  is  the  parabola 

4(aoos^  +  iScosJ+7  00s(7}  (a/oos  A  +  3/coe  B  +  yloom  C) 
B  {  a  (cos  BJcoB  C  +  COS  C/oos  B)+0  (cos  C/oos  ^  +  ooa  ^/coa  C) 

•f  y  {cobAIqobB-^co6BIco6A)}\  (981) 

The  form  of  the  equation  shows  that  it  touches  the  orthique  uda  anditi 
isogonal  transverse. 

11-14.  ProTe  that  the  conic  (931)  is  a  parabola ;  (2")  that  it  ia  inaeribei 
in  the  triangle  ABO;  (3^)  that  it  touches  the  double  lines  8,  8'  (}  SS2); 
(4*)  that  its  directrix  is  the  join  of  the  orthocentre  and  aynunediaa  point 

16.  ProTe  that  the  equations  of  the  lines  joining  the  aammita  of  ABCinA 
the  points  of  contact  of  the  parabola  (931)  are 

a  sin  2^  sin  (^- C7)  BiS  8in2^  Bin(C-.^)  ^7  sin  2(7aiii  (^  ~^. 

(9sa} 

16.  The  equation  of  the  line  Sai  is 

iScosiS  +  7COs(7-2acos^  «0.  (93^ 

17.  The  axis  of  perspective  of  the  triangles  abe,  ABC  ia 

a(cos ^  cos  C- cos ^  cos v/3)  +  0  (cos  CcobA-cobB  ooa  v/8) 

+  7(cos.^  cos^-oos(7cos«'/3)  =0.  (914) 

Kibpsrt's  Htfcbbola. 

357.  TJpon  the  sides  of  a  triangle  ABC  are  described  thiee 
triangles  BCA',  CAB\  ABC  directly  similar ;  it  is  requiiod  to 
estigate  in  what  cases  ABC^  A'B'C  are  in  perspective. 


rK 
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Solution. — Let  a,  )3,  y  be  the  normal  co-oidinates  of  the 
centre  of  perspective,  6^  ff  . 

the    base    angles    of    the 
similar  triangles ;  then  evi- 
dently 
a:/3::  jB(7'sin(jB-^) 

:^C"sin(u4-^) 
::  sin  tf.  sin  (-5-^) 
:  sin  ^'.  sin  (-4  -  0). 
Hence 

asinu4cottf-^Bin-Bcot^-(aco8^-)8cos-&)«0.     (1) 
And  eliminating  0,  ff  from  this  and  two  similar  equations,  we  get 

a  sin  ^,     pwOiBj     a  cos  ^  -  )3  cos  JB, 
fianB,    yanC,     fi  cos  JB  -y  cos  C,     «  0. 
y  sin  C,     a  sin  ^,     y  cos  C  -  a  cos  ^ 

This  determinant  is  reduced  by  substituting  for  the  second 
column  the  difference  between  the  first  and  second,  and  then 
adding  the  second  and  third  rows  to  the  first,  and  we  get 

(asin-^  +  jSsin^  +  ysinC) 
{a^sin(-4-jB)  +  /3y8in(jB-  (7)  +  ya  sin(C- ^)}  =0; 

the  first  factor  of  which  denotes  the  line  at  infinity,  and  the 
second  Eiepert's  hyperbola  (P).  In  the  former  case  the  lines  AA', 
BFj  CC  are  parallel,  and  the  loci  of  the  points  A\  B^  C*  are 
Neuberg's  circles  N„  N^  N^  In  the  latter  case,  the  triangles 
BCA\  CAB'y  ABC  are  isosceles.  For,  adding  equation  (1) 
and  two  similar  ones  got  by  interchanging  letters,  we  get  cot  0 
=  cot  ff  and  0  ^ff.    In  this  case  the  lines  AA'^  BB*^  CC\  are 

asin(^  -  ff)  =  i8Bin(-B  -  tf)  =  y  Bin(C- ^). 

Hence  the  co-ordinates  of  the  centre  of  perspective  of  the  triangle 
A'B'C  (called  Eiepert's  triangle),  and  ABC  are  l/rin(^  -  0), 
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Cir.  1.— ETfTT  S>!p3r*i  t=3ia£e  k  offtk3lagiq[ae  vitli  ABC, 
Tor.  mz£3t  tie  perpoi^T^ixri  fran  ^,  -y,  C  ca  the  ^^^  at 

win  cf  ABC  Sect  ri  &  pzsS  the  ortiMiogiqve  eoitre  of 

Cir.  2. — If  tberefti^esolaCiepattzuai^u^'^CrbepQiiits 
OD  XeiOKrgff  ciitlcs  X«  JV  ^^.tlie  fiaes  AAL\B^^  CC'meei 

gt  infisitTy  szid  are  tLerefofe  pfiTlel  to  the  asymptotes  of  F. 
Hence  the  lines  AJ^  AT^  'J^^  §  3S8)  aie  f^TIp]  to  the 
wrmptotes  of  T. 

%0rii€€%  Ai,  At;  By,  B^;  r„  C,  sr»  imtm^  pamU  wMk  rstp^  U 

paints  P„  Ft  cm  T  are  the  eztremitim  ofm  Hmmtttr. 

For,  since  A^  Aj  are  inTerse  points  with  leapect  to  If^  (ne 
fig.,  §  338),  the  lines  AJ^  AP^  are  the  bisectors  of  the  mfjoi 
AiAAty  that  is,  of  the  angle  PiAPt;  bnt  AJ„  AT^  are  peislld 
to  the  asymptotes  of  P.  Hence  PxF%  is  a  diameter.  As  a  pazti- 
cular  case,  if  Pi,  Ft  be  the  points  whose  parametric  angles  wk 
t  ir/3,  FxFi  is  a  diameter. 

358.  Any  two  points  an  T  whose  parametrie  angles  differ  iy  « 
right  angle  are  collinear  with  the  centre  of  the  ninepomte  eireUy 
and  their  tangents  meet  en  OK, 

Dem.— Let  the  points  be  tf  and  ir/2  +  fl ;  then  (§  120,  Car.  1) 
the  equation  of  their  join  is 

aBin2(^-«)8in(^-  C)  + /3  sin2(^  -  tf)  8in(C-^) 
+  y  sin  2  (  C  -  tf )  sin  (^  -  jB)  -  0 ; 

'^(M  this  is  satisfied  by  cos  {B  -  C\  co6(C  -  A),  cos  {A  -  B\ 
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which  are  the  co-ordinates  of  the  centre  of  the  nine-points 
circle. 

Again,  the  tangents  to  P  at  the  points  0,  7r/2  +  0  are  (§  120, 
Cor,  1), 

a  8in»  {A-'e)mii{B-C)+p  sin'C^  -  0)  sin  {0  -  A) 

+  y  8in«((7-  tf)  sin (^  -  ^  =  0, 

a  co8»(^  -  e)  6m{B  -  C)  +  Pcos'{B  -  $)  sin(C-  A) 

+  y  C08*(C  -  tf)  Bin(-4  -  -»)  »  0, 

which,  when  added,  give  the  equation  of  OK. 

Cor, — The  pole  of  OK  with  respect  to  T  i»  the  centre  of  the 

nine-points  circle. 

359.  Kiepert's  hyperhola  is  the  diametral  conic  of  the  triangle 
ABC  with  respect  to  the  line 

aco8^+^coBj9-l-ycosC-0. 

Dem. — Denoting  the  line  by  2a  +  mfi  +  ny  »  0  ;  then,  if  a 
transversal  parallel  to  2a  +  mfi  -f  ity  a  0  meet  the  sides  of  ABG 
iu  Riy  Bij  B^,  and  a  point  0  be  taken  on  it  such 

l/OJ2i  +  l/OJ?i+l/Oi^  =  0, 

the  locus  of  0  is  required.    Let  the  co-ordinates  of  0  be  a', 
)S',y';  then(§61) 

OBi  =  a'n/(w  sin  C  -  n  sin  -»), 

OB2  =  j9'0/(n  sin  uj£  -  /  sin  C), 

OBj^  =  /(}/(/  sin  -»  -  wi  sin  ^), 
where 

O  =  y/l^  +  »»*  +  »'  -  2mn  cos  A  -  2nl  cosB  -  2lm  cos  C. 
Hence,  substituting,  &c.,  we  get  the  equation  of  P. 
Cor. — The  diameter  of  the  triangle  corresponding  to 

a  cos^  +  i9  cos^  +  y  cos  C  =  0 
is 

a/8in(^  -  C)  +  filnjOL{C'A)  +  y/8in(-4  -  J?)  -  0, 
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and  this  is  a  diameter  of  T.    Hence  the  transveraal  iBOgonal  to 
OJTis  a  diameter  of  P. 

360.  If  any  transvertal  meets  T  in  the  potnti  0i,  ^  and  OK 
in  tf„  then  61  +  62  +  61=^  nv.  (MKJat.) 

Dem.— The  join  of  the  points  Ou  Ot  is  (§  120,  Cor.  1) 

Sa  sin  {A  -  Oi)  sin  {A  -  tf,)  Bin(jB  -  C)  =  0, 
or 

So  {cos  (2-4  -  ft  -  ft)  -  cos  (ft  -  ft)}  sin (-5  -  C)  =  0. 

Hence  substituting  the  co-ordinates  of  the  third  point,  and 

omitting  the  terms  containing  cos  {61  -  ft)  which  yaniah,  we 

get 

Scos(2^-ft-ft)8in(-4-  ft)sin(^-  C), 
or 


S  sin(3^  -  ft  +  ft  +  ft)  sin(^  -  C) 


-  S  sin  (^  -  ft  4  ft  -  ft)  sin  (-5  -  C)  «  0. 

And  since  S  sin  8^  sin  (^  -  C)  ^  0,  S  sin  ul  sin  (^  -  C)  »  0, 
2  cos  -4  sin  (^  -  C)  =  0,  this  reduces  to  sin  (ft  +  ^a  +  ft)  =  0. 
Hence  ft  +  ft  +  ft  =  nir.  (935.) 

The  following  are  the  parametric  angles  of  some  special  points 
of  r  and  OJT:— 

1  °.  Of  K\  centroid  on  F  and  symmedian  pointon  OK^  0^0. 
2°.  N,  N' ;  Tarry's  point  on  T,  and  infinity  on  OK,  ^  =  ir/2  -  m. 
3°.  Pi,  i\ ;  isogonal  centres  on  F,  ^  =  t  ir/3. 

4°.  -fir,  0 ;  orthocentre  on  F,  circumcentre  on  OK,  0  =  ir/2. 

Cor.  1.  If  ft  +  ft  be  constant,  ft  is  constant.  Hence  a  chord 
PP*  joining  points  on  F,  the  sum  of  whose  parametric  angles  is 
constant,  passes  through  a  fixed  point  on  OK  Hence  it  follows 
that  pairs  of  points  on  F,  the  sum  of  whose  parametric  angles  is 
given,  form  a  system  in  involution. 

Car,  2.  If  ft  +  ft  =  0,  ft  =  0  denotes  the  symmedian  point. 
Now  if  ft,  ft  denote  the  points  P,  P'  on  F,  and  if  Q,  Q'  be  the 
corresponding  points  on  OJT,  it  is  easy  to  see  that  PQ,  P'Q  each 
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meet  V  in  zero.  Hence  if  any  chord  of  T  passes  through  the 
symmedian  point,  the  diagonals  of  the  quadrilateral  formed  by 
the  points  P,  P',  and  their  correspondents  Q,  Q'  on  O^intersect 
in  the  centroid  of  the  triangle  ABC. 

Cor.  3.  The  tangents  at  G  and  JSTto  P  intersect  at  ^. 

Cor.  4. — The  diameter  P1P2  passes  through  IT,  and  bisects  Gff, 

361.  I/AiBiCi,  A2B2C2  h$  twoKieperVB  triangles  whose para^ 
metric  angles  are  complements^  the  orthologiqute  centre  of  either 
and  ABC  is  the  centre  of  perspective  of  ABC  and  the  other, 

(M'Cay.) 

Dem. — Let  the  parametric  angles  be  0i,  03,  ttien  the  equations 


oiAiBif  CCaare 

a  (sin  (7  sin  u^- sin  ^  Bin20i)  +  j3(8in^sinC-sin^  sin20i) 

-y8in(C-2tfi)-0, 

asin(^  -  Ot)  -  J3sin(i?  -  0,)  »  0, 

or  a  cos  (-4  +  Oi)  -  P  cos  {B  +  Oi)  «  0. 

And  these  are  perpendicular  to  each  other. 
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Cor. — ^The  Eiepert's  triangles  AiBiOu  jI^B^C^  and  Che  tb- 
angle  ABC^  when  0i  +  0a » ir/2,  bare  a  oomznon  axiB  ol  pe^pfi^ 
tive  which  is  perpendicular  to  the  line  PiP%* 

From  §  360,  Cor.  1,  it  is  seen  that  tibe  centres  of  perapeetin 
of  the  triangles  taken  two  by  two  are  coUinear  points.  Hence 
{Sequel,  p.  77)  they  have  a  commcm  axis  of  perspective. 

Again,  let  Pi,  P3  be  the  centres  of  perapectiTe  of  ABC  with 
AiBi  Ci  and  AiB^Cz^  respectively,  and  let  AiB^ Cs  be  the  common 
axis  of  perspective ;  with  A^^  ^„  Ci  as  centres,  and  A^^  B^B^ 
CiA  as  radii  describe  circles ;  then  the  radical  axis  of  the  cirdei 
^3,  Ci  is  the  perpendicular  from  A  on  the  line  J?i  Ci,  and  then- 
fore  passes  through  P2  (§  348).  Similarly,  the  radical  axis  d 
the  circles  B^^  Ci  passes  through  P%,  Hence  jP^  is  on  the  radical 
axis  of  the  circles  A^,  B^.  Similarly,  i\  is  on  the  radical  azu 
of  Aif  B^.    Hence  the  proposition  is  proved. 

Car,  2. — The  circles  At,  ^3,  C3  are  coaxal. 

Htperbola  r'. 

362.  Let  AiBiCi  be  the  triangle  whote  sidee  touch  ih^  eirctm- 
circle  of  the  triangle  of  reference  ABC  at  it%  iummtts.  Thm  if 
A2B2C2  he  homothetic  with  ABC  with  respect  to  the  ctreumeaUn, 
AtB^Ct  i*  in  perspective  with  ABC,  and  the  Iochb  of  tho  emUre  ej 
perspective  is  a  hyperbola,  the  inverse  of  Euhr^s  line  of  ABC. 

(JSRABKX.) 

Dem. — A2,  B2,  Ci  divide  the  lines  OAi,  OBi,  OCx  in  the 
same  ratio.  Let  it  be  / :  m.  Now  it  is  easy  to  see  that  the  per- 
pendiculars from  Ai  on  the  lines  A  C,  AB  are  {IB  tan  AmnB 
+  mR  cos  J?)/(/  +  m)  and  (/£  tan -4  sin  C  + 1»£  cos  C)/(/  +  m). 
Hence  the  equation  of  AA%  is 

j3(/tan-4sinC+mcos  C)-y(/tan-4  sinJ?  +  i»co8^)  -0, 
or 

iQSsin  Csin^-y  sin^t  sini?)-ifi(yco8^  co8j9-/3cos  (7oos^)«0, 


whicli,  with  two 
vanish  identically. 
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similar  equations  got,  interohanpng  letters 


Again,  eliminating  /,  m  between  any  two  of  these  equations, 
wcget 

P  a  07  sin  2J!  .  dn  ( J  -  (7)  +  ya  sin  2S  sin  ( C  -  ^) 

-f  a^  sin  2  C  sin  (^  -  J3)  =  0,  (936) 

which  is  the  isogonal  transformation  of  Euler's  line. 


1.  The  mo»t  general  equation 
lie  triangle  of  reference  is 
«T  (fl- coa  (7  -  y  CM  fl)  +  7«  {/ eo 


ji  equilateial  hyperbola  ci 


Kiibtdto 


«M  (7)  ■<■  0^  (a' cQi  A  -  3' COS  ^}  B  0. 
(SST) 

This  ia  the  uogonal  transfonnatioii  of  the  diameter  of  the  oiTcumdrelB 
passing  through  a,  $',  y,  and  includea,  M  paitiaular  0M«a,  Siep«tt\ 
Jcrabek'g,  and  other  hjperholM.  Thiw,  if  a,'0'y'  dsnote  Uie  •fmnedian 
point,  it  ia  Eiepert'a  hyperbola ;  if  a'0y'  be  the  incentre,  ire  get  the  hjper- 
boU  of  {  342,  Car.  I ;  and,  if  the  ortbaoenbe,  Jenibak't  hyperbola,  }  S6S. 
2a 
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2.  Prore  that  the  oo-ordinatM  of  any  point  of  tlie  hyporbolA  (9S7)  bit  ke 
denotedby  l/(a'+ *coe^),  l/{a'  +  *coa^,  1/(7+ ^oosC),  wlmia 
arbitrary.  (9)g) 


3.  Prove  that  the  Iocub  of  the  centre  of  the  oonio 


when  k  yaries  is 

a,  an  J,  fi*anC-\- y' mnB, 

^,  flini?,  y' onA  +  atanC^      b  0. 

7,  sin  (7,  a'sini^  +  jS'sin^ 


0, 


(939) 


4.  When  k  raries,  prove  that 

Vo(a'+*cos^)  +  Vi90r  +  *co^  +  "^yiy'-^kofmC)  =  0 
touches  the  line 

o/(i8'cos(7- y  cos^)  +  ^/(y  cos^  -  a'coe(7)  +  7/(a'coB2l  -  i^coB-^)  =fl. 

(940) 

6.  If  a'iS'y  denote  the  symmedian  point,  the  conic  of  £x.  3,  4  may  be 
written 

Vo«in(^-fl)  +  Vi8  8in(jB-fl)  +  V7  8in(C-0)  »  0.  (941] 

^.  ProTC  that,   when   0  =  1  60%  one  focus  of  (941)  is    a   point  m 
Kiepert's  hyperbola. 

7.  If  A\,  Bi,  C\  be  the  points  of  contact  of  (921)  with  the  oidM  of  AB€^ 
proTe  that  the  axis  of  perspectiye  of  ABC^  AiBid  is  parallel  to 

acoe^  +  ^co6^  +  7CosC■■  0. 

8.  If  Pbe  any  point  in  the  line  OK,  and  if  AP,  BP^  CPmeet  BC,  CJ, 
AB  respectively  in  A\  B>,  C*y  the  equation  of  a  conic  touohing  the  si 
at  A\  B\  C,  respectively,  is 


Vo/8in(^  -  fl)  +  Vi8/8in {B  -  e)  +  V7/sin  ((7-  9)  -  0,         (942) 
when  9  is  the  parametric  angle  of  the  point. 
9.  The  locus  of  the  centre  of  (942)  in  barycentrio  co-ordinates  is 


8in(^-C)        sin (C-  A)       iaji{A-B) 


a08  +  7-a)      ^(7  +  0-3)      c(o  +  ^-7) 


0. 


(943) 
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10.  The  axis  of  perspective  of  the  triangles  ABC,  A'ffC  in  Ex.  8  is 

o/sin  (^  -  fl)  +  ^/8in  (fl  -  6)  +  7/8in  (C  -  fl)  =  0,  (944) 

and  its  envelope  is 

Va8in(J?-(7)  +  Vi8sin((7-^)  +  V7Bin(^--B)  =  0.      (946) 

11.  The  isogonal  transformation  of  the  diameter  of  the  circomciicle  which 
passes  through  Tarry's  point  is 

/37(8in2^  -sin2»)sin(^-  C)  +  7a(sin22? -Bin2(v)  sin((7- ^) 

+  afi  (sin2C7-  sin2«»)  Bin(^  -  J9)  b  0.  (946) 

Steinsb's  Ellipse. 

363.  We  have  already  given  the  equation  (852)  of  Steiner's 
ellipse.  Here  we  shall  give  some  of  its  most  important  pro- 
perties, in  particular  its  connexion  with  Kiepert's  hyperbola. 
Let  ABC  be  the  fundamental  triangle ;  O^  Of  M,  K 
the  centroid,  circumcentre,  orthocentre,  S3rmmedian  point ; 
A'B'C'f  A"B"C"  the  complementary  and  anticomplementary 
triangles  ;  E,  JS'  the  circumscribed  and  inscribed  ellipses, 
whose  centres  coincide  with  O;  OX,  OY  their  axes.  JS  is 
called  the  Steiner  ellipse  of  the  triangle,  and  OX,  OY  its 
Steiner  axes.  Let  A,,  B^  C,  be  the  S3nn6triques  of  A,  B,  C 
with  respect  to  O,  These  are  points  on  E.  Now,  if  ^  be  the 
fourth  point  common  to  E  and  the  circumcircle,  the  chords  AB, 
CR  are  antiparallel  with  respect  to  0X\  but  AB  is  parallel  to 
A^,,  Hence  the  circumcircle  of  the  triangle  Afifi  passes 
through  R\  therefore  R  can  be  constructed,  and  hence  the 
lines  OX,  OY. 

Cor.  1. — The  circumcircles  of  the  triangles  ABC,  Afifi, 
AJiC,,  AB,Ct  have  ^  as  a  common  point. 

Car.  2. — The  circles  osculating  E  at  the  points  A,  B,  C  pass 
through  R. 

Cor.  3. — If  the  same  reasoning  be  applied  to  the  ellipM  B*^^^ 
it  will  be  seen  that  the  nine-points  circles  of  the  tnaa^^ifl^ 
ABC,  OBC,  OCA,  OABj^oBB  through  Q,  the  complement 

2e2 
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of  R ;    and  since  these  ciiclee  are  tlifl  centres   of  eqnilatenl 


hyperbolae  circumscribed  to  the  corresponding  triaDgles,  Q  a 
the  centre  of  the  Eiepert's  hyperbola  of  ABC. 

Cor.  4. — R  IB  the  centre  of  the  Kiepert's  hyperbola  d 
A"ff'C". 

Cor.  5.— If  HQ  be  produced  to  iV*  until  QN=  S'Q,  the  paint 
X",  Thich  evidently  is  on  T,  must  also  be  on  the  circumcuclc^ 
since  ^  is  the  centre  of  Bimilitude  of  the  niue-pointa  circle  tf 
ABC,  and  the  circumcircle,  and  Q  is  on  the  nine-points  cirde. 

DsF.—N u  ealUd  Tarrt's  Powt  (§  360,  2°). 

Cor.  6. — If  is  diametrically  oppodte  to  i2  on  the  ciroumcircle. 

Cor.  7. — Tarry's  point  ia  the  centre  of  perspective  of  the 
triangle  formed  by  the  centres  of  Neuberg's  drcles  Jf„  iV^  If„ 
and  the  triangle  ABC. 

364.  SUiner't  axei  art  parallel  to  the  atymplotet  of  Kieperd 
hj/p*rhoia. 
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Bern. — The  Appolloniaii  hyperbola  of  any  point  in  the  plane 
of  a  conic  passes  through  the  feet  of  the  normals  from  that 
point,  and  has  its  asymptotes  parallel  to  the  axes  of  the  conic. 
But  evidently  the  Appollonian  h3rperbola  of  the  point  JET  with 
respect  to  Steiner's  ellipse  is  Eiepert's  h3rperbola.  Hence  the 
proposition  is  proved. 

Cot, — K  B!  be  the  point  where  the  fourth  normal  from  JGT 
meets  Steiner's  ellipse,  RB!  is  a  diameter  of  Steiner's  ellipse, 
and  GR  of  T. 

365.  If  the  line  OK  intersect  the  eircumeircle  in  P,  P\  the 
Simson^B  lines  of  Py  P'  are  the  asymptotes  of  Kieperfs  hyperbola, 

Bern. — Py  P'  are  the  isogonal  conjugates  of  the  points  at 
infinity  on  V.  Hence  if  PQ,  P*(X  be  parallel  to  BC,  the  asymp- 
totes of  r  are  parallel  to  AQ,  A  Q,  Now,  if  -P.)  Ph  be  the  pro- 
jcctions  of  Pon  BC,  CA,  it  is  easy  to  sec  that  the  Simson's  line 


A^R 


PaPb  is  perpendicular  to  AQ,  Hence  the  lines  P.P»,  P'JP'h  are 
parallel  to  the  asymptotes.  And  since  BP'^  »  CP„  and  AP^ 
=  CP'by  they  must  be  the  asymptotes. 


i 
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Cor.  1. — Steinet^B  azes  are  panillBl  to  the  Slmeon'H  line*  of 
the  points  P,  P'. 

Cor.  2. — Bince  M'Cay'B  circleB  are  the  loci  of  the  centroidH  of 
equibrocardias  triaaglea  deeciibed  od  the  sidea  of  ABC  (§  340, 
Cor.  1),  it  follows  that  if  through  the  centroid  of  ABC  lines  be 
drawn  parallel  to  AJ„  AJ",  (fig.,  §  33B),  they  will  meet  the 
perpendicnlar  to  £C  at  its  middle  point  in  the  faigheat  and 
lowest  points  of  one  of  U'Cay's  circles.  Hence  the  lines  from 
the  centroid  to  the  highest  and  the  lowest  point  of  one  of 
H'Cay's  circles  are  Steiner's  axes. 

366.  Bince,  if  a  chord  of  a  hyperbola  be  the  diagonal  of  a 
parallelogram  whose  sides  are  parallel  to  the  asymptotes,  the 
other  diagonal  will  pass  through  the  centre.  Hence,  applying 
this  to  the  chord  6H(A  T,  we  get  the  followiog  proposition: — 


If  tkt  orthocmtrt  Sofa  triangU  AB  C  b»  pr<geet»d  on  thg  axei  of 
SUiner,  the  join  of  Iho  projoetiont  piuit*  through  Ihopointt  Q,  K, 
Pi,  Pj.  Conversely,  if  upon  QS  ai  diamettr  a  eireU  h»  d«tenhed, 
the  line*  joining  6  to  ittpoinli  of  inUrioeUon  vitk  thfjoin  of  Eto 
the  middU  of  OH  art  the  az»t  of  Steintr. 

367.  If  AiBiCt  and  ifJV^^JV,  be  respectively  the  first  Brooard 
triangle  and  that  formed  by  Neubei^s  centres,  the  parametric 
angles  of  these  ore  complemeutaiy.    Hence  the  coiresponding 
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points  R  and  JVare  collinear  with  0.  iV  is  the  centre  ortho- 
logique  of  AiBiCi  with  respect  to  ABC.  Hence  it  follows  that 
the  lines  AR,  BR,  CR  are  parallel  to  the  sides  of  AiBiCi. 
Henee  the  homologous  sides  of  the  triangles  ABC^  AxBiCi  are 
antiparaUel  with  respect  to  the  axes  of  Steiner,  Again,  if  Hi^ 
Hiy  JTs  he  the  orthocentres  of  the  triangles  NBC^  NCA^  NAB^ 
the  quadrangles  ABCN^  HiHiH^Hiae  (fig.,  §  363)  S3rm6trique8 
with  respect  to  Q,  Therefore  OAy  OHi  are  supplemental 
chords  of  F,  and  hence  are  antiparallel  with  respect  to  GX ; 
therefore  OAi  passes  through  ZTi,  and  hence  through  the  middle 
point  of  AR, 

368.  The  Foci  op  SxEiNEa. 

Dep. — The  foci  of  Steiner  of  a  triangle  are  the  foci  of  an  ellipse 

A 


which  touches  the  sides  of  the  triangle  at  their  middle  points. 
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Let  ABC  be  the  triaDgle,  A'B'C  the  ellipse  touching  the 
sides  in  the  points  A'^  J^,  C ;  K^  K'  the  foci.  The  perpoi- 
diculars  from  K^  K'  on  the  sides  oi  ABC  meet  them  in  their 
points  of  intersection  with  the  circle  on  the  major  axis  of  the 
ellipse.  Let  JTi,  K2y  K^  be  the  feet  of  the  perpendicnlin 
from  Ky  and  let  these  perpendiculars  meet  the  circle  again  in 

A\y     -Dl,      C\. 

Now,  it  is  evident  that  taking  K  as  the  centre  of  reciproca- 
tion, and  the  power  of  K  with  respect  to  the  circle  as  modnliu, 
the  ellipse  will  reciprocate  into  the  circle,  and  the  triangle 
ABC  into  AiBiCi,  I  say  that  K  x%  the  eymmedian  poM  tf 
AiB\  Cj. 

Dem. — Draw  tangents  to  the  auxiliary  at  the  points ^i,  Biy  C^ 
forming  a  triangle  ^2^2  ^a-  Now,  from  the  principles  of  reci- 
procation, these  tangents  are  the  polars  of  A',  ^^  C\  Henee 
the  points  ^2)  B2,  Ci  are  the  poles  of  -ff'C,  CA'j  ^'B^,  Again, 
since  the  lines  BC^  B'C  arc  parallel,  their  poles  ^,,  At,  and 
the  centre  of  reciprocation  K  are  collinear.  Similarly,  Bi,  B^ 
JTare  collinear,  and  also  C|,  C2,  K. 

Hence  JTis  the  Gorgonno  point  of  A2B^Ci,  and  therefore  the 
S3rmmedian  point  of  AiBiCi,  (Q.  E.  D.) 

Cor,  1. — The  joins  of  the  summits  of  a  triangle  ABO  to  1 
Stciner  focus  are  inversely  proportioned  to  the  sines  of  the 
angles  subtended  at  the  focus  by  the  opposite  sides.  The  quad- 
rangles KABCy  KAiBiCi  ore  metapolor.  Hence  KA^  KB^  K€ 
are  inversely  proportional  to  the  normal  co-ordinates  of  JT  with 
respect  to  the  triangle  AiBiCi;  but  these  are  proportional  to 
sin  Ai,  sin  Bi,  sin  Ci ;  and  the  angles  BKC^  CKA^  ^KB  are 
the  supplements  of  Ax^  B^  Cj. 

Cor.  2. — If  O  be  the  centroid  of  a  triangle  ABC^  and  ii  AG, 
BGf  CO  meet  the  circumcircle  again  in  6ri,  (73,  O^^  (7  is  a 
Htoiner  focus  of  G1G2O3, 

For  GiG,  G2G,  GiG  fxre  inversely  proportional  to  AG^  BG, 
CG,  and  therefore  to  the  sines  of  the  angles  BGC,  CGA^  AGS, 
is,  to  the  sines  of  GiGG^,  G^GGu  G1GG2, 
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Cor,  3. — The  Steiner  foci  JT,  K'  of  the  triangle  ABC  are  the 
symmcdian  points  of  their  pedal  triangles,  and  the  pedal  triangles 
ore  median  reciprocals. 

For  the  triangles  KiK%K^  and  AiBi  Ci  are  median  reciprocals, 
and  K\K*JB^^  is  equal  in  every  -respect  to  A^Bx  Ci, 

Cor.  4. — The  symmedian  point  of  a  triangle  is  a  Steiner  focus 
of  its  antipodal  triangle ;    f or  JT  is  the  symmedian  point  of 

Cor.  5. — The  centroid  G  of  the  triangle  AiBiCi  is  a  Steiner 
focus  of  its  pedal  triangle  GaG^Gg. 

For,  since  G  and  K  are  isogonal  conjugates  with  respect  to 
AxBiCif  the  lines  GG,,,  GG^y  GGeOre  inversely  proportional  to 
the  normal  co-ordinates  of  JTwith  respect  to  AiBiCi,  that  is,  to 
sin -4,,  BmBif  sin  Ci ;  or  to  sin  Gi,GGc  sin  G^GG^,  sin  G^GG^. 

Cor,  6. — If  JThe  the  orthocentre  oi  ABC,  and  on  ffA,  MB, 
lie  lengths  JIA\  HB'y  HC  he  taken  equal  to  the  correspond- 
ing altitudes,  ZT  is  a  Steiner  focus  of  the  triangle  A'B'  C 

Cor,  7. — If  n  he  a  Brocard  point  such  that  angle  ^AB 
=^  QBC  =  CICA,  and  if  lines  QB,  QJS,  QF  he  parallel  to  the 
sides  BCy  CA,  AB,  and  terminated  m  By  E,  F  by  CA,  AB, 
BC,  respectively,  O  is  a  Steiner  focus  of  BFF.  Easily  inferred 
from  Cor,  I, 

Cor.  8. — The  centroid  of  a  triangle  ABC  is  a  Steiner  focus 
of  its  second  Brocard  triangle  A^B^C^.  In  fact  G  is  the 
centroid  of  the  first  Brocard  triangle  AiBiCi,  and  AiBiCi^ 
A2B2C2  are  inscribed  in  the  same  circle,  and  have  6^  as  a 

centre  of  perspective. 

Cor,  9. — If  through  the  points  B,  C  (fig.,  §  855)  lines  be 
drawn  parallel  to  AJST,  through  C,  A  lines  parallel  to  BS^  and 
through  A,  B  parallel  to  CJC,  these  six  lines  touch  an  ellipae 
of  which  A^is  a  focus ;  the  ellipse  is  the  reciprocal  of  hem 
first  circle. 
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Car.  10. — If  through  the  points  ^9,  C  parallels  be  drawn  to 
the  median  of  the  triangle  BKC,  through  C^  A  parallels  to  the 
median  of  CKA^  and  through  A^  B  parallels  to  the  median  of 
AKBy  these  six  parallels  touch  a  circle  which  is  the  inverse  of 
Lemoine's  second  circle. 

Car.  11.  If  ^  be  the  symmedian  point  of  a  triangle  ABC^ 
and  0,  0.,  0^  0,  the  circumcentres  of  ABC,  KBC^  KCA, 
KAB,  the  points  0,  iT  are  the  Steiner  foci  of  the  trian^ 
OaOiO^  for  the  quadrangles  KABC,  00^0^0^  are  metapolar, 
and  0,  S'aie  isogonal  conjugates  in  O^O^O^ 

Cor.  12. — If  JTi,  A'  be  the  points  of  intersection  of  the 
symmedian  AK  with  the  circumcircles  of  ABC,  KBC,  Kx  is 
a  Steiner  focus  of  A'BC. 

The  quadrangle  KxA'BC  is  inyersely  similar  to  00^0^0^* 

SXBBOISBS. 

1.  If  Mfl,  fMft,  mt  denote  the  medians  of  the  triangle  ABC,  A  its  axea,  prov« 
that  the  parameters  of  the  three  parabolas  which  can  be  desaibod  each  Umeh- 
ing  two  sides,  and  having  the  third  as  chord  of  contact  (called  Axtst*s  fini 
group  of  paraboUe)  are,  respectively, 

2AVma',     2A»/«i*',     2A*/m,».  (W7) 

2.  Prove  that  the  envelopes  of  the  sides  of  Kiepert's  triangles  (§  S57)  an 

{oa- (d7  +  <?i8)cos^}2-sin»^(*»-tf»)(i8»-y»)  =  0,  ftc    (948) 

This  is  called  Artzt*s  second  group  of  paraboliB  (§  356). 
The  polars  of  the  circumcentre  0  are  the  altitudes  AS,  BH,  CH. 

3.  Prove  that  the  parameters  of  Artxt*s  second  group  are,  respectivdy, 

A  (ft*  -  0/(2ma'),     A(c»-fl»)/(2mi»),     A  (««  -  *»)/(2i«e«)  ;     (949) 
and  that  their  foci  are  the  summits  of  Brocard*s  second  triangle. 

4.  Prove  that  the  envelope  of  the  axis  of  perspective  of  the  trian^e  ABC 
and  Eiepert*s  triangle  is  Kiepert's  parabola 


V(*a  -  tf«)a  +  V(c»  -  a»)i8  +  V(»»  -  l^)y  -=  0,  (960) 

and  that  the  co-ordinates  of  its  focus  are 

l/8in(^-C),     l/8in((7-^),     l/8in(^-^),  (961) 

*  The  subject-matter  of  Arts.  363-368  are  chiefly  taken  (torn  Nbubbbg 
BT  Gob,  8ur  let  axes  et  lafoyen  de  Steiner  (Congrds  de  Paris). 
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5.  If  P,  Q  be  any  two  isogonal  conjugate  points  in  the  plane  of  a  triangle 
ABC,  prove  that  the  diameters  through  A^  B,  (7 of  the  circumcircles  of  the 
triangles  APQ,  BFQ,  CPQ^  respectively,  are  concurrent. 

6.  Prove  that  the  Brocard  angle  (»)  satisfies  the  equation 

sin  ^  cos  (^  +  4»)  +  sin  ^  cos  (i^  +  ^)  +  sin  (7co6  (C7  +  ^)  «  0. 

(Nbubs&o.)     (952) 

7.  Prove  that  the  Steiner  angles  Vi,  Vt  (§  339)  are  the  roots  of  the 
equation 

Bin^sec(il  +  ^)  +  sinJ9sec(^-t-^)  +  sin (7 sec (C-V^)-  0. 

(M'Gat.)    (953) 

8.  If  »  be  the  Brocard  angle,  Fi,  Vt  the  Steiner  angles,  prove 

«  +  Ti  +  Ta  =  ir/2.  (954) 

9-12.  If  P,  P'  be  the  Steiner  foci  of  the  triangle  ABC,  o,  ^,  7,  a,  3',  7' 
the  points  of  intersection  of  AF,  BF,  CF,  AF*,  BF*y  CF'  with  the  circum- 
circle,  Aiy  Bi,  d,  A'\,  B'l,  C\  the  points  of  intersection  of  the  same  lines, 
respectively,  with  circumcircles  of  the  triangles  BFC,  CFA^  AFB,  BFCy 
CF'A,  AF'B,  then 

P.  P  is  the  centroid  of  afiy,  i^  that  of  a  ^V ; 

T,  a  is  the  symmedian  point  of  AiBC,  ^  that  of  AB\C,  fto ; 

3*".  The  Brocard  angle  of  the  triangles  AiBC,  A\BC , .  .  is  equal  to  the 
first  Steiner  angle  of  ABC; 

4\  AF,  AF'  =  iAB,AC.  (Neubbro  and  Gob.) 

13.  The  orthocentre  of  the  triangle  fiynned  by  the  tangents  to  Kiepert's 
hyperbola  at  the  points  A,  B,  (7  is  the  centre  of  the  nine-points  circle 
(Broca&d),  and  the  summits  of  that  triangle  are  points  on  Neuberg*s  circles. 

14.  If  two  planes  be  inclined  at  a  given  angle,  the  Brocard  angle  of  the 
orthogonal  projection  of  any  equilateral  triangle  on  one  of  them  made  on  the 
other  is  constant. 

15.  Being  given  the  symmedians  of  a  triangle,  find  the  directions  of  its  sides. 

16.  Being  the  second  triangle  of  Brocard  AiBid  of  ABC,  constructive 

1 7.  Prove  that  the  foci  of  the  Lemoine  ellipse 

Vi/5i?  +  V^/JS?  +  V^/W^  -  0 

are  the  centroid  and  symmedian  points. 

18.  If  TaThTt  be  the  triangle  formed  by  the  tangents  to  Jerabek*s  hyper- 
bola (§  362)  at  the  points  A,  B,  C,  the  axis  of  perspective  of  TaTiTc  and  ABC 
is  the  Inverse  transversal  of  the  Euler  line  SO, 
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19.  If  J\r  be  tho  fourth  point  of  intenection  of  r'  with  the  oucamciicle, 
HN'  is  a  diameter  of  r'. 

20.  If  0  be  the  circumcentre  of  the  triangle  ABC^  ^ptove  that  the  triangk 
formed  by  the  drcumcentres  of  OBC,  OCA^  OAB  is  in  perapeottre  vHh 
ABC^  and  that  the  centre  of  perspective  is  the  isogonal  conjugaie  of  tiie 
centre  of  the  nine-points  circle.  (Kbubiwl) 

21.  If  the  normals  9X  A^  B,  Ctoa.  circumconio  of  the  triangle  ABCht 
concurrent,  the  locus  of  the  centre  is  the  cubic 

a  (i8»  -  y^ja  +  3  (7*  -  a«)/6  +  7  (a»  -  /5»)/c  =  0. 
Lbmma. — If  the  normals  meet,  and  if  0,  ^,  (^  be  the  angles  made  by  BC^ 
CAf  AB  with  the  lines  from  centre  to  middle  points,  cot  9  -I-  cot  ^  +  cot  f^O. 
For,  let  a,  3,  7  be  the  eccentric  angles  of  A,  B,  C^  then  the  equatkm 
of  BCU 

«  cos  J  (3  +  7)/a  +  y  sin  J  (a  +  7)/*  =  «»  J  (3  -  7) ; 

and  if  0  be  the  centre,  and  D  the  middle  point  of  BC,  the  equation  idODu 

a?8in  J  (iS  +  7)/a  -  y  coei  (iB  +  7)/3  =  0. 
Uence  for  the  angle  ODBy 

cot»  =  (a*  -  &»)  sin  (iS  +  y)l1ah. 
Similarly, 

cot  ^  =  (a3  -  ^)  sin  (7  +  a)/2a3,     cot  ^  «:  (a*  -  ^)  sin  (a  +  ff)l2mh. 

But  since  the  normals  are  concurrent, 

8in(i8  +  7)  +  sin  (7  +  o)  +  sin  (a  +  ^)  «  0. 

Uence  cot0  +  cot^  +  cot^' =  0. 

Now,  to  apply  this  to  the  question.  Let  a ,  3S  */  be  the  co-ordinates  of 
the  centre  of  the  circumconic ;  and  the  co-ordinates  of  the  middle  point  of 
BCAreO,  sin  (7,  sin  B,  Hence  the  equation  of  the  line  joining  the  centre  to 
the  middle  point  is 

a{0faJiB  -  7' sin  C)  -  i8a' sin -B  +  7a' sin  (7=  0, 

and  the  equation  of  BC  is  a  «  0.    Hence 

cote=  {iS'sin^-y  sinC7+asin(^-(;)}/2a'8in^BinC7; 

therefore 

2  cot  a  =  0'la  sin  (7-  y/o*  sin5  +  cot  (7-  cot  ^, 

which,  added  to  two  similar  equations,  gives,  after  omitting  accents, 

a (iS'  -  y^)la  +  3  (7*  -  a«)/A  +  7(a»  -  $^)le  =  0.  (965) 

This  is  called  the  seventocn-point  cubic.  It  passes  through  the  summits 
of  tho  triangle  of  reference,  the  middle  points  of  the  aides,  the  middle  points 
of  the  altitudes,  the  centres  of  the  inscribed  und  escribed  circles,  the  circum- 
centre, orthocentre,  centroid,  and  symmedian  point. 
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22.  Prove  that  the  isogonal  transformation  of  the  line  joining  the  oircum- 
centre  to  the  incentro  passes  through  Nagel's  point  and  through  the  Oergonne 
point. 

23.  If  the  perpendiculars  from  the  ineentre  on  the  sides  of  the  triangle 
^^Cmeet  any  circle  concentric  with  the  Lncircle  in  a,  iS,  7,  the  locus  of  the 
centre  of  perspective  of  the  triangles  ABC^  a^  is  the  isogonal  transforma- 
tion of  the  join  of  circumcentre  and  ineentre. 

24.  Artzt*s  paraholse  of  first  group  cut  each  other  in  the  centroids  A\  Bf^ 
C  of  the  triangles  SCO,  CAO,  ABO,  Prove  that  the  areas  AB'C\  CA*B\ 
BA'C  hounded  hy  the  three  paraholae  =  17 A/81 ;  that  the  areas  ^CJ9,  BA'C, 
CB'A  hounded  hy  a  side  and  two  paraholce  =  5A/81.     (dv  Lonochamps.) 

25.  If  on  the  sides  BA,  CA  of  the  triangle  ABC  we  cut  equal  segments 
BB",  CC\  the  envelope  of  the  line  B'C  is,  in  hary centric  co-ordinatee,  the 
parabola 

V(*-c)a  +  V*ii+Vc^=0. 

This  curve  touches  BC^  CA^  AB;  the  focus  is  the  middle  point  of  the  arc 
BACot  circumcircle ;  the  axis  is  the  external  bisector  of  the  angle  BAG; 
the  parameter  =  2{b^e)  cos'  }  ^/sin  |  A .  (Mandart. ) 

26.  On  the  sides  BCf  CAt  AB  of  the  triangle  ABC  are  described  three 
segments  of  circles  containing  the  angles  A-\-^f  -^+  ^1  ^'i'  ^1  where  ^  is 
variable.    The  locus  of  the  radical  centre  is  Kiepert's  hyperbola.    (Tbsch.) 

27.  Each  line  L  contains  two  isogonal  conjugate  points  M,  M\  When 
the  line  L  turns  about  a  fixed  point  P,  the  points  If,  M*  move  upon  a  cubic 
passing  through  P.  The  seventeen-point  cubic  (Ex.  21)  corresponds  to  the 
centroid  taken  for  the  fixed  point  P. 

28.  In  Ex.  21  find  the  locus  of  the  intersection  of  the  normals  at  A^  2?,  C. 

29.  If  the  normals  at  the  points  of  contact  of  the  sides  of  the  triangle 
ABC  with  any  inconic  be  concurrent,  find  the  locus  of  the  centre,  also  of 
the  point  of  intersection  of  the  three  normals. 

Ans,  The  cubics  in  Exs.  21  and  28. 

30.  Let  x\y\z\,  x^y^t^  be  two  points  Ifi,  M%  of  the  line  L  sfx-\-gy  4  A«  =  0. 
If  the  join  of  the  isogonal  conjugate  points  of  Ifi,  M%  cut  L  in  the  point 
Mz  (2:3^823),  prove  that  fxix^z + gyxynfz  +  A«i«2«s  =  0.  (Nbvbbbo). 

31.  In  Ex.  30,  if  the  co-ordinates  of  the  two  fixed  points  of  X  be  denoted 
by  0)87,  a^'y'y  and  the  co-ordinates  of  M\,  Ifa,  Mz  by  (a  +  Aria', ....), 
(o  +  Aao',  ....),  (o  +  *8o',  ....),  prove  the  rektion 

mk\k%kz  +  n  {k%ki  +  kzki  +  Ari^a)  +  p(*i  +  *j  +  *j)  +  ^  =  0, 

where  m,  n,  p  and  q  are  constant.  (Nivbbro.) 


CHAPTER  XV. 

IXVAKIAXT  THEORY  OP  CONICS. 

TtaUMJUAXT  FbOPOSUIOVS  AVD  DBFUlTiOgS. 

369.  Bef.  i.~If  ABC^  A'B'C  be  two  triangleB,  the  eqni^ 
tions  of  whose  sides  are 

a«0,    i3-0,    y-0;     a' =  0,    /^  =  0,    /  =  0, 

respectively ;  then  (§  56),  a,  )3,  y  can  be  ezpreaeed  linearly  in 
terms  of  a%  p>^  /,  say 

y  m  \fi!  +  |i,^  +  v,y'. 

Then,  if  by  these  snbstitations  the  equation  of  any  cuire  be 
transferred  from  ABC  as  triangle  of  reference  to  A'B'O^  the 
determinant  (A1/13V3)  formed  by  the  coefficients  of  subBtltatioQ 
is  called  the  determinant  of  transformation  (Clebscs,  p.  167). 

Def.  n. — ^Any  function  of  the  coefficients  of  the  equation  of  a 
curve  is  called  an  utvabiai^t,  if  when  linearly  transformed  the 
same  function  of  the  new  coefficients  is  equal  to  the  old  function 
multiplied  by  some  power  of  the  determinant  of  transfonnatum. 

Def.  iu. — A  covariant  is  a  function  of  both  coeffldents  and 
variables,  which  remains  unaltered  by  transformation,  except  a 
factor  which  is  some  power  of  the  determinant  of  tranaformatioa. 

Def.  IV. — If  the  equation  to  be  transformed  be  in  line  co- 
ordinates, the  functions  which  remain  unaltered  by  transfonna- 
ion  are  called  contravariants. 
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Def.  y . — A  function  which  contains  both  point  and  line  co-ordi- 
nates is  called  a  mixed  concomitant  (German  Zwischenformen.) 

Def.  VI. — If  Sif  St  be  two  fixed  conies,  then  the  system 
Si-\-kS2  where  k  is  variable  is  called  a  pencil  of  conies.  A 
system  liSi  +  k^t  +  ^s^s  consisting  of  three  fixed  conies  which 
are  not  of  the  same  pencil  with  variable  multiples  ^,  ^y  ^  is 
called  a  net  of  conics.  The  corresponding  systems  in  line  co- 
ordinates, viz.  2i  +  ^Ssy  and  li%  +  ^Ss  +  h^  are  called,  respec- 
tively, a  TANOEKTIAL  PENCIL  and  a  TANGENTIAL  NET  of  COnicS. 

In  this  chapter  the  angles  of  the  triangle  of  reference  will  be 
denoted  by  Ai,  A%,  ^j,  respectively,  and  its  sides  by  Oi,  Oa,  a^. 

370.  If  iSi  a  a^  =  0,  S,  ■  V  =  0  be  the  equations  of  two 
conies,  and  if  by  linear  transformation  they  become  jSi,  8%^  it 
is  evident  that  the  pencil  8i  +  hSt  -  0  will,  by  the  same  trans- 
formation, become  8x  +  ^8% »  0.  Hence,  if  ^  be  determined  so 
as  to  make  8^  +  h8%  =*  0  fulfil  some  special  condition,  such  for 
instance  as  to  represent  an  equilateral  hyperbola,  to  touch  a 
given  line,  &c.,  the  same  value  of  It  will  make  8i  +  k8t »  0 
fulfil  the  same  condition.  Kow,  if  in  any  function  of  the 
coefficients  of  8i  representing  a  property  of  8i  we  substitute 
an  +  khii  for  Oil,  On  +  ib^t  for  On,  &c.,  the  resulting  equation 
in  k  will  represent  the  same  property  for  8i  +  k82.  And  since 
the  value  of  k  remains  unaltered  by  transformation,  the  new 
equation  in  k  can  differ  from  the  old  only  by  a  factor.  (This  in 
all  cases  is  some  power  of  the  determinant  of  transformation.) 
Himee  the  coefficients  of  the  several  powers  ofk  will  be  invariants. 

371.  Given 

8i  =  Oiia?!*  +  Ot^*  +  088*^'  =  0,     iSa  -  «i'  +  a?a'  +  a:,«  »  0, 

it  is  required  to  find  the  polar  reciprocal  of  8i  with  respect  to  S^y 
and  of  82  with  respect  to  81. 

Let  x'lf  ot's,  x'z  be  the  co-ordinates  of  the  pole  of  a  tangent  to 
Si  with  respect  to  82.    Then  the  equation  of  the  tangent  must 

be 
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and  if  the  point  of  contact  be  xf\^  x"tf  ^\,  it  must  also  be 

Hence,  comparing  coefficients, 

and  since  x^'i,  3f\^  xf\  arc  the  co-ordinates  of  a  point  on  ^1,  sub- 
stituting their  values,  and  omitting  accents,  we  get 


Ozfiz^l    +  fl3S«lI«2'  +  ^iiOt^  =  0, 


(956) 


which  is  the  polar  reciprocal  of  81  with  respect  to  8%. 
Similarly,  the  polar  reciprocal  of  8%  with  respect  to  8x  is 


tfiiV  +  OaV  +  tf»V  =  0. 


(957) 


Lamp's  Equation. 

372.  Three  conies  of  the  pencil   Si  -  k82  <=  0    represent  line 
pairs. 

Dem. — Let  Si  =  a,*  =  0,  82  s  b/  =  0,  then  the  discriminant 
of  81  -  k82  is 

(hi   -  ^1I>        «12  -  ^'^12,        «13  -  ^^18, 

«21  -  ^^21,        ^22  -  ^^22,        «23  -  ^23,         =  0  ; 

or, 

Ai  -  i60i  +  yL-»02  -  X-^Aj  =  0, 

where  Ai,  A2  are  the  discriminants  of  0.',  (/,  respectively, 

Hence  the  condition  that  81  -  k82  =  0  may  denote  a  line  is 

Ai'k®i  +  k^-  ^-^A,  =  0,  (958) 

which,  giving  three  values  of  k,  proves  the  proposition. 
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The  line  pairs  are  the  three  pairs  of  opposite  sides  of  the 
quadrangle  whose  summits  are  the  points  of  intersection  of  Si, 
82,  Their  equation  is  formed  hy  eliminating  k  between  (958) 
and  81  -  k82  =  0.     Thus  we  get 

A|S,»  -  0ii8a»iSi  +  e^StSi^  -  Ajflfi'  =  0.  (959) 

1182-0  denote  a  line  pair.  As  vanishes,  being  the  discrimi- 
nant, and  equation  (958)  reduces  to  the  quadratic 


Ai  -  A01  +  J^  »  0, 


(960) 


showing  that  through  the  points  of  intersection  of  a  conic  81 

and  a  line  pair  ^3  can  be  drawn  two  other  line  pairs,  their 

equation  is  found,  by  eliminating  k  between  (960)  and  81  -  k82, 

to  be 

AiS,"  -  0^18281  +  ®,iSi»  -  0.  (961) 

It  82  =  0  be  the  square  of  a  line,  say  (X.)',  then  not  only  does 
A}  vanish  identically,  but  also  ®|,  and  01  becomes  A?}  or  Si; 
then  the  equation  (958)  reduces  to  Ai  -  £2i  »  0,  and  only  one 
line  pair  can  be  drawn,  viz.. 


Ai(X.)«-SiiSi  =  0, 


(962) 


which  will  evidently  be  the  tangent  pair  to  81  at  the  points 
where  it  meets  X..  This  will  give  the  equation  of  the  asymp- 
totes if  A,  s  0  be  the  line  at  infinity. 

The  equation  (958)  is  the  fundamental  one  in  the  invariant 
theory  of  conies.  It  was  first  given  by  Lam6,  in  his  JExamen 
des  DiffirmUM  Mithodes.  See  Fixdlsb's  Translation  of  Salmon's 
Conic  Sections.     I  shall  call  it  Lamp's  Equatiok. 


1.  Find  the  equation  of  the  bisecton  of  the  angles  of  the  line  pair 

03^  +  2hxp  +  V  «  0, 
the  axes  being  oblique* 

2e 
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The  equation 

«*  +  y*  +  2jrycoe»-  f*«0 

represent!  a  circle.    Hence  the  quadratic  in  k^  which  it  the  dfaorimliiant  cf 

««•  +  2A«y  +  V  -  *  (^  +  y*  +  i*y  «*•  -  f*)  =  0 ; 

(a  -  k)g*  +  (6  -  ir)y*  +  2(A  -  lreoii*)«y  +  ib*  «  0, 

will  give  two  line  pairs  which,  from  the  property  of  the  drdey  wiQ  be  foch 

that  each  pair  will  consist  of  parallel  lines,  and  also  such  that  one  pair  wiQ 

be  perpendicular  to  the  other.    Now,  if  we  make  r  •  0  in  the  eqnatian  of 

the  circle,  each  line  pair  will  become  a  perfect  square ;  but,  if  r  «  0,  the 

discriminant  is 

(fl  -  k)(b  -*)-(*-  ir eoti*)'  -  0, 

and,  eliminating  k^  we  get  the  square  of  the  pair  of  biseeton 

{(aoos«  -  A)«s  +  (a  -  b)xy  -f  (A -  ft  cosw)^*}*  -  0.        (963) 

2.  Find  the  locus  of  the  intersection  of  nonnals  to  an  ellipeo  at  the 

extremities  of  a  chord  which  passes  through  a  given  point  a3* 

Let  the  ellipse  be 

«»/«'  +  y*/*'  -1  =  0; 

then,  if  tbe  normals  meet  in  x'y\  their  feet  are  the  points  common  to 

«»/a«  +  y»/ft»  -  1  «  0 
with  the  Apollonian  hyperbola 

2  {e^xy  +  b*y'x  -  a^xY,  =  0 

of  the  point  a^y'.    Hence  taking  these  conies  for  Si,  S2,  respectiyelj,  we 

get 

Ai  =  -l/(a«ft»),     ei  =  0,     02  =  -(a««'»+6y  «-**),    A,»-2a<ftS|^x'y'; 

and  forming  the  equation  of  the  three  line  pairs  (959),  substituting  «,  /9  for 
xy,  and  removing  accents,  we  get,  after  a  slight  reduction, 

+  (aV  +  ft«y«  -  tf*)  (a^Bx  -  b^ay  -  e^afi){aH^  +  a«i3»  -  a«3«)«  =  0.     (964) 

This  denotes  a  curve  of  the  third  order ;  but  if  a  »  0,  or  iS  =  0,  that  is,  if 
the  point  be  on  either  axis,  it  is  a  conic,  the  axis  itself  being  in  this  case  a  part 
of  the  locus.  The  locus  also  reduces  to  a  conic  if  the  point  ojS  be  at  infinity, 
that  is,  the  locus  of  the  intersection  of  normals  at  the  extremities  of  parallel 
chords  of  a  conic  is  a  conic — a  proposition  which  may  be  inferred  from 
equation  (547). 
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Calcitlation  of  Iktabiants. 
373.  1°.  Calculate  the  invariants  for  the  conios 

Asa  1.     Hence  Lam6'8  equation  is 

(*  -  «ii)(*  -  ««)(*  -  fl»s)  =  0.  (965) 

2°.  Form  Lam6*8  equation  for 

^fw.  Ai-A;(^u+^aji+-4»)  +  i6»(aii+aM  +  fl„)-^=0.    (966) 
3°.  Form  Lam6's  equation  for  the  ellipse 

«»/a«+y»/^-l-0, 

(«-a:')'+(y-y')'-r»-0. 

^fw.  ar^/(a*  -  it)  +  y'»/(5»  -  A)  +  r»/it  -  1  -  0.  (967) 

Hence 

Ai=-l/(a«^),     0i  =  (ar^4j^-a«-J«-r*)/(^^), 

0,  =  a?^/a«  +  y^/J*-l-r*(a«+^)/(a«^),  A,«-r». 

4^.  Calculate  the  inyariants  for  the  parabola 

y*  -  4ax  a  0, 

(a?-a?')»+(y-y')«-r»-0. 
Ans, — 

Ai=-4aS  ©i=-4a(a  +  a:'),  0,  =  y^ - 4aip' - r»,  A, « - r». 

5°.  Calculate  the  invariants  for  two  conies,  respectively, 
inscribed  and  circumscribed  to  the  triangle  of  reference. 
Let 

Si  a  bW  +  Va?i^  +  *iV  -  2 JaJA*^  -  2 Mi^^Pi  -  234*,a?i«i  =  0. 
5ja 2 (omXj^  +  OnX^i  +  aijiPia?,) «0  ; 

then 

Ai  =  -  4 V Wi  ®i  =  4 Ji^A  («»*i  +  «s A  +  «tt^\ 
0, »  -  («»Ji  +  Ms  +  «i A)S  A,»2flii«2i«ji.  (968) 

2h2 
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From  these  valnes  it  follows  that  the  conditioiL  that  two  conies 
are  so  related  that  a  triangle  may  be  inscribed  in  one,  and 
circumscribed  to  the  other,  is 

4Ai0a  =  0i».     (C^TIW.)  (969) 

In  connexion  with  this  may  be  stated  the  following  theorem : 
— If  two  given  conies  be  such  that  a  variable  triamgU  eon  be 
inscribed  in  one^  and  eircumeoribed  to  the  other^  there  u  gieen 
another  eonie  to  which  the  triangle  ie  antipolar. 

For  if  _  

8i  m  \/biXi  +  \^b^2  +  \^b^  =  0, 

then  the  conic 

*!fL  +  ^%^*,0  (970) 

On        081         aia 

reciprocates  Si  into  S2,  and  is  therefore  given. 

Or,   more  generally^   the  three  special  relations    which  a 

triangle  can  have  with  respect  to  a  conic  are  to  be  ineeribed, 

circumscribed,  or  antipolar,  then  the  theorem  is  true,  that  if  a 

variable  triangle  be  connected  with  given  conies  by  any  two  of 

these  relations,  it  is  connected  with  a  third  conic  given  by  the 

remaining  relation.    Por  example,  the  Brocard  ellipse  is 

^/xi/ai  +  "/xilOi  +  ^/x^|a2  «  0, 
and  Kiepert's  hyperbola  is 

x^  sin  {A2  -  -4s)  +  x^i  sin  (-^3  -  Ai)  +  XiXj  sin  (Ai  -  -4,)  «  0, 
and  the  conic 

is  antipolar,  and  reciprocates  one  into  the  other. 

6°.  Calculate  the  invariants  for  the  Brocard  ellipse,  and  the 
firocard  circle 

aiOiOi  (a?i'  +  X2^  +  Xs^)  -  Wx^  +  a^x^i  +  Os'^i^a)  =  0. 
Ans.        Ai  =  -  4l{aiW(h%  ®i  =  -  (^i*  +  «»'  +  a^)laia^2, 

A,  =  -i(awi,fl,)(ai*  +  aa'  +  ««*-3ax«ii,V).         (971) 
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In  terms  of  these,  and  of  the  ciroamradius,  can  be  expressed 

several  metrical  relations  in  the  recent  Geometry  of  the  triangle. 

Thus,  if  Pj  p'  denote  the  radii  of  the  Lemoine  and  Brocard 

circles,  respectively, 

3p?»  =  iP(0i«+AA)/ei», 

pi«— AiA,/0|».  (972) 

Tact  IirvABiAirr  o»  two  Cokics. 

374.  If  the  four  points  common  to  two  conicB  iSt,  i9i  be 
A^  B^  C,  2>,  and  ^,  h^,  h  the  roots  of  Iiam6'8  equation ;  then 

the  three  line  pairs 

are  AB .  CD,  BCAD,  CA.BD,  respectively;  but  if  any 
two  of  the  points  A^  B,  C^  D  coincide,  say  A,  B,  two  of 
the  line  pairs  will  coincide,  viz.  BCABy  and  CA.BD, 
each  of  which  will  become  A  C  •  AD.  Hence  if  8i  touch  82  there 
will  be  only  two  distinct  line  pairs.  Hence  Iiam6'8  equation 
will  have  a  pair  of  equal  roots.  Therefore  the  (condition  of 
contact  of  Si  and  82  called  their  Tact  invariant  is  the  vanishing 
of  the  discriminant  of  Lam6's  equation,  viz., 

4  (3 Ai0a  -  0i')(3 Aa®!  -  V)  -  (SAiA,  -  ©i®,)'  =  0 ; 
or 

0i«02^  +  9AiA,  (2010J  -  3AiA,)  -  4  (A A»  +  AA*)  -  0.   (973) 

Car,  1. — If  01  =  0  the  tact  invariant  is 

27AiA8«+4e,»«0.  (974) 

Car.  2. — ^If  A3  a  0,  the  tact  invariant  is 

01*  =  4Ai02.  (975) 

When  As  =  0  82  denotes  a  line  pair,  and  the  equation  (975) 
is  the  condition  that  81  should  touch  one  of  these  lines. 
We  have  met  this  equation,  §  373,  4^,  as  the  condition  that  a 
triangle  can  be  described  about  81,  having  its  summits  on  82,  of 
which,  it  is  easy  to  see,  the  present  is  a  particular  case. 
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1.  Find  the  tact  inYamnt  of  the  ellipBe 

and  the  Apollonian  hyperbola 

2  (<J»jfy  +  4y *  -  «Vy )  a  0. 

Since  the  Apollonian  hyperbola  pasaea  through  the  feet  of  normala  from 
fl^y'  to  the  ellipse,  ita  contact  with  the  ellipse  denotes  that  two  of  the 
normals  coincide,  and  therefore  that  x*if*  is  the  corresponding  centre  of 
cmrature.  Hence,  forming  the  tact  inyaiiant,  and  omitting  mooents,  ve 
have  the  evolute  of  the  ellipse,  yis., 

(aV  +  * V  -  «*)*  +  27a«W*V*  ■  0.  (97«) 

2.  Find  the  tact  invariant  of 

and 

It  is  evident  that  the  centre  of  the  circle  is  at  the  distance  r  from  the 
ellipse.  Hence,  if  we  form  the  tact  invariant,  and  omit  accents,  we  get 
the  parallel  to  the  ellipse  at  the  distance  r,  viz. 

27  «**V*  +  4  (a««»  +  d«r»  4  r»a«  -  ft»«*  -  aV)' 

(a»*«  +  iM  +  r«a«  -  ^«»  -  aV ) 

(a»i»  +  iV«  +  r^a^  -  b^x*  -  aV)*  -  0.  (977) 

Cor. — In  the  preceding  equation ;  arranged  according  to  the  powers  of  r*, 
the  coefficient  of  the  second  term  contains  the  factor 

(«»  -  2*«)  ar'  +  (2a«  -  b-)  y«  +  (a»  +  «») «».  (978) 

Hence  this  equated  to  a  constant  is  the  locus  of  points,  the  sum  of  the 
squares  of  whose  normal  distances  to  the  curve  is  given,  which  is  therefore 
a  conic. 

3.  What  is  the  tact  invariant  of  the  inscribed  conic 

's/bisi  +  ^/b3X2  +  y/b^xi  =  0, 

and  the  circumscribed 

ihiXt^i  +  fljiJfjJ?!  +  oitX\x%  o  0. 

Ant.  (flM^i)*  +  («»i*»)*  +  («!«*»)*  =  0. 
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Osculation  of  two  Cokics. 

375.  If  the  conies  81S2  oscillate,  Lam6's  equation  will  have 
three  equal  roots.    Hence 

3Ai,  01,  ®b>  3A2  are  in  OF; 

therefore 

01  =3  (AM,)*,     0,^3(AiAa«)*, 
3Aj0,  =  0i*,     3A30i=03',     9AiAa  =  ©i0b.         (979) 

EXSB0I8B8. 

The  centres  of  the  six  circles  which  can  he  descrihed  through  any  point  to 
osculate  a  given  conic  lie  on  a  conic.  (Malbt.) 

Taking  the  given  point  as  origin,  and  the  axes  of  oo-ordinates  parallel  to 
those  of  the  conic,  the  equations  of  the  conic  and  circle  may  he  written 

an**  +  «wy' +  2aij«  +  2«aay +  «•»■»  0, 

«'  +  y*  -  2«i«  -  2yiy  «  0. 

Hence 

Ai  =  anandn  —  aiiOtt*  -  aas<>3iS 
©1  =  onon  -  «m'  +  flM«ii  -  «»i'  +  2a2jasijri  +  2aiiaulfu 
02= -  (flaaxi*  +  auyi*  -  2a8ijri  -  2fl«yi  -  «8s), 
A2  =  -  («i»  +  yi»). 
These  values  substituted  in  SAiO,-  ©i'—  0  give 

3  (ana22«fs3  -  «na«3'  -  «««««)  (a2»«i» + anyi*  -  2a9i«i  -  2atsyi  -  ots) 
+  {2anazixi  +  2aiiajjyi  +  onan  -  «2s'.+  ffsjflii  -  flii*)'  «  0.      (980) 

Cor.  1. — If  the  centre  he  origin  and  the  conic  a  rectangular  hyperbola, 
oas  =  0,  oti  =  0,  and  an  +  oss »  0,  and  the  conic  (980)  coinoidefl  with  the 
given  one.  Hence  the  centres  of  the  osculating  circles  of  an  equilateral 
hyperbola  which  pass  through  its  centre  lie  on  the  hyperbola.  (Ibid.) 

Cor,  2. — If  either  an  or  on  vanish,  that  is,  if  the  given  conic  be  a  parabola, 
the  conic  of  centres  will  be  a  parabola. 

iFTABIAirr  AnOLBS  07  TWO  C0KIC8. 

376.  The  roots  of  Lam6's  equation  are  connected  with  three 
angles  in  terms  of  which  some  of  the  invariants  and  covariants 
can  be  expressed.  In  order  to  show  this,  let  the  conies  Siy  8% 
be  referred  to  their  common  antipolar  triangle.      Thus,   let 
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and  let  Oi,  $2^  Oz  denote  the  angles  (§  45,  Ex.  6)  of  the  anliannome 
ratios  of  the  three  quartets  of  points  in  which  the  sides  of  the 
antipolar  triangle  are  intersected  hy  the  two  conies^  Then  to 
determine  0i  we  must  find  the  anharmonic  ratio  of  the  points  in 
which  the  side  Xi  is  intersected  hy  8i  and  S^*  'For  that  pnipose 
we  have  the  pencil  formed  hy  the  line  pairs 

Thus  we  get 

8inH  *i  =  -  (««»  -  «si*)V4««*a„4, 

cos*  i  ^1  =  (tf»i  +  a334)V4flMi«»*. 
Hence 

sin'^i  =  -(««-  aM)V4«««». 

Now  denoting  the  roots  of  Lam6's  equation  hjii,  i^^  k^^  these 
are  (§  373,  1°)  On,  On,  a^  respectively.     Hence, 

Bm%  =  -  (ita  -  hmi^K  Bin's,  -  -  (itk  -  *i)V4iWi, 
sin«/93  =  -  (iti  -  hyi^hK 
Hence  the  discriminant  of  Lamp's  equation  is 

-  64Ai»(sin«Si .  sin'S, .  sin»Sj)/Aa«  -  0, 

or  omitting  the  multiplier  -  64Ai7Aa'  which  is  numerical,  the 

discriminant  is 

sin'^i .  sin'^a .  sin'Sj  =  0, 

and  as  each  sin'0  is  the  product  of  two  anharmonic  ratios^  we 
have  the  following  theorem : — 

The  tact  invariant  of  two  conies  is  the  product  of  six  anharmanie 
ratiosy  and  the  vanishing  of  some  one  of  these  ratios  is  a  neeenary 
condition  of  the  contact  of  the  conies. 

Cor.  1. — From  the  values  of  the  invariant  angles  we  get 

Hence 

tfi+Sa  +  Ss-nir.  (981) 

That  is  the  sum  of  the  three  invariant  angles  of  two  conies  is 
some  multiple  of  rr. 
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Cor.  2. — If  S'  be  the  reciprocal  of  St  with  respect  to  iSi,  and 
if  we  form  the  invariant  angles  for  i%,  S',  we  get  20if  20i,  2$t. 
Similarly,  if  S"  be  the  reciprocal. of  8i  with  respect  to  S'  the 
invariant  angles  for  8"  and  82  are  3^i,  d02i  3^,,  &c.  Again,  if 
Sr  denote  the  conic  which  reciprocates  81  into  8%,  the  invariant 
angles  of  iS„  iS^  are  ^  0i,  i  0„  ^  0,,  &c. 

(7or.  3. — ^The  envelope  of  the  line  X,  =  0,  cnt  harmonically  by 
Sif  82,  is 

(cos  ^,/>&i»)Xi«  +  (cos  tf,/i&,»)  V  +  (cos  tfs/^*)  V  =  0.     (982) 
This  is  easily  inferred  from  equation  (862),  page  371. 

Cor.  4. — The  locns  of  points  whence  tangents  to  iSi,  82  form 
a  harmonic  pencil  is 

(Z;iicostfj)4:i«  +  (Jfca   cos^8)a:,»  +  (Mcos^s)«3'  =  0.     (983) 

377.  To  find  the  anharmonio  ratio  of  the  pencil  of  lines  drawn 
from  any  point  of  the  eonie  81  -  k8t  ^0  to  the  four  points  common 

to  Sly  iSj.  (GXJKDBLFIKOEE.) 

Let  the  points  be  A,  B,  C,  D.  If  T^  T^  denote  the  tangents 
to  ^1,  82  at  one  of  these  points,  say  Ay  then  Ti  -  hT^ »  0  will 
be  the  tangent  to  iSi  -  kS^ «  0  at  ^,  and  hi^  k%y  h^  being  the 
roots  of  Lam6's  equation, 

• 

will  be  the  equations  of  the  lines  AB^  A  C,  AB,  respectively. 
Hence  the  anharmonic  ratio  of  the  pencil  drawn  from  a  point 
consecutive  to  ^  on  81-  hS^  to  the  four  points  Aj  B^  (7,  2>,  is 

{k  -  h){h  -h)i{k^  h){h  -  fe),  (984) 

and  therefore  this  will  be  the  anharmonic  ratio  of  the  pencil  from 
any  point  of  81  -  kS^  to  the  four  common  points. 

Gundelfinger's  solution  is  given  in  Fiedler's  translation  of 
Salmon's  Conic  Sections^  vol.  ii.,  p.  668. 

378.  Find  the  locus  of  the  centres  ofaU  the  conies  of  the  pencil 
8^  -  kSt  =  0. 
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Let  x'lj  x^s,  ^3  be  the  centre ;  then  the  line  at  infinity  wfllbe 
the  polar  of  ^^ix'^i.    Hence  we  get,  if  X  be  some  conBtant, 

(flii  -  k)x'i  =  X  sin-ii,     (da  -  *)«',  «■  X  ain^a. 

Hence,  eliminating  k  and  X^  and  omitting  accents,  we  get^  after 
replacing  On,  a^y  0^  by  the  roots  of  Lamp's  equation 

{k2'-ki)sinAi     {ki-ki)smAi     (^  - ife»)  sin ^^ 

Xi  X2  X^ 

Or,  in  terms  of  the  invariant  angles  of  §  376, 

sin^i.sin^i      sin^s.sin^a      sin  ^t.  sin  9s 


»0. 


ki^ .  Xi 


k^^.Xt 


K^.Xt 


0. 


(985) 

Def. — ^The  anharmonic  ratio  of  four  conies  of  a  pencil  is  the 
anharmonic  ratio  of  the  tangents  at  a  common  point. 

Cor,  1. — The  anharmonic  ratio  of  any  four  conies 

/S,  -  kfS^  =  0,     8^"  V'8^  =.  0,  &c., 

is  (if  -  kf'){k"  -  k*')l{V  -  k''Xk'  -  ife*).  (986) 

It  is  equal  to  the  anharmonic  ratio  of  the  corresponding 
points  on  the  conic  (985). 

Car,  2. — The  reciprocal  of  (985)  with  respect  to  (983)  is 


v^sin^i .  sin  26i .  Xi  +  v^sin  A% ,  sin  26^ .  x^ 


(987J 


+  v^sin  Ai .  sin  20^  .x^^O, 
and  its  reciprocal  with  respect  to  (982)  is 

v^sin-^i  tan  6i,Xi-\-  -v/sin  At  tan ^a . «»  +  y^sin  A^  tan 6^ . x^  =  0. 

(988) 

Cor.  3. — The  fourth  common  tangent  of  the  conies  (987), 
(988)  is 

sin^i  tan^i .  Xi      sin  A2  tan  ^a .  ^ra     sin  At  tan  0, .  x^ 


cos  2^3  -  cos  2^3     cos  2^3  -  cos  261      cos  20i  -  cos  29, 


0. 
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CoNics  Haskonicallt  Inscbibed  and  Circuhscbibsd. 

379.  Dbf. — A  eonie  is  said  to  be  harmoniealUf  inserihed  in  or 
dreumscrihed  to  another  when  it  is  insoribed  or  eireumscribed  to 
a  triangle  antipolar  with  respsct  to  the  other.  (See  Smith,  Pro- 
ceedings of  the  London  Mathematical  Society,  vol.  ii.,  p.  87.) 

380.  If  the  invariant  0i  vanish,  the  conic  8%  is  harmonically 
circumscribed  to  8^  and  8i  is  harmonically  inscribed  in  82. 

Dem.— Let         81  a  a."  =  0,     /S,  a  *.•  =  0  ; 
then 

0,  =  Ai^  =  (tfajflw  -  an*)  bn  +  (Oa^ii  -  (hi*)  bn  +  (»ii«n  -  «n')  ^ 

+  2  (ojiflia  -  autf»)  ^23  +  2  (Oas^si  -  ««b«u)  *3i  +  2  (flr«fl»  -  <i«<iji)  b^. 

Hence  ®i  vanishes,  if  Ou,  a^i,  Ois,  ^u,  b^  ^ss  each  separately 
vanish ;  that  is,  if  the  equations  of  81,  8^  be  of  the  forms 

(hi^*  +  OnfCi*  +  assp^*  =  0,     2{bt^e^  +  b^iX^^  +  ^t«iiPa)  =  0 ; 

or,  when  82  is  harmonically  circumscribed  to  81. 
Again,  0i  vanishes,  if 

aaflzi-<h^i     OtAw-fhif     «ii«a-«ia*>     ^1     **i>     4it 

each  separately  vanish,  which  will  happen,  if  jSi,  £^2  can  be 
written  in  the  forms 

biiXi*  +  b^^  +  b^  =  0 ; 

and  in  this  case  81  is  harmonically  inscribed  in  8%. 

Cor.  1. — ^If  a  conic  8%  harmonically  circumscribe  8u  then  81 
is  harmonically  inscribed  in  8%. 

Cor.  2. — If  each  of  two  conies,  8^  83  be  harmonically  circum- 
scribed to  a  third  conic  8,  every  conic  of  the  pencil'  81  -  k82  is 
harmonically  circumscribed  to  8. 

Cor.  3.— If  each  of  three  conies  8u  82,  82  be  harmonically 
circumscribed  to  8,  every  conic  of  the  net  li8i-\-  I2S2  +  ^82  is 
harmonically  circumscribed  to  8. 
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Cor.  4. — If  2  a  aX'  =  0,  i9  a  a«'  a  0  be  two  oonicB  in  paint 
and  line  co-ordinates,  respectively,  then,  if  !S  be  liaznuMiicfllh 
inscribed  in  S,  a^^  0.  For,  tbe  coefficients  a^^^-^m^^  Ac., 
in  0|  are  the  coefficients  of  the  tangential  equation  of  Si, 

Car,  5. — If  8xy  82,  S^  be  three  conies  given  by  their  trilinear 
equations,  and  2i,  S3,  Ss  conies  in  tangential  equations;  and 
if  each  of  the  latter  be  harmonically  inscribed  in  each  of  the 
former,  then  each  conic  of  the  tangential  net 

is  harmonically  inscribed  in  each  conic  of  the  trilinear  net 

hSi  +  hSt  +  ti?,  =  0. 


1.  Find  the  condition  that  the  circle  {x  -  o^)'  +  (y  —  y')*  »  r*  s  0  may  be 
harmonically  circumscribed  to  the  conic 

«x»  +  V  +  2 A j?y  +  2ya;  +  5t/y  +  ^  «  0 . 
The  invariant  Oi  =  0  gives 

ui  +  ^  +  C7(a;'»  +  y '«  -  r»)  -  2  (?«' -  2iy  =  0 . 
In  this  result,  if  we  remove  accents,  we  get 

C (a;*  +  y«)  -  2 O'jr  -  2 JV  +  ^  +  J?  -  0»  =  0,  (989) 

which  becomes  the  orthoptic  circle  when  r  vanishes. 

Cor, — A  circle  circumscribed  harmonically  to  a  conic  cuts  its  orthoirtk 
circle  at  right  angles. 

2.  Find  the  condition  that  (j;  -  a;^' +  (y  -  y')' —  t' «  0  may  be  i^iacriM 

harmonically  in 

ax^-¥by^  +  2hxy  +  2ffx  +  2/y  +  c  =  0. 

The  tangential  equation  of  the  circle  is 

(x'A  +  yV  +  1)»  -  r«(\«  +  M'^)  =  0. 
Hence,  forming  the  invariant,  we  find  the  required  condition 

where  ^0  ii  the  power  of  the  point  op'y'  with  respect  to  the  conic.     Henoo,  if 
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the  radius  of  the  circle  be  given,  the  locus  of  its  centre  is  a  conic  conoentric, 
and  homothetic  with  the  given  conic. 

3.  Find  the  locus  of  points  whence  tangents  to  the  conies  a*'  =  0,  &«'  «  0 
form  a  harmonic  pencil.     (Compare  {  286.) 

The  tangent  pair  from  a  point  yiysys  to  the  conic  b^  »  0  is,  equation  (400), 

2(i?8iyt'  -  2Bnytjfs  +  5»y»«)«i« 

+  22(5siyiyj  +  ^isysyi  -  Jaayi*  -  Bui/iyz)x%xz  =  0. 

Now,  by  the  conditions  of  the  question,  these  form  a  line  pair  harmonically 
circumscribed  to  a.'.    Hence  the  invariant  ei  of  a,^  =  0,  and  this  line  pair 
must  vanish.    Hence,  forming  the  invariant,  and  writing  xu  xt,  's  for  yi 
yiy  ysf  ^0  get  the  required  locus,  vis., 

2(^22^31  +  -4mPm  -  2AuBtz)xi^ 

+  2:i{A\2Bi\  +  ^ji^ij  -  -411^28  -  -4aiJii)«j*j  -  0.      (9M) 

This  equation  was  first  given  by  Staudt,  in  the  Niimberger  Programm 
for  1834.  Its  importance  as  a  oovariant  was  fint  pointed  oat  by  Salmon  in 
the  Cambridge  and  Lublin  MathematiealJoumal,  vol.  ix.,  p.  30.    He  denoted 

it  J". 

4.  Form  the  covariant  jPfbr  Brooard'8  ellipse  and  Eiepert's  hyperbola. 
Ant.        {  sin  (A2  -  ^j)/ai  +  sin  {Az  -  -4i)/<i2  +  sin  (-4i  -  At)M 

{ sin  (-4i  - -4t)  ariafj + sin  (-4a  - -4j)  *4«|  +  sin  (-4j  -  ^1)  «4«i } 
—  sin  (Ai  -  A^  sin  {At — A^  rin  (^9  -  ^1) 

(aisin(^3-.^)      assin(^-^t)      aisin(^i-^a)) 

5.  If  four  equilateral  homothetic  hyperbolas  have  a  common  point,  and  be 
harmonically  circumscribed  to  the  same  conic,  the  points  of  intersection  of 
any  pair,  and  those  of  the  remaining  pair  lie  <m  an  equilateral  hyperbola. 

(Pbopbssob  Cuhtxs,  S.J.) 

For,  taking  the  common  point  as  origin  of  co-ordinates,  and  the  four 
hyperbolsB  as  ^1,  8%,  5s,  64,  where 

5i  e  ai  («»  -  y»)  +  2Aiay  +  2^1*  +  yiy  =  0, 

5tBfla(«'-y*)  +  &c., 

we  have,  from  the  given  oonditions,  four  equations  of  the  form 

ax  (A'B)-\'  2hiH-¥  ^16^+  %fiFm  0. 


'■^■.  .•■; 
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0. 


0. 


0. 


Thorefore 

«i>    *i>    ^ii   /i» 

ot,  As»  ^  /«, 
•»!     *tf    Fm    /«# 

«4,       Ai,      gi9     A 

Hence,  multiplying  tlie  fint  column  by  c*  -  y*,  the  leoond  by  2j;y,  the 
third  by  2r,  the  fourth  by  2y,  and  adding  the  second,  third,  and  fourth 
columuB  to  the  first,  we  get 

^i>  Ai>  Fi>  fit 
Stf  As,  fh  fit 
Szf    Aj,    pt,    /j, 

^4,      hi,     gi,    fi 

Or,  as  it  may  be  written, 

hSi  -hSt-^  hSt  -  kSi 

Hence  the  equilateral  hyperbola  li8i  -  hSt  =  0  passing  through  the  inter- 
section of  Su  St  is  identical  with  kSa  -  kS^  passing  through  the  intersection 
of  Si  and  Si, 

6.  If  two  conies  5i,  ^^  be  homothetic,  and  harmonically  ciroumsczibed  to 
a  giyen  conic  5*,  their  common  chord  passes  through  the  centre  of  S*. 

(Pbofbssob  OXTIITIS,  SJ.) 
From  the  hypothesis  we  hare 

aj/ot  =  hilht  o  bijbt, 
and 

aiA'  +  2hiE*  +  biB*  +  2fiF'  +  2yi^  +  ^(T  =  0, 

tfU'  +  2Affl"  +  M*  +  VsT  +  ^O''  +  eiCr  -  0. 
Therefore 

2(/iai  -/tai)jP7C"  +  2(^i««  -  yi«i)  (^'/C'  +  <Jiaa  -  <Vi  =  0. 

But  ^/C?',  ^7^'  ^^  ^  co-ordinates  of  the  centre  of  S\  Hence  the  pro- 
position is  proved. 

7.  If  a  rariable  conic  be  harmonically  inscribed  in  four  oonics,  the  locus 
of  its  centre  is  a  right  line. 

From  the  hypothesis  we  bave  four  relations  of  the  form 

AailO+  BbilC-^-  2ffhilC-k-  2F/ilC-¥  2C?^i/C+  c,  =  0; 

and,  eliminating  AfC,  BjC^  SjC,  we  get  a  linear  relation  between  OjC  And 
FjC.  This  includes  Newton's  theorem  as  a  particular  case  that  the  centre  of 
a  conic  inscribed  in  a  given  quadrilateral  moves  on  a  right  line. 
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Oth£b  Fbopxbiies  of  HARuoino  Cqvics. 

381.  If  a  conie  82  a  hi^^  +  h^^  +  h^x^^i  a  0,  circumscribe 
harmonically  the  conic  81  a  a  J  =  0,  the  centre  of  perspective  of 
any  eonie  tneerihed  in  8^,  and  its  polar  reciprocal  with  reepeet  to 
81  is  a  point  on  5,.  (Salmon.) 

Taking  the  triangle  of  reference  as  the  one  inscribed  in  82, 
the  sides  of  its  polar  reciprocal  with  respect  to  81,  are,  re- 
spectively, 

anXi  +  ai3«»  +  o^iCj  =  0,     OjiiPi  +  fluJCt +  «»»•  =  0, 
OsiiTi  +  flsja?a  +  a»ar,  =  0  ; 

and  the  co-ordinates  of  the  centre  of  perspectiye  of  the  triangle 

of  reference,  and  that  formed  by  these  lines  are  l/^a»  lMti» 

1/^12;  and  these  substituted  in  82  satisfy  it  in  virtue  of  the 

relation 

01  =  Ai^i2  +  Anh„  +  Anhti  -  0, 

Again,  if  the  tangential  equation  of  81  be 

and 

then  the  axis  of  perspective  of  the  triangle  of  reference  and  its 
polar  reciprocal  with  respect  to  82  is 

and  the  condition  that  this  should  touch  81  is 

-4»i»  +  Aiihii  +  A^i2  =  0,  or  01  a  0. 

Hence  the  envelope  of  the  axis  of  perspective  of  any  triangle  cir- 
cumscribed  to  81,  and  its  polar  reciprocal  with  respect  to  82^  is  the 
conic  Si, 

Cor. — From  the  foregoing  demonstration  we  infer  that  if  two 
triangles  he  polar  reciprocals  with  reject  to  a  coniCy  and  if  one  of 
them  be  the  triangle  of  reference^  the  co-ordinates  of  the  axis  of 
perspective  are  the  inverses  of  the  coefficients  of  the  rectangles  x^2y 


*^-i«y! 
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x^ij  X1Z2  in  the  equation  of  the  conic,  and  the  co-ordinatei  of  the 
centre  of  perspective  are  the  coefficients  of  the  rectangles  X^X^,  ^^^ 
Xi\i  in  its  tangential  equation. 

382.  TjT  01  «  0,  the  covartant  F  of  81  amd  8t%9  the  polar  reci- 
proeal  of  81  with  respect  to  82, 

Dem.—  Let 

Si  «  «i,«,*  +  a^  +  a^^O,    i^  -  «x«  +  «i«  +  i^»  =  0; 

then  01  -  Oiian  +  at^a^  +  <Hs<hi» 

F  a  (oiiflM  +  aiiOw) a?i»  +  (OttOa  +  tfatfii)«i* 
+  {asaOii  +  «»«t2)«3'  =  0. 
But  the  polar  reciprocal  of  81  with  respect  to  £ft  is  (§  371) 

Hence  in  general  the  polar  reciprocal  of  81  with  respect  to  ^  is 

&i8t-F^0,  (991) 

which  reduces  to  i^s  0,  when  0i  s  0. 

Cor. — If  01 «  0,  any  tangent  to  81  is  cut  harmonically  by  8t 
aniF 

383.  J^®2'='0,  the  harmonic  envelope  ^  of  8i  and  8%  {see  §  286) 
is  the  reciprocal  polar  of  8%  with  respect  to  81. 

The  tangential  equation  of  ^  is  (eq.  862) 

(oja  +  «»)  V  +  («»  +  «a)  V  +  (flii  +  %i)  V  =  0. 
Hence  its  trilinear  equation  is 

(«ss  +  «ll)(«ll  +  fl«)^i'  +  (flii  +  «»)(«»  +  tf»)«i' 
+  («a  +  flss)(«»  +  <hi)a^'  =  0. 
l^ow,  the  polar  reciprocal  of  8t  with  respect  to  81  is 

flii V  +  tfjaV  +  <hiW  =  0,     or    *  -  (0,1  +  fla  +  a«)  iS^i  «  0. 


Invariant  Theory  of  Coma.  481 

Hence  in  general  the  polar  reciprocal  of  82  with  respect  to  /Si  is 

«  -  ^81 »  0,  (992) 

which  reduces  to  ^  »  0,  when  0^  vanishes. 

Car,  If  08  s  0,  the  pencil  of  tangents  is  harmonic,  which  can 
be  drawn  from  any  point  of  82  to  81  and  ^. 


1 .  ProTe  that  the  Brocard  ellipse  is  hannonically  inscribed  in  the  Jerabek 
hyperbola. 

2.  Prore  that  the  conic 


VoPi  dn  (^1-9) +V4;t  tin  (^a-9)  +  V«i  sin  (^-9)8:0 
is  harmonically  inaoribed  in  loepert'a  hyperbola. 

3.  ConBtnict  a  conic  c  passing  through  three  giren  points  A,  J?,  C,  and 
harmonically  circumscribed  to  two  given  oonics  i^i,  5i.  (Suth.) 

CoNSTRUcnoK. — Let  Xi,  Xs  be  the  centres  of  perspectiye  of  the  triangle 
ABC,  and  its  reciprocals  with  respect  to  ^^i,  5i ;  then  0*  ptsset  thioogh  the 
five  points  A,  By  C,  Xi,  Xs« 

4.  Find  the  discriminants  of  J^  and  «. 

Ant.—  AiAs(eies-AiAs}  and   6161 -Ai At.  (998) 

6.  Determine  a  conic  c  passing  through  two  points,  and  harmonically 
circumscribed  to  three  given  conies.  (Smith.) 

6.  Determine  a  conic  ff  passing  through  a  given  point,  and  harmonically 
circumscribed  to  four  given  conies.  (Ibid,) 

7.  Determine  a  conic  harmonically  oirenmscribed  to  five  given  conies. 

8.  Determine  a  conic  which  divides  five  given  segments  harmonically. 

(JONQUIB&BS.) 

9.  Prove  that  the  J^  of  the  Brooard  ellipsOi  and  the  oonio 

is  Eiepert's  hyperbola. 

2l 


/ 


;,-  "A  -* 
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COVICS  FOB  WmCH  01  Aim  0b  TAKIBH. 

384.  If  we  form  Lamp's  equation  for  the  conies 

we  get 

«iifl»*  -  ^*aV  =  0. 

Hence,  for  these  conies,  01^0,  0^ »  0.  ConTersely,  if  two 
conies  be  connected  by  the  relations  0i  s  0,  0^  a  0,  their 
equations  can  be  written  in  the  forms 

Hence  we  haye  the  following  theorem: — If  a  conic  8i  touch 
two  sides  ABy  AC  ot  a.  triangle  ABC  at  the  points  B,  C,  and 
a  conic  St  touch  the  sides  BC^  BA  at  the  points  (7,  A,  then — 
1°.  An  infinite  number  of  triangles  can  he  insertbed  in  either  and 
eireumeerihed  to  the  other  {equation  969).  2°.  An  infinite  number 
of  triangles  can  be  inscribed  or  cireumseribed  to  either  that  will  be 
antipolar  with  respect  to  the  other.  3^.  The  reeiproeal  of  8i  with 
reject  to  S^y  the  redproeal  of  8%  with  respect  to  /Si,  the  eonie 
which  reciprocates  8i  into  Stt  and  the  covariants  Fand  ^  are  aU 
identical. 

385.  The  three  conies 

0x1*1*  +  2a,^c^  «  0,     btiPC^  +  2b^iX^i  =  0,     c^^  +  2ci:^iXt  =  0 

are  such  that  any  of  them  is  the  polar  reciprocal  of  another  with 
respect  to  the  third,  if 

anbn(ha  =  OnbiiCm,  (994). 

This  is  easily  yerified. 

Dbf. — A  system  of  conies  satisfying  the  relation  (994)  is  called 
a  harmonic  system,  and  the  invariant  (994)  their  harmonic  in- 
variant. 

Cor. — Any  two  conies  6'i,  5,,  whose  inyariants  0i,  0b  yanish, 
form  with  their  coyariant  F  a  harmonic  system. 
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V 

and  the  Jerabek  hyperbola 

sin  2u^i  sin  (u^a  -  A^^  +  sin  2A2  sin  {A^  -  Ai)x^i 
+  sin  2Ai  sin  (^1  -  A^XiXt  =  0 
are  all  to  a  factor 
cos  Ai  sin  {At  -  Az)  +  cos  A%  sin  (^t  -  Ai)  +  cos  ^t  sin  {Ai  -  u^s) 

and  its  square,  each  of  which  is  equal  to  zero.    Hence  the 

Brocard  ellipse,  the  Jerabek  hyperbola,  and  their  coyariant  F 
form  a  harmonic  system. 
The  coyariant  F  is 

Xi^  x^  x^ 

(oa^  -  0,')  sin  2^1  ■*■  (03*  -  ai«)  sin  2-4,  "*■  (a,»  -  0,')  sin  2  J,  " 

(996) 


1 .  Find  the  conio  which  fonns  a  hannonio  Bystem  with  any  two  of  Aitit's 
parabolse,  whose  equations  in  baryoentrio  co-ordinates  are 

and  prove  that  it  is  a  hyperbola. 

2.  The  conic 

^xi  an  {Ai  -  e)  +  V«»8in(^t-«)  +  \/«iiin(^i-«)  =  0, 

Kiepert's  hyperbola,  and 

jPi»Bin(-4i~e)8in(-^t--4»)  +  *8'«in(ui»-«)8in(^,-^i) 
+  X9>  sin  (^t-9)  Bin  (^1-^9}  «=0 

form  a  harmonic  system. 

3.  The  incirole,  the  hyperbola,  which  is  the  isogonal  transformation  of 
the  right  line  passing  through  the  incentre  and  circumoentre,  and  the 
parabola 

aiar,«/(aa  -  «$)  +  «•*»*/(«•  -  «i)  +  «fa?»V(«i  -  «i)  -  0 

form  a  harmonic  systeoL 

2i2 


=*•—"••' 
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4.  M  8\^  Bi4  8%  fona  ft  hatmonio  tyitam  of  oomd^  md  if  «ili«i  l»  a 
triangle  inscribed  in  S\  whose  sides  touch  8%  in  the  pointi  «ip  K»  <^  the 
sides  of  the  triangle  oito  touch  £s  in  «k>  ^  Cfe»  and  the  sodei  of  mji^ 

touch  i$i  in  ai,  3i,  ci ;  then  the  lines 

otot,  ^3sy  e^^  are  ooncuirent,  and  meet  oa  i9t ; 
asai,  >j^,  «stfi  „  „  „         8%\ 

(KoBuuoi's  ffTnnrlwi) 

FoircELKT's  Thbobek. 

387.  To  find  the  condition  that  a  triangle  may  be  inscribed  m 
Bti  whose  sides  touch  the  conies  8x  +  K^^  Si  +  hS^^  Si  +  i^8^ 
Let 

8i  m  Xi*  +  Z2*  +  ^3*  -  2je^  -  2^ivP|  -  2«ia^  -  ^lO^^f^ 

-  2*,<^a^x  -  2^<haVi«a  =  0, 

Then  it  is  evident  the  line  ^i  a  0  is  touched  by  the  conic 

Si  +  *i^t  =  0 ; 

for,  if  we  put  Xi^^O  ia  8i  +  kA  =  0,  we  get  a  perfect  square. 
Similarly,  ^  =:  0  is  touched  by  Si  +  ^ai9a  -  o,  and  a%  by 

8i  +  h8t  =  0. 
Kow,  forming  the  inyariants  for  8i  +  18%  «  0,  we  get 
Ai  =  -  (2  +  iiOa  +  ^i  +  k^y  -  2*itttf„i^aM, 
01  =  2  (oa  +  flji  +  «i2)(2  +  *i«a  +  ^i  +  i^ 

Aa  =  2fla8«»i«ii. 
Hence  the  required  condition  is 

-  4  { A|  +  *i*AA,J  {0,  +  (*i  +  *3  +  *»)  Aa}.        (996) 
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Cor.  1 . — If  a  yaiiable  triangle  be  insoribed  m  a  giyen  eonio  8^ 
and  two  of  its  sides  be  touched  by  two  conies  of  the  pencil  8i  +  h8^ 
then  the  envelope  of  the  third  side  may  be  either  of  two  conies 
of  the  pencil.  For,  itki^kisi  equation  (996)  be  given,  we  have 
a  quadratic  to  determine  h. 

Cor.  2.— If  ki^Of  i^«0,  and  h^t,  we  get,  from  (996)  the 
condition  that  a  triangle  inscribed  in  8%^  two  of  whose  sides 
touch  Sij  may  have  its  third  side  tangential  to  iSi  +  £iS^s,  viz., 

Hence,  eliminating  k,  the  envelope  of  the  third  side  is 

4^1^81  +  (^»  -  4Ai0,)  8i  m  0.  (997) 

388.  The  condition  that  a  variable  triangle  may  be  circum- 
scribed to  a  conic  Sa,  and  have  its  three  summits  on  the  conies 

Si  +  ^Sa,    X-^iA,    Si  +  Wi 
is  found,  as  in  §  387,  to  be 

=  4  {81  +  *i4iM)  {*.  +  (*i  +  *i  +  h) M,        (998) 

where  81,  $1,  $%,  St  are  the  coefficients  of  Lam6's  equations  for 
the  tangential  pencil  2i  +  k^  «  0. 

Cor.  1. — If  ^i  «  0,  ^  a  0,  k^mkf  we  have  the  condition  that 
a  triangle  circumscribed  to  S9,  and  having  two  summits  on  Si, 
may  have  its  third  summit  on  2i  +  £Ss »  0,  viz., 

Cor.  2. — ^If  8iy  82  be  the  triHnear  equations  of  2i,  S9,  we  get 

easily 

tf,  =  Ax0„     8i»Ai»,     tf,-AA,     ?i-A,». 

Hence,  from  (999),  we  get 


■W" 
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and,  eliminating  t  between  this  and  the  trilinear  eqnatiaa  cf 
2i  +  *S„  viz,, 

we  get 

(1000) 
which  is  the  locus  of  the  third  summit  of  a  txiangle  diciim- 
scribed  to  8tf  two  of  whose  summits  move  on  8i. 


EaUlTIOFS  OF  COXMOF  ELXMXNT8. 

389.  Def. — ^If  kiXi  ±  X^z%  ±  A«^  '^O  be  the  $fuai%on9  ofih$f9m 
iids9  of  a  itandard  quadrilateral^  the  eum  of  the  efuare^  of  ikm 
tidee  equated  to  %ero  is  the  equation  of  a  eonic  called  thefomrteeo' 
point  conic  of  the  quadrilateral.    We  shall  denote  it  by  ^ 

Let  beh'c^  be  the  quadrilateral,  ABCitB  diagonal  triang^  if 
the   triangle    of    reference; 
then  if  its  sides 

X^  -X^-  Xia?!  =  0, 
X^  «  Xjic,  -  X,a^  =  0, 
kiXi  +  k^  +  A*^?,  B  0 

be  for  shortness  denoted  by  ^ 

o,  Pf  y,  8,  respectively,  we 

have  a  +  ^^  +  y  +  SaO.     Hence   a'  +  ^  +  y*  +  8«-iO    may  be 

written  in  the  form 

a^  +  )Sy  +  ya  +  o8  +  )38  +  yS  =  0, 
since  we  can  subtract  (a  +  )9  +  y  +  8)'  ■  0  ;  or,  in  the.form 

i»y  +  o8  +  ()»  +  y)(a  +  8)  =  0. 
Or,  since  a  +  8  =  -  Q8  +  y),  in  the  form 

Offy  +  a8)  -  ()»  +  y)»  =  0. 

Hence  Z  has  double  contact  with  )9y  +  a8  »  0,  the  chord  of 
contact  being  )9  +  y  «  0 ;  that  is,  has  double  contact  with  • 
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conic  passing  through  the  extremities  3,  h'^  e,  (/  of  two  diagonals 
of  the  quadrilateral,  the  third  diagonal  being  the  chord  of  con- 
tact ;  but  a  conic  passing  through  two  pairs  of  opposite  summits 
of  a  complete  quadrilateral  has  the  third  pair  as  harmonic  con- 
jugates. Hence  we  infer  that  each  pair  of  opposite  summits  of 
the  quadrilateral  are  harmonic  conjugates  with  respect  to  Z, 
Again,  forming  the  sums  of  the  squares  of 

Xi^l  i  k^  i  X^  =  0, 
we  get 

XiV  +  XiV  +  A^JTi*  =  0. 

Hence  the  triangle  ABC  is  antipolar  with  respect  to  Z^  and 
therefore  each  side  is  cut  harmonically.  Hence  we  have  the 
following  theorem : — The  fourteen-poini  conic  cute  the  diagondU 
of  the  quadrilateral  in  the  double  points  of  the  three  involutioni 
aa\BC\  W,  CA\  cd.AB, 

390.  If  we  eliminate  8  from  a*4  i8*  +  y*  +  8*=  0  by  means  of 
a  +  j^  +  y  +  SaO,  the  equation  of  Z becomes 

a'  +  ^  +  y"  +  a^  +  )Sy  +  ya  =  0. 

Hence  ^  meets  y  where  it  meets 

a«  +  ^  +  a^  =  0. 

Again,  the  product  of  the  three  lines  <fa^  e<f^  dh  is  a)9  (a  +  )9), 
^7  ^{p-^  P^^^^\  ^^^9  forming  the  Hessian  of  this  (see  Salmon's 
Algebra^  4th  edition,  p.  183),  that  is, 

d^^   d^^        d^^ 

d€?*d^^l^^' 

we  get 

Hence,  if  Z,  if  be  the  points  in  which  Z  meets  the  side  y  of 
the  quadrilateral,  the  anharmonic  ratios  (Va^eZ),  {Va^eM)  are 
the  imaginary  cube  roots  of  unity,  and  similar  properties  hold 
for  each  of  the  remaining  sides  of  the  quadrilateral*  Hence  we 
see  that  Z  passes  through  fourteen  remarkable  pointe^  namely, 
two  on  each  side,  and  two  on  each  diagonal. 
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891.  It  is  required  to  find  the  equation  of  the  fwar 
tangents  of  the  eoniee 

Let  Sii  Sa  be  the  tangential  equations  of  Si,  8^ ;  then  tw« 
eonicB  of  the  pencil  2i  +  k^  can  be  described  to  pass  thitra^ 
any  given  point.    For,  if  Ai,  At  be  the  discriminaiLts  of  a^^  h,\ 

the  trilinear  equation  of  2i  +  k^  is 

Aia,«  +  *i^+;t»AA*"0. 

Since  this  is  a  quadratic  in  ^,  we  see  that  two  comos  of  the 
pencil  2i  +  kSg  can  be  described  to  pass  through  any  given 
point;  but  if  the  given  point  be  on  any  of  the  four  common 
tangents  of  Si  and  8%,  these  conies  will  coincide.  Hence  the 
quadratic  in  k  will  be  a  perfect  square.  Hence  the  equation 
of  the  four  common  tangents  is 

i^-4AiA,a.«i.«  =  0.  (1001) 

Cor. — Since  the  equation  (1001)  is  of  the  form  i?  -  ZM=  0, 
it  represents  a  locus  touching  the  conies  a*  =  0^  bJssQ  in  the 
points  where  they  meet  F,  Hence  /'passes  through  the  ei^t 
points  of  contact  of  the  conies  with  their  common  tangents. 

392.  If  the  conies  Si^  82  of  §  391  be  referred  to  their  common 
antipolar  triangle,  their  equations  will  be  of  the  forms 

81  a  «ua:i'  +  flza^j*  +  a^^i*  =  0, 

82  s  «i*  +  X2*  +  «J*  =»  0, 

and  then 

Fm  Oil  {On  +  033) ^1'  +  <3fa («33  +  «ii)«i'  +  «» («n  +  fln)«3«  =  0. 

These  substituted  in  equation  (1001),  the  equations  of  the  four 
common  tangents  of  8i  and  82  will  be  found  to  be  the  product  of 
the  four  lines 


«i  v/«ii(«a  -  fl»)  ±  «» \/(hi{(hi  -  Oil)  ±  «i  V^{fl\\  -  «a2)  =»  0. 
Hence  the  quadrilateral  formed  by  the  four  tangents  is  a  standard 
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quadrilateral,  and  the  eqiiation  of  its  fourteen-point  conio,  which 
we  shall  call  the  fourteen-point  conic  of  the  two  given  conies, 

Su  ^2>  is 

«ii  («t2 -«»)  «i* +  «»(«»- «ii)  «i* + Os,  (oxi  -  fltt)  a^« = 0. 

(1002) 
Cor,  1. — The  fourteen-point  conic  of  two  given  conies  is  har* 
monically  circumscrihed  to  each. 

Cor.  2. — If  the  conies  8^  S%he  given  in  the  fonns 
»iia7i'  +  ih^  +  a^  =  0,     hixx^  +  ht^^  +  hz^  «  0, 
their  fourteen-point  conic  will  be 

Sau^n (Oa^n  -  <hfin)x^  =  0.  (1008) 

Cor,  3. — ^The  fourteen-point  conic  of  iSi,  St  in  terms  of  iSj,  8%^ 
and  F^  is 

2  Aa  (0i»  -  3Ai08)  iS,  +  2Ai  (^»  -  8A^i)  iS,  +  (9A,A,  -  ^^)  F^  0. 

(1004) 
393.  To  find  the  tangeniidl  equation  of  the  fmt  poinie  conuMon 
to  the  eonice 

»i-fl.*-0,     fl,-J.»-0. 

The  condition  that  the  line  A,  »  0  shall  touch  ««* «  0»  lA 

^i  <hli  <•»>  ^ 

^i»  *aj  %8f  ^> 

^i»  .^>  ^>  ^> 

^ii  ^>  ^>  0 


0. 


If  in  this  we  substitute  Sn  +  kbuy  a^  +  IAjmj  ftc,  for  On, 

a^,  &c.,  we  get  the  conditkm  that  K  shall  touch  8i  +  Ai/Si  a  0, 

viz., 

2i  +  **  +  il»2,  =  0, 

where  2i»  Sa,  and  ^  are,  respectively,  the  tangential  equations 
of  8ij  82,  and  the  envelope  of  the  line  which  cuts  them  harmo- 
nically.   Kow,  since  this  equation  is  a  quadratic  in  k,  two  conies 
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of  the  pencil  8i  +  kSt  «  0,  can  be  described  to  toacli  X.  bO; 
but  if  A«  passes  througb  one  of  the  four  points  common  to  4 
and  Sf,  it  is  evident  that  these  two  conies  will  coincide.  Heaca 
the  equation  of  the  four  common  points  is  the  discziminant  of 

Si  +  **  +  *% 
equated  to  zero,  viz., 

*»  -  42A  -  0.  (1005) 

394.  n 

we  have 

*-(«»  +  «»)  V  +  (081  +  «ii)  V  +  («ii  +  a«)  V  -  0; 

and,  substituting  in  equation  (1005),  we  find  the  four  commfln 
tangents  to  be 

XiV^ast-Osi  ±  A,v^fl»-«a  ±  X^^  «■  0. 

(1006) 
If  we  form  the  sum  of  the  squares  of  these  equations,  we  get 

(«a  -  fl88)Xi*  +  (Ott  -  Oil)  V  +  («ii  -  «»)  V  -  0. 

(1007) 

Or,  in  point  co-ordinates, 

(a,i  -  a23)(«ii  -  Ott)  a^i*  +  («»  -  fl88)(%i  -  «ii)  «s* 

+  (On  -  axi)(tftt  -  ««)a?i*  «  0. 

(1008) 

This  is  the  fourteen-line  conic  of  the  giyen  conies. 

Car.  1. — ^The  eight  tangents  to  two  conies  at  their  points  of 
intersection  envelope  another  conic  ^.    See  equation  (1005). 

Cor.  2. — The  fourteen-line  conic  of  two  conies  is  harmonically 
inscribed  in  each. 

Car.  3. — The  fourteen-line  conic  of  two  conies  /Si,  8t  in  tenns 

of  £fi,  8tt  and  ^  is 

®t8i  +  0i5,  -  3-P=  0. 

(Ox7n)SLFiiraxR.)     (1009) 
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1.  Find  the  equation  of  the  foorth  common  tangent  to  the  conies 
VzianAi  +  ^x%  sin  ^2  +  '^x%%vclA%  =  0, 


Vari  COS  -4i  +  Vxscos^t  +  V«jC08-4j  =  0, 
Ant,  xilan  {A%  -  At)  +  ^a/dn  {At  -  Ai)  +  jpj/ain  (-4i  -  -4a)  =  0.    (1010) 

2.  The  coyariant  1*  of  the  two  conies  of  Exerdse  1  is  the  nine-point 
circle. 

3.  The  contravariant  ^  of  the  same  conies  is 

Ai»  8in»  (Ai  -  Ai)  +  Aa»  sin*  (At  -  ^1)  +  X»«  sin*  (^1  -  u<t) 

+  2A2X3  8in^2  8in^9+  2AsXisin^8  8in^i  +  2AiXs8in^isin^2  s  0. 

(1011) 

4.  Find  the  equation  of  the  four  tangents  to  ^1,  where  St  intersects  it. 

Let  the  points  of  intersection  be  A,  B,  C,  J),  and  let  8't  be  the  polar  reci- 
procal of  ^a  with  respect  to  Si ;  then  the  tangents  to  Si  at  A,  B,  C,  D  wiU 
be  common  tangents  to  S\  and  ^a*    Thus  we  find,  if 

^i  »  flii«i'  +  «ai«4'  +  «««»*  «  0,    iSa  B  jPi*  +  «^  +  s^'  »  0, 

the  four  common  tangents  to  be 

ail  V(aa2-a3a)*i  ±  oss  V(a»  -  «ii)  *t  ±  «»  V(au  -  flai)  «S  -  0. 

(1012) 

The  product  of  the  four  tangents  in  terms  of  5i,  8%,  and  J^is 

(%iSi  -  Ai^a)*  -  4Ai5i  (eaiSi  -  J^  =  0.  (1013) 

6.  State  the  special  lines  which  the  fourteen-line  oonio  of  a  quadrangle 
touches. 

AnHPOLAB  TfiliJ^GLE. 

395.  Let  Sly  St  he  two  coniee  given  hy  their  general  equations. 
It  is  required  to  reduce  them  to  the  forme 

OiiXf  +  flaa-Xa*  +  «»^'  =  0,      Xi^  +  J^«  +  -Xi»  -  0, 

respectively, 

SoLunow. — Since 

81  m  (iiiXi«  +  Oai^a*  +  anX,»  =  0,     iS, »  Xf  +  J^»  +  .Xi«  =  0, 
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the  discriminant  of  Si  -  kSi  is  equal  to  tHe  diacriminant  of 

Hence  an,  033,  033  are  the  roots  of  Lam6's  equatioii,  and  an 
therefore  given.     Again,  since 

Si  m  anXi*  +  fljaX,*  +  d»X3«,      fi,  -  Xi»  +  Xa»  +  Xi«, 
the  coyariant  jP  of  81  and  iSa 

=  «ii(flaa  +  «») ^1*  +  ««(<»»  +  Oil) Xf  +  fl«(aii  -h  mn)Xf. 
Hence  we  have  the  three  equations 

Xx»  +  x,«+x;«-«i, 

<hi(fl»  +  Ou)  Xi»  +  fla(<»88  +  «ii)  -X;*  +  <l»(flu  +  «»)  Xi«  B  ^. 

Hence      (flu  -  ««)(«ii  -  «3s)  Xi»  m  auSi  +  flntfjsSa  -  -^,     (1014) 
(«»  -  «3s)(««  -  Oil)  X,'  -  ««5i  +  a^i8^  -  -P,     (1015) 

(«»  -  «ii)(«M  -  «m)  X,*  m  Oj^Si  +  OiiOiafli  -  JP.      (1016) 

Hence  the  squares  of  the  sides  of  the  antipolar  triangle  ot  8i^8» 
are  covariants. 

Cor. — By  adding  the  equation  1014-1016,  we  get  the  eqnatioD 
of  the  f  ourteen-line  conic  of 

81,  82  m  0,^1  +  0i5,  -  3/'=  0. 

396.  Since  the  sides  of  the  antipolar  triangle  are  expressed  is 
terms  of  81,  82,  and  F,  it  follows  that  all  the  covariants  of  8^ 
8%  can  be  so  expressed,  but  all  cannot  be  expressed  rationally  in 
terms  of  these.  For  example,  the  conies  (985),  (987),  (988). 
Again,  the  conic  which  reciprocates  8i  into  8%  may  be  any  one 
of  the  four 

'/an  x^  ±  y/a^x^  ±  v^flsjiTs"  =  0, 
either  of  which  cannot  be  expressed  rationally  in  terms  of  81, 


0. 
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82,  F;  but  from  equation  1014-1016,  we  see  that  their  product 
can,  viz.,  this  is 

0,  On  Ont  OiiSi-^  02203382- F, 

«»,  0,  On,         (haSi-^o^^OiiSt-Fy 

Ci2y  (hu  0>  (hiSi  +  OiiOnSt-F, 

anSi+(hi(hiS2~F,  OnSi-^- 02^301182- F,  0^81+ 0x102282- Ff  0 

(1017) 

Mutual  Powsb  ov  two  Cokics. 

397.  If  ^i-Xi  =  0,  iSi-Z,  =  0  (where  S-a?i»  +  a^«+a^»oO, 
and  Zi,  Zs  are  lines)  be  two  conies  haying  double  contact  with 
the  same  conic,  or,  for  shortness,  say  inscribed  in  8 ;  then 

^i-Xi  +  ;t(S»-Z2)  =  0 

denotes  a  conic  passing  through  the  two  points  in  which  the 
common  chord  Zi  -  Z9  »  0  meets  them,  and  forming  the  discri- 
minant of 

Si-Xx  +  *(Si-Z,)  =  0 

after  clearing  of  radicals,  we  get 

(1  -  5,)^  +  2 (1  -  J?ia)*  +  1  -  iSi  =  0,       (1018) 

where  81,  82  denote  the  powers  of  the  poles  of  Xi,  Za  with 

respect  to  8,  and  jSui  the  power  of  the  pole  of  Zi  with  respect 

to  Z3.     Now,  since  the  equation  (1018)  is  of  the  second  degree 

in  k,  two  line  pairs  can  be  drawn  through  the  intersection  of  the 

conies 

5-Zi»  =  0,    i8-Z,«oO 

with  their  common  chord  Zi  -  Z^  s  0,  each  having  double  con- 
tact with  8.  It  is  evident  these  line  pairs  will  coincide,  if 
Zi  -  Z3  meet  i9  -  Z^'  in  consecutive  points ;  in  other  words,  if 
iSf-Zi'*>0  touch  iS-Zs'aO.  Hence  the  condition  of  contact 
of   /S-Zi'  and   /S-Zg*  is  the  discriminant  of  (1018)  with 


WW*-  <P^'w  w 
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respect  to  k.     Therefore  the  tact  invaiiant  of   S  -  Zf  s  0, 
S  -  Z,»  =  0  is 

(1  -  B^y  -  (1  ^  SO  (1  -  iSEi)  -  0.  (1019) 

We  should  haye  got  the  same  result  if  we  had  worked  with 
the  equations 

hut  with  either  of  the  forms 

S»tZi  +  *(S»±Z,)  =  0, 
the  result  would  he 

(1  +  Buy  -  (1  -  8i)  (1  -  S,)  «  0.  (1020) 

Hence  there  are  two  tact  invariants  for  two  conies  inscribed  in 
the  same  conic. 

398.  If  we  put 

1  -  i?u  =  v^(l  -  iSi)(l  -  5a) .  cos  ^i, 
and  denote  the  roots  of  equation  (1018)  hj  ^i,  h^  we  get 

e^^r.h,IK  (1021) 

Similarly,  if  we  form  the  discriminant  of 

iSiTZi  +  ;t(5i±Z2)-0, 

denote  the  roots  of  the  resulting  equation  mhhj  k^,  h^^  and  put 

1  +  i^xs  =  \/(l-iSi)(l-iSO  cos^„ 


we  get 


.•^. 


«    -  o  ItlK  (1022) 

Now,  if  ^1  =  Tr/2,  we  have,  from  (1021),  hijh  =  -  1,  and  the 
chords  of  contact  with  8  of  the  two  line  pairs  which  can  he 
drawn  to  touch  8  through  the  intersection  of  Z^  -  Z,  s  0  with 
S-L%  form  a  harmonic  pencil  with  Ly  and  L^.  Similarly,  if 
^s  B  9r/2,  the  chords  of  contact  with  8  of  the  line  pairs  through 
the  intersection  of  Z1  +  Z3  with  8-L^  touching  8  form  a 
harmonic  pencil  with  Zi  and  L%.    Hence  it  appears  that  what 
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corresponds  in  the  geometry  of  two  conies  insciibed  in  the  same 
conic  to  two  circles  cutting  orthogonally  are  two  conies  whose 
angle  if/,  which  we  shall  call  their  anharmonic  angle,  is  right, 
and  by  an  extension  of  the  term  we  shall  say  that  the  conicB 
cut  orthogonally. 

399.  Def. —  JTe  shall  call  1  ~  jSu  the  muiuaJ  power  of  the  eoniee 

5&  i  Zi  «  0    and    5ft  i  A  -  0, 

tchere  the  signs  are  either  both  plus  or  both  minus^  and  1  +  jSu  the 
muttMl  power  of 

S&tZi«0    and    5&±Z»»0, 

where  the  signs  are  different. 

The  mutual  power  of  two  conies  inscribed  in  the  same  oonio 
may  also  be  called  their  orthogonal  invariant,  since  its  yanishing 
is  the  condition  of  their  cutting  each  other  orthogonally. 


Fbobenius's  Theobex. 

400.  If  Ci,  C, . . .  Ci ;  C'l,  C'2 .  •  •  C'g  be  any  two  systems 
of  five  conies  inscribed  in  the  same  conic  Sy  and  if  the  mutual 
power  of  any  two  C«,  C'^  be  denoted  by  mn',  then 


11', 

12', 

13', 

14', 

16', 

21', 

)i 

II 

II 

II 

31', 

II 

II 

II 

II 

41', 

II 

II 

II 

II 

51', 

II 

II 

II 

II 

0.        (1023) 


This  is  an  extension  to  conies  inscribed  in  the  same  conic  of 
the  fundamental  theorem  in  a  Memoir  by  Herr  G.  Frobenius, 
"  Anwendungen  auf  die  Geometric  des  Maasses  " — CrelWs  Jour- 
nal,  Band  79,  pp.  186-247. 
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Dem. — ^Let 

then,  nmltiplying  the  determinants 


0 

«l 

(h 

Oz 

0 

-«1 

-tf» 

-^ 

0 

hi 

*2 

h 

0 

-ii 

-*. 

-«. 

0 

Ci 

c% 

Ci 

0 

-Ci 

-<^ 

-^ 

0 

di 

<k 

d. 

0 

-d. 

-* 

-* 

0 

*i 

H 

^ 

0 

-^1 

-^ 

-^ 

the  proposition  is  eyident. 

The  foregoing  proof  is  adapted  to  the  case  where  the  mntial 
power  is  of  the  form  1  -  i^u ;  hut  if  it  should  be  of  the  km 
1  +  i^u,  the  necessary  alteration  is  ohvious. 

401.  If  the  anharmonic  angle  of  the  conies  C^,  C»be  denoted 
by  mn%  it  follows  from  the  equations 


1  -  J?i2  -  v^(l  -  50(1  -  8t)  cos  ^1, 

1  +  JZia  =  v^(l  -  5i)(l  -  St)  cos  ^a, 

that  the  determinant  (1023)  can  be  transformed  into  the  foUoir 

ing:— 

cos  11',    cos  12',    cos  Id',    cos  14',    cos  16', 

cos  21',        „             „            „            „ 

cos  31 ,        „             „            „             „ 

=  0. 

cos  41 ,         „             „             „            jf 

COB  51',         „              „             „             „ 

(1024) 
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402.  If  the  second  system  of  conies  coincide  with  the  first, 
we  have  for  any  five  conies  inscrihed  in  the  same  conic 

1,  cos  12,     cos  13,     cos  14,     cos  15, 

COB  21,      1,  cos  23,     cos  24,     cos  25, 

cos  31,     cos  32,     1, 


cos  34,     cos  35, 
cos  45, 


=  0. 


cos  41,     cos  42,     cos  43,     I, 

cos  51,     cos  52,     cos  53,     cos  54,     1 

(1025) 

Cor.  1. — The  condition  that  four  conies  should  cut  a  fifth 
orthogonally  is 


1,  cos  12,  cos  13,  cos  14, 

cos  21,  1,  cos  23,  cos  24, 

cos  31,  cos  32,  1,  cos  34, 

cos  41,  cos  42,  cos  43,  1, 


0. 


(1026) 

Cor,  2. — If  the  conic  C^  touch  the  other  four,  the  last  row 
uiid  the  last  column  of  the  determinant  (1025)  become  units. 
Hence,  by  subtracting  each  of  the  first  four  columns  from  the 
fifth,  we  get  a  determinant  which  is  equivalent  to  the  follow- 
ing:— 

BinH(12),     sinH(13),     sin»i(14), 

sinH(23),     sinH(24), 


0, 


sin«i(21),     0, 

8inH(31),     sin' J  (32),     0,  8inH(34), 

Bin2i(41),     sinH(42),     BinH(43),     0 


=  0, 


(1027) 
or  the  product  of  the  four  factors 

sinj(14)8ini(23)±sini(24)sinj(31)±8ini(34)sinj(12)  =  0, 

(1028) 

which  is  the  condition  that  four  conies  should  be  tangential  to  a 

2k 
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fifth.     If  we  substitute  for  sin  }  (14),  &c.  (§  401),  this  equation 
becomes,  after  clearing  of  fractions, 


yv/(l  -  ^0(1  -  Si) - (1  -Itu)  yV{\  -  ^0(1  -  S,) - (1  -i2o) 

±  two  similar  terms  got  bj  interchange  of  suffixes  «=  0. 

(1029) 

403.  To  find  the  equation  of  a  conio  inscribed  in  a  given  conic  S, 
and  touching  three  given  conies  Ci,  C%y  Cs,  also  inscribed  in  S. 

Let  the  equations  of  Ci,  C,,  C,  be  S^  =  a„  8h  =  b,,  Si  =  £?^ 
respectively,  and  W  be  the  required  conic.  Take  any  point 
j/i,  x^iy  x'i  on  JF,  and  let  C*  denote  the  tangents  from  x'l,  o/j,  ar'j 
to  S.    Then 

*"  -/iV  +  SV+W  " 

denotes  a  conic  having  double  contact  with  S  and  touching  ^. 
Hence  the  equation  (1029)  holds  for  the  four  conies  Ci,  C,,  C„ 
Ci ;  and  it  is  easy  to  see  that  /S^4  «  1,  and 


v/ar'iH  a/2»  +  a/,» 


Hence,  making  these  substitutions  in  (1029),  and  omitting 
accents,  &c.,  the  equation  of  W  is 


v/Ci{y(l-^a)(l-&)-(l-i2a)) 

*  y  ^2  |%/(1  -  ^3)(1  -  ^i)  -  (1  -  i?,i)) 

±  yC,{v/(l  -  iSi)(l  -  ^a)  -  (1  -  i^w))  -  0. 

(1030) 

This  equation  was  first  obtained  by  me  in  1866  by  considera- 
tions of  Spherical  Geometry.  An  independent  proof,  founded  on 
the  properties  of  quartic  curves  having  two  double  points,  was 
given  in  my  Bicircular  Quartics,  read  before  the  Royal  Irish 
Academy  in  1867.  The  foregoing,  by  the  method  of  mutual 
power  is,  perhaps,  the  simplest  that  has  been  yet  given. 
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The  allied  but  different  problem  of  describing  a  conic  having 
double  contact  with  a  given  conic  S^  and  touching  three  other 
conies  each  having  double  contact  with  S,  was  previously  solved 
by  Professor  Cayley,  Crelle,  vol. 


Obthooonal  Gonics. 

404.  The  result  of  the  operation 

d  d  d 

dxi  dx%         dx% 

performed  on  the  conic  ^i  -  a,  =  0  tB  a  conic  orthogonal  to  81-  a,. 
For,  performing  the  operation  and  clearing  of  fractions,  we 
get  OaS^  -  a,  =  0,  and  the  orthogonal  invariant  (§  399)  of  this 
and  /Si  -  cr,  =  0  vanishes,  which  proves  the  proposition. 

405.  If  iSi±a.  =  0,  iSi±*,  =  0,  Sh±c,^0  be  three  conies 
inscribed  in  S,  it  is  required  to  find  the  equation  of  a  conic  J 
cutting  them  orthogonally. 

Let  ai,  02,  os  be  the  co-ordinates  of  the  pole  of  c/'with  respect 
to  /S ;  then  denoting  for  shortness  the  given  conies  by  ?P1,  ^„ 
JF3,  respectively,  we  must  have  (§  404) 

rfJTi         dWi         dJFi      ^ 


ai 


ai 


dJV\ 
dxi 

dW^ 


+  aa- 


dW^ 


dXn 


+  a« 


dJF^ 
+  O2-3 —  +  a« 


dW^ 

dx^ 

dJF, 


0, 


=  0. 


dxi  dx2  dxi 

Hence,  eliminating  ai,  02,  ot,  the  required  conic  is 

'     dW^      dW^      dW, 


0. 


dx^  ' 

dxt' 

dx. 

dW^ 

dJTi 

iWt 

dx^' 

dx^  ' 

<&,  ' 

dW^ 

dW^ 

dWt 

dxi' 

dx^^ 
2x2 

dxt 

(1031) 


A 
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Substituting  for  ?Fi,  Wt,  W^  their  values,  and  taking  into 
account  the  various  combinations  arising  from  the  double  signs 
in 

we  get  four  conies  orthogonal  to  the  conies 

We  shall  denote  them  by  t/",  t^i,  t/i,  tTi,  respectively.  If  in 
(1031)  we  put  /Si  -  «.,  /S4  -  h^  Sh  -  (j.  for  JFi,  W\,  JT^  we 
easily  get 

S^,  Xly  X^i  X^j 

I,      «!,     a,,     ^8, 
1,       ^1,     hi,     Jj, 

1,  ^1,  C^y  Cl 


=  0. 


(1032) 


t/i,  t/i,  t^8  are>  respectively,  obtained  from  this  by  changing 
the  signs  of  the  a's  in  the  second  row,  of  the  &'s  in  the  third, 
and  of  the  o^b  in  the  fourth  row. 

406.  If  the  minors  of  the  determinant  {oihci)  be  denoted  by 
the  corresponding  capital  letters,  we  see  that  the  co-ordinates  of 
the  pole  of  the  chord  of  contact  of  «7'and  S  are 

or  S-4i,  S-4a,  S-4j,  respectively;  but  these  are  evidently  the 
co-ordinates  of  the  point  of  concurrence  of  the  common  chords 
^m  "^m  ^«  -  ^.j  ^»  ~  ^m  of  the  three  conies 

>s-(ii.)»  =  o,   8-iKy  =  o,   8-{c,y  =  o, 

Hence  we  have  the  following  theorem : — The  poles  of  the  chords 
of  contact  of  J,  t/i,  t^,,  J^  with  8  are  the  four  radical  centres  of  the 
conies 

5-(a.)«  =  0,     5-(J.)»  =  0,     S-{c,y^O, 
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407.  The  polar  of  the  point  S^i,  XA2,  S-^j  with  respect  to 
S  -  (UjcY  is  easily  found  to  be  the  determinant 


'*j 


Xly  X^J  X^i 


1, 

«I. 

<h, 

«3, 

1, 

*., 

*., 

K 

1, 

tj, 

Czf 

^^ 

=  0, 


(1033) 


and  this  is  evidently  the  common  chord  of  J  and  8  -  («,)*• 
Hence  we  have  the  following  construction  for  the  conies  J,  Ji, 
J 2,  1/3  exactly  analogous  to  the  method  of  describing  a  circle 
cutting  three  circles  orthogonally,  viz. :  Prom  any  radical  centre 
draw  tangents  to  the  conies 

«-(«,)',    «-(«.)»,    »-(«.)'; 

then  the  six  points  of  contact  lie  on  the  corresponding  ortho- 
gonal conic. 

408.  To  find  the  loctis  of  the  dovible  points  of  the  net 
K  {Sh  -  a,)  +  Aa(^i  -  hj)  +  A,(^i  -  e,)  -  0. 


If 


K{Sh  -  a,)  +  X,{8h  -  b,)  +  X,{Sh  -(?,)  =  0 


has  a  double  point  it  must  consist  of  a  tangent  pair  to  8, 
Hence  it  must  be  of  the  form 

(x,^K^xM8i-^p±£^^^^]  =  0. 


Therefore,  putting    E  «  v^a?'j'  +  a/2'  +  ^3^,    we  have 
Xitf,  +  XjJ,  +  V.  =  (A.1  +  A,  +  X«)(a:'ia?j  +  x'i^  +  x^^)IR. 
Hence,  comparing  coefficients,  we  get 

Xi  {a^R  -  «'i)  +  A,  (M  -  a/i)  +  X3  {e^R  -  afi)  =  0, 
Xi  {(hR  -  sfi)  +  Xa  {h^R  -  a/^)  +  X3  (tfjiZ  -  «'«)  =  0, 
Xi  («jfi  -  ir'j)  +  X,(*,.8  -  x^i)  +  X,(c8i2  -  a/,)  =  0. 
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And  eliminatiiig  Xi,  A3,  X3,  we  get 

OiM  —  xij     OiR  —  w  ij  CyR 

a%R  —  iTj,     o%R  —  X2}  C2R 

a^R  —  a^sj     Jjfi  —  ip'si  tfjfi 


0. 


If  we  subtract  the  second  column  from  the  first,  the  third  frox 
the  second,  we  get  a  determinant  which  may  be  written 

iP      tfi  —  ^1,     ^1  —  Cij    CiR  —  x^i^ 

Oi  -  ^3,     hi  -  €ij    e^R  -  4/3 

Hence,  dividing  by  R^,  expanding,  and  putting  8^  for  Rj  an 
omitting  accents,  we  get 

which  is  evidently  the  conic  J.    Hence  the  locus  of  the  doubl 
points  of 

is  a  conic  cutting  5*  -  <i„  5i  -  i„  iSi  -  c,  orthogonally. 


JaC0BIA17S. 

409.  Given  three  conicSy  S^  5a,  S^y  it  is  required  to  find  (/ 
locue  of  a  point  whose  polars  toith  respect  to  these  conies  m 
concurrent. 

If  we  denote  the  differentials  of  S,  with  respect  to  d?i,  ^r,,  2 
respectively,  by  Sr^^\  Sr^^\  5/^^,  it  is  evident  we  shall  have  t 
eliminate  a/i,  x^^,  x^  between  three  equations  representing  th 
polars  of  the  point. 

Thus  we  get  the  determinant 

S,^'\    S,^'\     S,^'\ 

/Sa^i),      5,(2),      5,(3),        =0. 


s,^'\   s,^'\  5;^) 


(1034) 
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If  any  tliree  ternary  functions/i,  /s,  /s  be  given,  the  determinant  formed 
A^ith  their  first  differentials  was  much  employed  by  Jacobi,  and  called  by 
him  their /M/}(;<tona/  determinant.  This  name  has  been  altered  by  Stltbbtbb 
to  that  of  Jaeobian,  in  honour  of  that  great  Mathematician. 

410.  The  Jacohian  of  three  conies  is  the  hcus  of  the  double  points 
on  lines  cutting  the  conies  in  involution. 

Dem. — Let  A  be  any  point  of  the  Jacobian  of  Su  82,  Sif  or 
say  J  {Sly  82,  83) ;  then,  by  definition,  the  polars  of  A  are  con- 
current. Let  them  meet  in  B ;  then  the  polars  of  B  meet  in  A, 
Hence  B  is  a,  point  on  the  Jacobian ;  and  since  A^  B  are  conju- 
gate points  with  respect  to  each  conic,  the  line  joining  these 
points  is  cut  in  involution  by  the  conies,  and  A,  B  are  the 
double  points  of  the  involution. 

The  following  is  another  geometrical  definition  of  J{8iy  82,  82)^ 
viz. : — It  is  the  locus  of  the  double  points  of  all  the  conies  of  the  net 

ki8i  +  Aj5a  +  A9S,  =  0. 

For  the  co-ordinates  of  the  double  points  must  satisfy  the 
three  equations 

Xi5iW  +  MaW  +  Xj^j^')  =  0 ; 

and,  eliminating  Xi,  X2,  Xj,  we  get  J{8if  82,  82)  =  0. 

411.  If 

^,s«,*  =  0,     5asJ.»  =  0,     53-r,»  =  0, 
then 

J{Su  82,  82)  s  {aib2C2)a,  .*..(?,  =  0,         (1 035) 

where  (tfi^a^^s)  is  an  abbreviation  for  a  determinant. 

Hence  J{Sit  82,  82)  is  a  curve  of  the  third  order.  It  sometimes 
breaks  up  into  a  line  and  a  conic,  and  sometimes  into  three 
lines,  viz. — 1°.  If  81,  82,  82  have  two  points  common,  say  Jf, 
Ny  then  the  polar  of  any  point  P,  on  iCV,  with  respect  to  each 
of  the  conies  81,  82,  82  passes  through  the  harmonic  conjugate 
of  P  with  respect  to  if ,  N;  therefore  the  line  MNia  a  part  of 
the  Jacobian,  which  must  therefore  break  up  into  a  line  and  a 
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conic.  This  explains  why  the  Jacobian  of  three  circles  is  i 
circle,  viz.,  the  three  circles  have  the  cyclic  points  common, 
and  the  Jacobian  is  their  orthogonal  circle. 

2°.  If  one  of  the  conies,  say  Si^  be  the  square  of  a  line  Z-. 
then  t7'(5i,  5a,  D)  contains  Z  as  a  factor.  Hence  •/"(5i,  5i,  D) 
breaks  up  into  a  line  and  a  conic. 

In  this  case  J  if  L  he  the  line  at  infinity  j  J{8ij  S^y  X*)  eamitiiof 
the  line  at  infinity ^  and  of  the  loctu  of  the  centres  of  ail  the  eoma 
of  the  pencil  5i  +  X*5a  =  0. 

For,  if  ar'i,  x'2,  ^z  be  the  co-ordinates  of  the  centre  of  Si  +  kSt, 

xi  (5i^»)  +  kS2^'^)  +  X2  (5i^')  +  k82^^^)  +  x,{Si^^^  +  itSf,<»0  =  0 

(where,  after  differentiations,  a/i,  a/t,  sf%  are  substituted  for  *:, 
^,  x^  must  represent  the  line  at  infinity ;  that  is, 

a?i  sin  -4i  +  Xi  sin  At  +  x^  sin  A^  =  0. 

Hence,  if  \  denote  some  constant, 

5i^»)  +  1^2^'^  =  A  sin  A^,     SP^  +  kS^''^  =  X  sin  ^„ 
5i(3)  +  kS^^^  =  X  sin  -43. 
Hence,  eliminating  k  and  X,  we  get 


6V*^  S^^\  sin^i, 
5/'\  S^''\  sin -42, 
5l^'^     -SV3^     sin  ^3 


=  0, 


(1036) 


which  proves  the  proposition. 

As  a  particular  case,  if  S2  be  any  circle  whose  centre  is  at  a 
point  hk^  and  Z  the  line  at  infinity,  then  t7'(/Si,  8%^  Z)  is  the 
Apollonian  hyperbola  of  the  point  Kk, 

3°.  If  5i,  iSa,  ^3  have  these  points  common,  J{8i^  iS,,  ^3)  con- 
sists of  the  three  lines  joining  these  points. 

4°.  If  Si,  iSj,  iSs  have  a  common  autopolar  triangle,  J(^Sx^  8^,  8^) 
denotes  the  three  sides  of  the  triangle.    This  will  be  evident  by 
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forming  the  Jacobian  of  three  such  conies.  Thus  the  Jacobian 
of  iSi,  iSj,  and  their  co variant  F  consists  of  the  three  sides  of  the 
autopolar  triangle  of  6\,  ^2.     If 

Si  3  aiix^  +  a^aX^  +  Oj;^^  =  0,     82^  x^  +  x}  +  a?,*, 
then  J=  (a„  -  a^  {a^  -  a^  {a^  -  An)  XiX^pc^,  (1037) 

Hence  (§  395), 

*P  +  (tfii6\  +  flr22tf336'2  -  F)  ((hiSi  +  tfas^iiS'j  -  F)  {a^Si 

+  «ii««52  -  i^)  =  0, 
or  J^^F^-F^  (0,5i  +  01^2)  -h  i^'CAjGiSi^  +  AA-^a') 

+  (0102  -  3A1A2)  S1S2  -  AiAa{  Aa^i'  +  Ai^a'j 

+  ^i^a  { Aa(2Ai0a  -  01*)  Si  +  Ai(2Aa0i  -  ©a^  8t] . 

(1038) 

412.  To  find  the  envelope  of  a  line  cutting  three  conies  81,  8%,  8^ 
in  involution. 

Solution.— Let  ^1  ^  a.'  =  0,  82  ^  h,^  =  0,  S^m  c^  =  0  be 
the  conies ;  through  iSi,  8t  draw  any  conic  liSi  +  hSt  cutting 
S^  in  the  point  pairs  M,  N-,  IT,  N\  Join  iCV,  M'lP,  and 
produce.     Now,  since  MN"\^  a  line  cutting  three  conies  5i,  8%^ 


IiSi  +  I2S2  of  a  pencil,  it  is  cut  in  involution  by  them.  Hence 
JfiVis  cut  in  involution  by  81,  8t,  8^;  and  similarly  for  M^IP. 
Let  the  equations  of  MN^  M'N*  be  \„  ^'•« 
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Now,  since  the  line  pair  X. .  X'.  pass  through  the  intersection 
of  the  conies  li8i  +  128%  »  0  and  ^3  ^  0,  we  must  have  for  some 
value  of  li 

that  is,  we  must  hare 

Hence,  comparing  coefficients,  we  have  six  equations  of  the 

type 

li^ii  +  ^^11  +  ^^11  —  XiX'i  =  0. 

From  which,  eliminating  /i,  h,  hy  X'l,  X'j,  X's,  we  get  the  deter- 
minant 

(fiu     ^lu    ^ii>    ^i>      0,     0, 

(ha}     ^2J>     Cfat     0,       X,,    0, 

<»S8>      ^ss>      ^1      0,         0,      Xj 

2a?3,  2^23,  2^23,  0,  Xs,  Xj, 
2aji,  2J31,  2<?3i,  X«,  0,  X„ 
2^13,  2^13,  2^13,  X3,     Xi,    0 


0.       (1039) 


This  is  called  the  Hjbbmite  envelope  of  the  net  liSi  +  hSz  +  h'^z. 
It  is  evident  the  same  equation  is  the  envelope  of  the  line  IPN' ; 
hilt  JfiV.  WN'^  or  X, .  X',  denotes  a  line  pair  of  the  net  lx8y  +  ^^3 
+  feSs.  Hence  the  Hermite  curve  is  the  envelope  of  all  the  line 
pairs  of  l^Sx  +  h8%  +  hS^  =  0. 

Cot,  1 . — If  the  points  Jf,  iVcoincide,  JOTwillhe  a  tangent  to  iSs, 
and  the  point  of  contact  will  he  a  double  point  of  the  involution. 
Hence  it  is  a  point  on  t7'( /Si,  8%,  S^).  Therefore  the  points  of  inter- 
section of  c/'with  81  are  the  points  of  contact  of  the  conies  of  the 
pencil  liSi  ^l^S^  which  touch  8^ ;  but  tT' being  of  the  third  degree, 
and  Si  of  the  second,  there  will  be  six  points  of  intersection. 
Hence  six  conies  of  the  pencil  li8i  + 1282  touch  8^. 
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Cor,  2. — The  locus  of  a  point  whence  tangents  to  the  conies 
^1)  ^2)  ^3  form  a  pencil  in  inyolution,  is 

•^11)     -^iii     ^iii     ^i>     0,     0, 

-422,        -^22>         ^22»        0>  ^»       V, 

-^33>        -^33>         ^381       0,         0,        arj, 

2-^23,  2^23}  2C23,  0,      a^,   x^j 
2A^u  2^1,  2(731,  iTs,     0,    xu 

2^112,     2^12,     2l/i2,  ^J)        ^I>      V 

Car.  3. — The  Hermite  curve  of  iSi,  iSi2,  8^  in  Aronhold's  nota- 
tion is  the  product  of  the  three  determinants 


=  0.      (1040) 


«i  ^i  A.1 

<Z2    ^2    ^ 
^3    ^3    ^3 


hi   Oi   \i 

1 

1 

hi    02   Ki 

X 

h   Ci   K 

(?1    «!    Xi 

^    02    A^ 
^3    ^    ^3 


=  0.    (1041) 


413.  In  the  same  manner  as  we  have  the  Jacohian  and  the 
Hermite  curve  of  three  conies  in  point  co-ordinates,  so  we  can 
have  a  Jacohian  and  a  Hermite  curve  of  three  conies  in  line  co- 
ordinates. Thus  the  Jacohian  is  either  the  envelope  of  lines 
whose  poles  with  respect  to  the  three  conies  are  collinear,  or 
the  envelope  of  the  douhle  lines  of  pencils  in  involution  formed 
hy  pairs  of  tangents  drawn  to  the  conies ;  and  the  Hermite  curve 
is  cither  the  locus  of  points  whence  tangents  to  the  conies  form 
a  pencil  in  involution,  or  the  locus  of  all  the  douhle  points  of 
the  tangential  net  formed  hy  the  three  conies. 

414.  We  have  seen  (§  880,  Cor.  5),  that  if  Si,  52,  Ss  be  the 
tangential  equations  of  any  three  conies,  each  harmonically  in- 
scribed in  each  of  the  conies  Si,  8^,  8z,  then  every  conic  of  the 
tangential  net  /iSi  +  h^  +  ^Ss  is  harmonically  inscribed  in  every 
conic  of  the  trilinear  net  piSi  +  j?2^  -^  PzS^,     Now,  suppose 

jPi^i  +  P282  +  Pz8i  =  0 
to  break  up  into  a  line  pair  A. .  X'.  intersecting  in  P,  then  each 


(1042) 
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of  the  conies  2i,  %,  ^3  will  bo  harmonically  inscribed  in  A. .  XV 
Hence  A«,  \',  are  harmonic  conjugates  to  the  pairs  of  tangents 
from  P  to  the  three  conies  2i,  S2,  2$.  Hence  the  tangents  from 
P  to  2i,  Sa,  Sa  form  a  pencil  in  involution,  and  X,,  X',  are  the 
double  lines.  Hence  the  locus  of  Pis  the  Jacobian  of  5i,  82^  8^, 
and  also  the  Hcrmite  curve  of  Si,  Ss,  Ss.  Also  the  envelope  of 
X,,  X',  is  the  Hcrmite  curve  of  81,  82,  8^,  and  the  Jacobian  of 
Si»  2),  Ss ;  or,  as  they  may  be  stated, 

^'(8,8282)  -  Ja^CSAS,), 

J^(2  AS,)  =  ^{8^8282), 

COKTBAVABIANTS. 

416.  The  equation  Xi*  +  Xj*  =  0  is  the  product  of  the  two 
imaginary  factors  Xi  4-  iXj  =  0,  Xi  -  iXj  =  0.  Hence  the  factors 
being  each  satisfied  by  the  co-ordinates  0,  0,  are  the  equations 
of  the  cyclic  points  (§§  62,  72).  In  other  words,  Xi*  i-  Xj*  =  0 
is  the  condition  that  the  line  \ix  +  X^y  4-  X,  =  0  should  pass 
through  these  points.  Now,  if  S,  S'  be  the  tangential  equa- 
tion of  two  conies,  the  discriminant  of  S  +  ^S'  is 

Ai«  +  A;Ai0a  +  PA,0x  +  k^A2\ 

and  the  discriminant  of  S  +  ^(Xi*  +  X^i')  is 

Ai«  +  Ml  (flu  +  fl»)  +  ^{auOn  -  flu') ; 

but  if  S  B  0  be  the  tangential  equation  of  a  conic  in  Cartesian 
co-ordinates,  An  +  023  »  0  is  the  condition  that  it  represents  an 
equilateral  hyperbola,  and  flnfla  -  «u*  =  0  the  condition  that  it 
represents  a  parabola.  Hence,  if  in  any  tangential  system  of  co- 
oi*dinates  we  find  the  invariants  of  a  conic,  and  the  cyclic  points, 
03  =  0  is  the  condition  of  the  conic  being  an  equilateral  hyper- 
bola, and  ®i  =  0  for  a  paiabola.     Then,  since 

O  a  Xi^  +  X,»  +  X,' -  2X3X9  cos  ^1  -  2XjX,  cos -dfj  -  2X1X4  cos -4,  -  0 
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is  (§  62)  the  equation  of  the  cyclic  points  in  trimetric  co-ordi- 
nates, if  we  form  Lam6's  equation  for  2  +  ^,  we  get  the  con- 
dition for  an  equilateral  hyperbola 

«11  +  (ft!  +  <^3  -  2ri23  C08-4i  -  2^31  cos  ^3  -  2^12  COS -^j  =  0. 

(1048) 
For  a  parabola, 

-4 11  sin'-4i  +  -^22  8in*-42  +  -^33  sin'-^a  +  2-^23  sin  A2  sin  ^^ 

+  2-431  sin  Az  sin  Ai  4-  2-4 12  sin  A^  sin  ^2,  or  (-^^n^)*  =  0. 

(1044) 

EXEBCISES. 

1.  The  condition  that  anX\^  +  ^22^2^  +  033^3'  "  0  should  be  an  equilateral 
hyperbola  is  ^u  +  022  +  ^33  =  0.  But  this  is  the  condition  that  the  co- 
ordinates of  the  incentre  and  ezcentres  should  be  on  the  corre.  Hence 
the  locus  of  the  incentrcs  and  ezcentres  of  all  autopolar  triangles  of  an 
equilateral  hyperbola  is  the  hyperbola  itself. 

2.  The  condition  that  0232:2^3  +  031X3X1  +  ^12X1X2  =  0  should  be  an  equi- 
lateral hyperbola  shows  that  an  equilateral  hyperbola  which  passes  through 
the  summits  of  a  triangle  passes  through  its  orthocentre. 

3.  If  Su  S2  be  equilateral  hyperbola),  eyery  curve  of  the  pencil  81  4  kSt 
is  an  equilateral  hyperbola. 

4.  The  conic  xi2/(«3'  -  as')  +  iCa'/W  -  «!*)  +  «3'/(«i*  -  «t^)  =  0  which 
reciprocates  the  Brocard  eUipse  into  Kiepert's  hyperbola  is  a  parabola. 

416.  The  covariant  F  of  any  conic,  and  the  cyclic  points  is  the 
orthoptic  circle  of  the  conic. 

For  -F=  0  is  the  locus  of  points  whence  tangents  to  the  conic 
form  a  harmonic  pencil  with  lines  to  the  cyclic  points.  Hence 
the  tangents  must  be  at  right  angles,  and  therefore  F^  0  is  the 
orthoptic  circle.  Its  equation  is  got  by  substituting  for  ^,1, 
^23»  &c.,  in  equation  (990)  the  coefficients  of  Xi',  V>  &c.,  in 
the  equation 

O  =  Xi'  +  V  +  A3*  -  2X3X3  cos -4 1  -  2A3X1 C08-42  -  2X1X3  cos  ^3  =  0, 
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which  denotes  the  cyclic  points.    Thus  we  get  the  orthoptic 
circle  of  « .•  =  0  to  he 

5  (-^22  + -^^SS  +  2-^28  cos -4 1)  iPi* 

+  22(-4ii  cos-4i  --4i3  cos^t -  An  cos -4, -  A^)x^-  0. 

(1045) 

To  show  that  this  equation  represents  a  circle,  it  may  he 
written  in  the  form 

sin  Ax  sin  A^  sin  A^ ,  x^^^  (xi  [A-n  +  A^ 

+  2-^25  cos  -4i)/8in  -4i  +  . . . } 

=  (-^sin-*)*  •  {phP^z  sin  -4i  +  x^i  sin  A2  +  XiX^  sin  A^, 

(1046) 

If  a/  =  0  he  a  parabola,  {A^^tf  =  0,  and  the  locus  reduces  to 

2^j  (-4,2 +  ^^33  + 2^28  cos-4i)/ sin  ^1  =  0,         (1047) 

thus  giving  the  equation  of  the  directrix. 


1.  The  orthoptic  circle  of  a^  +  kb^  =  0  is  the  net 

(7a+A:V.  +  A«C6=0,  (1048) 

when  4^  =  0  is  the  orthoptic  circle  of  the  conic  which  is  the  envelope  of  lines 
cutting  a«^  and  b^  harmonically. 

2.  Prove  that  the  directrix  of 

ariV(«a'  -  «3^)  +  ^2V(«>»  -  «!«)  +  a?s'/(fli'  -  fla')  =  0 
is  the  diameter  of  Brocard. 

3.  Prove  that  the  directrix  of 

fli*i'/(«a  -  fli)  +  aiX2^l(az  -  aj)  +  a%x^l{ai  -  02)  =  0 

is  the  line  joining  the  incentre  and  circumoentre. 

4.  If  5i,  iS2>  ^s  1>6  the  differentials  of  the  conic  S  with  respect  to  x\^ 
xti  xz,  prove  that  its  orthoptic  circle  is 

62^=  5i«  +  -S2'  +  ^+  282St  oosAi  +  28t8i  coaAi  +  2S1S2  cosAz. 

(Cathcabt.) 
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Foci. 

417.  The  discriminant  of  2i  +  kl^  =  0  is 

A,»  +  M,0,  +  A-»A20i  +  ^•'V. 

This  equated  to  zero  furnishes  three  values  of  k  which,  when 
substituted  in  2i  +  X'%  -  0,  gives  the  equations  of  the  thrite 
pairs  of  opposite  summits  of  the  complete  quadrilateral  formed 
by  the  common  tangents  of  2i,  %.  If  Sa  =  0  denote  a  point 
pair,  say  /,  /,  Aj  vanishes,  and  we  have  a  quadratic.  This 
gives  two  values  of  k  which,  when  substituted  in  2i  +  k%i  =  0, 
gives  the  two  pairs  of  opposite  summits  of  the  quadrilateral 
formed  by  the  tangents  from  /,  «7'to  2.  Hence,  if  /,  ./"be  the 
cyclic  points,  these  summits  will  be  the  foci,  one  value  of  k 
corresponding  to  the  real  foci,  and  the  other  to  the  imaginary 
or  antifoci. 

418.  When  Sa  =  0  denotes  the  cyclic  points,  2i  +  ifeSa  =  0  is  tlie 
tangential  equation  of  a  conic  confocal  with  2i.  Hence,  form- 
ing the  corresponding  equation  in  point  co-ordinates,  we  get  the 
general  equation  of  a  conic  confocal  with  S^,     Thus  we  get 

where  F"  denotes  the  orthoptic  circle  of  8iy  and  ©j  the  condition 
that  8x  should  be  a  parabola.  Hence,  forming  the  discriminant 
with  respect  to  A;,  the  equation  of  the  foci  is 

r»  -  4Ai©i>S^i  =  0.  (1049) 

If  Si  be  given  in  Cartesian  co-ordinates,  the  equation  of  the 
foci  is 

(1050) 
This  is  obtained  by  putting  X*  +  ft*  for  2,. 

419.  If  2i  =  0  be  a  parabola,  and  Ss  »  0  the  cyclic  points,  0i 
vanishes,  and  Lam6's  equation  reduces  to  Ai  +  ^0ssO.  Then 
eliminating  k  between  this  and  2i  +  ^Sa,  we  get 

0,Si-AA  =  O.  (1051) 
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Hence,  for  Cartesian  co-ordinates,  the  equation  of  the  foci  is 

wbicli  must  resolve  into  two  factors,  one  of  which  denotes  the 
focus  at  infinity,  and  the  other  the  finite  one.  One  factor  must 
obviously  be  A^Xi  +  ^23^  =  0,  and  the  other,  which  represents 
the  finite  focus,  is 

Ai|(«ii  +  an)Aii  -  Ai)/^8i  +  ^|(«ii  +  On) An  -  Ail/A^ 

+  2X3(^11  + Am)  =  0. 
Hence  the  co-ordinates  are 

(an  +  On)  A^i     '  («„  +  a«)  A^ 

(1062) 

For  triraetric  co-ordinates,  since  the  co-ordinates  of  the  focus 
at  infinity  are  the  dijfferentials  of  0i  or  (^sin^)'  with  respect  to 
sin^i,  sin-^j,  sin-^a,  say  ©i^^^  0i<'\  ©i<'\  we  get 

(0,^„  -  AO/©i^^>,     (02^22  -  AOM^,     (0,  J„  -  AOM^'^ 

(1063) 
Thus  the  co-ordinates  of  the  focus  of  the  parabola 

^iVW  -  a,')  +  ^2VW  -  «i')  +  ^j7(«i'  -  O  =  0 
are 

Ui  sin' (-4a  -  -^3),     a, sin' (-4,  -  -4i),     a3  8in'(-4i  -  A2) 

(1054) 
And  the  co-ordinates  of  the  focus  of 


aiXi*l[(h  -  «3)  +  (t^2^l{ai  -  ax)  +  a^^l{ai  -  a,)  =  0 


are 


sin'  i  {A2  -  -^3),     sin'  ^  (-4,  -  -40,     sin'  J  {Ax  -  -4,). 

(1055) 

These  are  the  co-ordinates  of  the  centre  of  the  hyperbola 
which  is  the  isogonal  transformation  of  the  line  joining  the 
incentre  and  circumcentre  of  the  triangle  of  reference. 
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DOTTBLB  OOKTAOI. 

420.  If  two  eonicB  /Si,  8%  have  double  contact,  their  covariant  F 
is  a  conic  of  the  pencil  liSi  +  1^8%  -  0. 

Dem. — Let  the  triangle  formed  by  the  common  tangents  and 
the  chord  of  contact  be  the  triangle  of  reference;  then  the 
equations  of  8i,  82  may  be  written 

2ai3^iX2  +  a^^  =  0,     21^^X2  +  h^^  =  0, 

and  the  covariant  F  will  be 

(awJjj  +  lv^x^X2  +  a^h^  =  0, 

which  is  of  the  desired  form.  The  same  thing  may  be  seen 
geometrically,  since  F  intersects  >Si,  5,,  where  they  are  touched 
by  their  common  tangents,  that  is,  where  they  meet  their  com- 
mon chord,  it  passes  through  the  points  common  to  81,  8%,  and 
belongs  to  the  pencil  liSi  +  I2S2  =»  0. 

421,  If  8u  82  have  double  contact,  the  Jaeobian  of  8^  82,  and  F 
vanishes  identically. 


YoT  J{8i,  82,  F) 


8i^'\  82^'\  F^^\ 
8i^^\  82^^\  FW^ 
8,w^    iS,w,    /*(») 


(1056) 


And  since  (§  420)  ^^0^51  +  ^82,  if  we  multiply  the  first 
column  of  this  determinant  by  li,  the  second  by  ^t,  and  subtract 
their  sum  from  the  third,  the  remainders  vanish.  Hence  the 
proposition  is  proved. 

8econd  Identical  Relation, — If  the  conies  /Si,  82  have  double 
contact,  Lame's  equation  has  two  equal  roots,  and  the  double 
root  substituted  in  iS  1  +  ^/S,  =  0  gives  the  square  of  the  chord  of 
contact.    Therefore,  for  that  value  of  k  the  reciprocal  of  81  +  k8t 

2l 


i 
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yanislies  identically.     Also  the  differentials  of  Lam6'8  with 
respect  to  k  vanish.    Hence  we  have 

Si  +  ib*  +  ^2,  =  0, 
01  +  2J60,  +  3ife»A,  «  0, 
8Ai  +  2^01  +  jfe»©a  =  0. 

Hence,  eliminating  £,  we  get 

Si,      *,  2,, 

01,       20,,  3A„       -0.  (1057) 

SAi,     201,  0a 

Third  and  Fourth  Identical  Relations,— rll  two  conies  have 
doable  contact,  their  reciprocals  have  double  contact.  Hence 
if  we  employ  2i,  Ss  instead  of  iSi,  8^^  we  get  the  two  following 
identities : — 

2i(»),    X^'\    *(»), 

2i^^     2,<^     *t^       =0.  (1058) 


03,  2^201,      3^2, 

3Ai,     2Ai03,   01 


0. 


(1059) 


CoNics  Conjugate  with  kesfect  to  a.  Qfadbilateral. 

422.  Def. — A  conic  is  said  to  he  conjugate  with  respect  to  a 
quadrilateral  when  the  polar  of  any  summit  passes  through  the 
opposite  summit. 

Let  the  pairs  of  opposite  summits 
be  A,  A'-,  B,  B*;  C,  C;  and  a/  =  0, 
the  conic  referred  to  the  triangle 
ABCj  then  the  polar  of  the  point 
A  is 

OiiXi  +  OuPH  -v  Ov^  -  0. 
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And  since  this  must  pass  through  A\  A'  is  the  intersection  of 

flii^i  +  ax<fi%  +  au^Tj  =  0  and  Xi  =  0, 

and  therefore  the  intersection  of 

au^3  +  axyc%  =  0  and  Xx  =  0. 

Hence  A'  is  the  intersection  of 

^/«si  +  ^j/^ia  aiid  x^. 
Therefore  the  line 

passes  through  A.     Similarly,  it  passes  through  B^  and  C 
Henc-o  the  equation  of  A'B'C  is 

XijihA  +  Xtla^x  +  a?8/a,3  =  0. 

A'B^C  is  the  axis  of  perspective  of  the  triangle  ABC  Bxxidi  its 
polar  reciprocal. 

428.  The  equation  of  the  conic  can  he  expressed  symmetrically 
in  terms  of  the  eqtuitions  of  the  four  sides  of  the  quadrilateral, 

Dem. — Put    X4,  m  a?,/tf23  +  ^/^si  +  ^a/^^w-     Then  we  have 
0:4'  -  2^  +  22 ^^  =  S  — ,  + .M^iX,. 

028  <^23-<^31  <'23  ^12 '^'^hl 

Hence  the  equation  of  the  conic  may  ho  written 

or  fWia?!*  +  WaiTa' +  Wjora' +  ^14^74' =  0.  (1060) 

Reciprocally,  any  conic  whose  equation  is  of  the  form 

miXi^  4  W2X3'  +  WjOTs'  +  mix^  =  0 

is  conjugate  with  respect  to  the  quadrilateral. 
For  the  polar  of  the  point  y  is 

miXiyi  +  fWja^iya  +  ^^s^3  +  »»4^4y4  =  0. 

Hence  the  polar  of  the  point  A  (y^  =  0,  y,  =  0)  passes  through 
A'^Xi^'O,  Xi  =  0). 

2l2 


5l6  Invariant  Theory  of  Conies. 

Cor,  1. — If  a  conic  divide  two  diagonals  of  a  complete  quadri- 
lateral harmonically,  it  divides  the  third  diagonal  harmonically. 

(Kessb.) 

Cor.  2. — If  the  coefficients  mi,  n^,  m^j  m^  of  equation  (1060) 
he  all  equal,  the  conic 

is  the  fourteen-point  conic  of  the  quadrilateral. 

For  the  equations  of  the  sides,  expressed  in  terms  of  the  aides 
of  the  diagonal  triangle,  are  of  the  forms 

lia  ±  l^fi  ±  hyO; 

and  when  these  are  suhstituted  for  ^1,  x^,  x^,  Xi  in  equation 
(1060)  if  mi  sm3  =  9713  =  ^4,  it  will  he  seen  that  the  diagonal 
tiiangle  is  autopolar  with  respect  to  the  conic. 

Cor.  3. — The  discriminant  of  the  conic  (1060)  is  2  —  =  0. 

mi 

424.  Any  three  conies  are  eonjugatee  with  respect  to  an  infinite 
numher  of  qtMdrilaterals. 

Dem. — It  is  possihle  in  an  infinite  numher  of  ways  to  choose 
the  equations  of  four  lines  Xif  ^,  ^3,  x^^  so  that  any  three  conies 
81,  iSs,  Si  can  he  expressed  in  the  forms 

miiTi*  +  m,*,'  +  mjTs*  +  ntiXi*  =  0,     niXi^  +  Waa^j'  +  n^x^^  +  1142:4'=  0, 

PiXi^  +  P2fx^*  f  PaXi^  +  PiXi^  =  0. 

For  each  of  these  equations  contains  explicitly  three  indepen- 
dent constants,  and  each  of  the  lines  Xiy  x^^  x^y  Xi  implicitly  two 
independent  constants.  We  have  thus  seventeen  constants  at 
our  disposal,  while  the  conies  8iy  82,  83  contain  only  fifteen 
independent  constants.     Hence  the  proposition  is  proved. 

Cor. — If  a  quadrilateral  he  conjugate  with  respect  to  three 
conies,  its  six  summits  are  points  on  the  Jacohian  of  the  conies. 

425.  Since  the  four  lines  Xi,  ^,  2:3,  Xi  are  connected  by  an 
equation  of  the  form  A.  =  Xi,  and  we  may  suppose  the  constants 
Xi,  Xqy  kg  included  in  Xi,  X2,  ^s,  so  that  the  relation  may  be  written 
«i  +  ^  +  ^  +  ^4  =  0.     Then,  if  we  solve  for  Xi\  Xt\  a^',  x^*  from 
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the  equations  of  the  conies,  and  denote  the  detenninant^ 
{nhn^Pi),  {nhniPi),  (w^ni^a),  (wiWa^j),  by  Ai,  -4,,  -4„  A^,  re- 
spectively, we  get  a?!*,  a?2*,  a^\  x^  proportional  to  -4i,  A%^  A^,  A^. 
Hence,  substituting  in  Xi  +  x%  +  x^-^  Xi^a  0,  we  have  the  con- 
dition that  the  conies  Si,  S^y  8^  have  a  common  point,  viz. 

\/Ai  +  \/A2  +  \/-4s  +  \/Ai  =  0, 
or,  cleared  of  radicals, 

(S^i»  -  22-41^0*  =  SiAiAtA^i.  (1061) 
The  right-hand  side  of  this  equated  to  zero  is  an  inyariant 
whose  vanishing  denotes  that  the  conies  have  an  autopolar  tri- 
angle. For  if  AiAiA^^  =  0,  some  one  of  its  factors  must  be 
zero,  say  A^ ;  then  the  conies  can  be  expressed  in  terms  of 
^i\  x%i  ^Z'  In  this  case  it  is  easy  to  see  also  that  it  is  possible 
to  determine  l^  1%,  ^,  so  that  hSi  +  ItS^  +  1^8^  may  be  a  perfect 
square. 

Numbers  of  iin)EPEin>Eirr  Iitvabiants,  etc.,  of  two  Conics. 

426.  It  has  been  proved  by  Gordon  (see  Clebsch,  p.  291 ; 
French  translation,  Benoist,  p.  862)  that  two  conies  Si,  St 
given  by  their  trilinear  equations  have,  including  themselves, 
twenty  concomitants.  These  are — 1°.  Four  invariants,  namely, 
the  coefficients  Ai,  ®i,  0,,  A%  of  Lam6's  equation.  2°.  Four 
covariants,  namely,  S^  8^^  F,  and  the  covariant «/',  which  repre- 
sents the  three  sides  of  the  autopolar  triangle  of  /Si,  S^ 
3^.  Four  contravariants  Si,  S^,  O,  and  the  Jacobian  of  2i,  S2)  ^) 
which  represents  the  three  summits  of  the  autopolar  triangle  of 
Si,  Si.  4^.  Eight  mixed  concomitants  (German  Zwischenformen). 
These  contain  both  point  and  line  co-ordinates,  and  may  be 
regarded  as  covariants  of  the  two  conies  Si,  S^  and  the  line 
A.  =  0.     They  are  as  follows  : — 


1°.  The  Jacobian  iV^i 


Si^'K  8i^'\  Si^^\ 
Si^'\  S^w^  >S,w, 


=  0. 


(1062) 
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This  denotes  the  locus  of  a  point  whose  polars  with  respect 
to  Sly  82  meet  on  A..  It  is  also  the  locus  of  the  poles  of  X, 
with  respect  to  all  the  conies  of  the  pencil  81  +  kSz  =  0.  For 
the  standard  forms  of  8if  82  its  equation  is 


2°.  The  reciprocal  formiVa! 


2i»>,  2i^»>,  2it»), 
2,<^\  2,^'),  2,(^), 


^ij 


ar„      a^ 


=  0    (1063) 


expresses  the  equation  of  the  line  joining  the  poles  of  A,  with 
respect  to  /Si,  82^  or  it  may  he  interpreted  as  the  envelope  of  a 
line  whose  poles  with  respect  to  8iy  82  are  collinear  with  the 
point  A.  =  0.     For  the  standard  forms  the  equation  is 

«ii(«»-  <^)  A«A«a?i  +  022(033  -  On)  A3Xia:a+  033(011  -  023)  AiA,^  =  0. 

(1064) 
3°.  The  line  iTi,  whoso  pole  with  respect  to  82  is  the  same  as 
the  pole  of  A.  s  0  with  respect  to  81.     For  the  standard  forms 


-ffi  S  OiiAi^i  +  022X^2  +  033A3a?3  =  0. 


(1065) 


4^.  The  line  K2*  whose  pole  with  respect  to  81  is  the  same  as 
the  pole  of  A«  =  0  with  respect  to  82.    For  the^standard  forms 

iTa  a  022033Aia:i  +  033011X2^:3  +  011022X30^  =  0.      (1066) 

6°.  J{8iy  JTi,  A,)  differentiations  heing  performed  with  respect 

to   Xif  ^2)  ^« 

6°.  J (^82,  £^2}  K)  differentiations  heing  performed  with  respect 

to   Xiy  X2i  X2» 

7°.  «7'(2i,  Ki,  A.)  differentiations  heing  performed  with  respect 
tp  Ai,  A2,  A4. 

8^.  </(22,  J^2i  K)  differentiations  heing  performed  with  respect 

to  Ajj  A3,  Af. 


Invariant  Theory  of  Conies.  619 

For  the  standard  forms,  these  mixed  concomitants  are,  respec- 
tively, 

(oa  -  aja)xikiK  +  («88  -  «ii)  «3A3Xi+  (an  -  (hi)Xi\iki  =  0.     (1067) 

tfii*(«ia  -  (hi)Xi>^  +  «a*(«8s  -  tfii)«3^^i  +  Osj*  («ii  -  «22)«sXiA4  -  0. 

(1068) 

«ii(<»«  -  «8s)Xi«2a^  +  <»«(«83  -  tfu)  AjavPi  +  a^ian  -  «»)  Vi«a  =  0. 

(1069) 

^»M«3s(«a2-«ss)  AiavP8+fl8s«ii(<^-«ii)  AaavPi+  tfiiaa(«ii  -  «2a)  Vi^  «  0, 

(1070) 

BZBBOISBS. 

1.  If  two  triangles  be  autopolar  with  respect  to  a  conic,  their  six  summits 
lie  on  another  conic. 

Let  a  conic  S  be  described  through  three  summits  of  one  triangle  and 
two  summits  of  the  other,  which  we  take  for  triangle  of  reference.  Then 
because  8  circumscribes  the  first  triangle  an  4  osa  +  ^is  =  0,  and  because  it 
goes  through  two  summits  of  the  triangle  of  reference  an  =  0,  om  =  0. 
Hence  ass  =  0,  and  therefore  S  goes  through  the  remaining  summit. 

2.  In  the  same  case,  the  six  sides  of  the  triangle  touch  a  conic. 

3.  The  Jacobian  of  any  conic,  its  orthoptic  circle,  and  the  line  at  infinity, 
gives  the  axes  of  the  conic. 

4.  If  TTbe  the  Jacobian  of  the  conic  a«*  =  0,  the  circle 

«nd  the  line  at  infinity,  the  discriminant  of  TFwill,  after  removing  accents, 
be  the  axes  of  a»'  =  0. 

5.  Any  two  triangles  in  perspective  are  polar  reciprocals  with  respect  to 
-some  conic. 

6.  If  a  triangle  be  autopolar  with  respect  to  a  conic,  its  drcumcircle  cuts 
the  orthoptic  circle  orthogonally. 

7.  li  8  m  a«'  B  0,  the  conic 

8  s  2an«i*  +  2  (  033  + )  jr2«ke  0 


(         a22.a33\ 


passes  through  all  the  points  of  intersection  of  non- corresponding  sides 
•of  the  triangle  of  reference  and  its  self  reciprocal  with  respect  to  8, 

(Neubuo.) 
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8.  If  two  of  the  vertices  of  a  self-conjagate  triangle  witb  respect  to  8 
lie  on  S^f  the  locus  of  the  third  vertex  is  9)8  -  A8'  =  0. 

Dsv. — The  locus  of  a  point  whence  tangents  to  a  conie  make  m  ftven  emgU 
is  called  the  isopno  cubvb  of  the  conio. 

9.  If  5  he  the  conic,  X  its  orthoptic  circle,  prove  that  the  isoptio  cmre 
for  the  angle  ^  is 

X^tan^^  +  4Ai9(«isinu^i  +  «s8in^2  +  ^sin^3)'=  0. 

10.  If  the  lines  \m  =  0,  A.'«  s  0  intersect  on  the  conic  a«'  «  0, 

«ii»  «u,  «18,  A.i»  A.*i> 

021)  an,  023,  A-S)  A.'a» 

«3i,  an,  asj,  Aa,  \'h       =0.  (1071) 

A.i>  Aj,  X3»  0,  0, 

A'l,  A'l,  A's,  0,  0 

11.  Transform  the  central  conies 

«il«l'  +  «28«t*  +  2a\^\X%  =  1,      3ii«i»  +  *mJ3*  +  2^i*i«»  -  1 

to  a  system  of  common  conjugate  diameters. 

12.  The  points  of  section  of  two  concentric  conies  lie  on  two  diameters 
which  form  a  hannonic  pencil  with  their  pair  of  common  oonjugate 
diameters. 


Method  of  Idsntttibs. 

To  demonstrate  certain  properties  of  conies  it  is  often  useful  to  consider 
the  equation  of  the  curve  under  two  different  forms.  The  following  exer- 
cises will  illustrate  the  method : — 

13.  V.  If  a  conic  8  pass  through  the  points  of  intersection  of  the  conies 
^1  and  8t,  and  also  through  those  of  the  conies  Sz  and  iSi,  the  eight  points  of 
intersection  of  the  conies  S\  and  Sz^  82  and  i$49  He  on  a  conic. 

For  the  identity    a8\  —  bSi  b  cSz  —  dSi  gives  a8i  —  eSz  m  bSi  —  d8i,9i:c. 

Cor. — The  intersections  of  the  three  pairs  of  opposite  sides  of  a  hexagon 
inscrihed  in  a  conic  lie  on  a  right  line. 

If  ABCDEF  he  the  hexagon,  and  we  take  for  ^1,  8tf  Si,  8i  the  pairs  of 
lines  {AD,  BCTj,  {AB,  CD),  {AD,  JBF),  {DE,  FA),  the  conic  o^i  -  e8i 
consists  of  the  line  AD  and  the  line  passing  through  the  points 
(BO,  EF),  (AB,  DE),  {CD,  AF), 
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2".  Let  x\y\z\,  x^y^tiy  ...  be  the  trilinear  co-ordinates  of  six  points 
A\^  A%f ...  on  a  conic  ^.  Then  from  the  six  equations  of  condition  we- 
get 


'i*.- 

yi'. 

«'. 

y»»ii 

<i«i> 

iCiyi 

*.', 

» 

*A 

tt 

**', 

tt 

«.», 

>i 

«e», 

tt 

-  0. 


Adding  to  the  first  colnmn  multiplied  by  A.*  the  successiye  columns  mul- 
tiplied  respectiyely  by  fi^  ¥\  2fi¥f  2ifA.,  2A/i,  the  elements  of  the  first  column 
become  (\Xi  +  fiyi  +  rzi)^  or  8,'  (i  =  1,  2,  . . .  6).  Developing  this  determi- 
nant according  to  the  elements  of  the  first  column,  if  ^i,  ^3,  . . .  denote  the 
corresponding  minors,  we  shall  have  the  relation 

-Bi8i»  +  -BjSa*  +  -B383'  +  -B484'  +  -B585'  +  -BcV  =  0, 

which  should  be  true  for  all  values  of  A*  /i,  ¥. 

Kow  8<  is  proportional  to  the  distance  of  the  point  At  from  the  line- 
Xx  +  fxy  +  yz  =  0  ;  thus  there  exists  a  homogeneous  linear  relation  between 
the  distances  of  six  points  on  a  conic  from  any  line  in  its  plane. 

Let  us  now  consider  X,  fi,  v  as  tangential  co-ordinates.  The  equation 
8<  =  0  represents  the  point  At ;  from  the  identity  (1)  we  conclude  that  the 
equations 

^181*  +  -5,82'  +  5383'  =  0,     -5484*  +  -»5M  +  ^686*  =  0 

are  identical.    Kow  each  represents  a  conic  autopolar  with  respect  to  the 
triangle  818283  =  0,  or  848588  =  0.    Then  if  two  triangles  AiAzAz,  'BiBzBz 
are  inscribed  in  the  same  conic,  they  are  also  autopolar  with  respect  to 
another  conic. 
3^.  From  (1)  the  equations 

-Bi8i«  +  J?282*  +  ^383*  +  .B484»  =  0,  -B686*  +  -B«86«  =  0 

are  identical;  the  first  represents  a  conic  autopolar  with  respect  to  the 
complete  quadrangle  AiAzA^Ai  (two  opx)OBite  sides  are  conjugate  with 
respect  to  the  curve)  ;  the  second  represents  two  points,  harmonic  con- 
jugates with  respect  to  As  and  A%,  Then,  if  a  conic  be  inscribed  in  a  quad- 
rangle AiAzAzA^^  there  exists  on  a  chord  A^A^  two  points  if,  J^T,  which  are 
separated  harmonically  by  the  couples  (^i.^3>  Aydt],  {AiAz,  AtAi)^ 
{A\Ai,  AiAz),    This  is  the  theorem  of  Deaarguu, 
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i"*.  It  mx  pain  of  points  A\A\\  AiA'l ...  be  conjagate  with  respect  to 
a  conio,  we  can  demonstrate  as  above  that  we  have  identically 

J?i5i5i'+  Btlzli-^^.  .  .  +  BtUU  =  0, 
where  J,-  =  A4:<  +  /iy<  +  vzi^  5i  =  \x(  +  /xy/  +  r«i',  &c. 

6'.  If  -Si  B  a,«  =  0,    /Sa  =  *,«  =  0, . . .  -S«  «/.«  =  0 

be  six  conies  harmonically  circumscribed  to  the  same  conic,  their  equations 
are  connected  by  an  identical  relation  %\S\  «  0. 

Dem. — Let  2  =  0  be  the  tangential  equation  of  the  conic  to  which  ^i, 
^2,  &c.,  are  harmonically  circumscribed,  then  we  have  six  equations  con- 
sisting of  the  products  of  %  and  the  coefficients  of  ^i,  S%,  &c. ;  and,  elimi- 
nating the  coefficients  of  2,  we  get  the  determinant 


^^aZ,       033)       <^Vii       ^31)       Alt) 


)) 


>i 


>) 


•» 


») 


)» 


>> 


»» 


f) 


>i 


>» 


»i 


») 


i» 


)) 


)) 


i» 


>f 


»> 


>> 


0. 


yii»      >>        i»         »»        »f         >» 

Now,  multiplying  the  columns,  respectively,  by  xi*,  xa^  «^',  2^3X3,  2jrif  1, 
t2j;iX3,  and  adding  to  the  first,  the  determinant  will  be  changed  into  one  whose 
first  column  will  be  <Si,  8%y  . ., St*  Hence,  denoting  the  minors  of  an,  ^n, 
&e.,  by  ht  hi  &c.,  we  have  "HiSi «  0. 

Cor,  1 . — If  S\i  Si, ,..  S^  represent  line  pairs,  we  have  P.  Sbrrst's  theorem 
that  if  six  line  pairs  xix'u  x%x'tf . .  .  z%x'^  be  conjugates  with  respect  to  the 
same  conic,  they  are  connected  by  a  linear  relation  ^hxix'i  =  0. 

Cor,  2.  —If  the  line  pairs  coincide,  Serret*s  theorem  becomes — **  If  six 
lines  xiy  ora, . . .  ^  be  tangents  to  the  same  conic,  their  squares  are  connected 
by  a  linear  relation  2/ixi'  =  0.*' 

Cor,  3.— If 

hxi*  +  hxi^  +  ^3'  =  0,     and    /4X4'  +  to'  +  to*  =  0, 
by  addition,  liXi*  +  to'  •  •  •  to'  ^  0, 

and  we  have  the  theorem  of  Ex.  1,  If  two  triangles  be  autopolar  with  respect 
to  the  same  conic,  their  six  sides  touch  another  conic. 
Cor.  4.— If  Sto'  =  0,  then 

hxi^  +  fea?a'  +  to'  +  to'  -  -  (to'  +  to'). 
Hence  the  left-hand  side,  equated  to  zero,  denotes  a  line  pair  f onuing  a  har- 
monic pencil  with  xs,  xe,  and  dividing  harmonically  the  three  diagonals  of 
the  quadrilateral  formed  by  xi,  xa,  xs,  xi. 
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Car.  6. — If  xi,  X2t  ^3»  ^i,  ^s  be  any  five  lines,  no  three  of  which  are  con- 
euirent,  and  /i,  ^,  .  .  .  /s  multiples  which  make  2/iXi*  a  perfect  square,  the 
enrelope  of  the  line  whose  square  it  denotes  is  a  conic  which  touches  the 
fire  lines. 

14.  Prove  that  the  tangential  equation  of  the  centre  of  the  conic  a/  =i  0  is 

^A.^«in^  =  0.  (1072) 

15.  If  a  circle  be  harmonically  circumscribed  to  a  parabola,  the  locus  of 
its  centre  is  the  directrix. 

16.  If  a  circle  of  given  radius  be  harmonically  inscribed  in  a  parabola, 
the  locus  of  its  centre  is  a  parabola. 

17.  Transform  the  conic 

5»(«i*  +  X2«  +  :c,2)  =  0    (}406) 
to  the  triangle  formed  by  the  poles  of  the  lines  a«  s  0,  3,  =  0,  ««  =  0. 
The  substitutions  are : — 

xi  =  aixi  +  biX2  +  ciXs, 
x%  =  atXi  +  hiX^  +  c%xzt 

x^  B  a^\  +  ^a^a  +  c^z» 
Then 

8  m  SiXi*  +  -SjXi'  +  i^a^a'  +  2i223ara:i?3  +  2i?3iav?i  +  2RitXiX2  =  0, 

(1073) 

and  the  equations  of  the  four  conies  /,  /i,  /2,  /a  cutting  orthogonally  the 
conies  8  -  (a,»),  8  -  (*,)»,  8  -  {e,)\  §  (405),  are 

8-(xx  ±X2  ±ar3)»  =  0.  (1074) 

18.  The  equations  (1074)  can  be  expressed  in  terms  of  the  anharmonic 
angles  of  the  conies ;  for  we  have 

/s(l-^i,  1-<S2,  l-8z,  1-^23,  I--R31,  l-i2i2)(«i,  «2,  ar3)'  =  0. 

(1076) 
And,  putting 

1  -  i223  =  V(l-iS2)(l-53)  cos  if^i, 

1  +  i22a  =  ^(l-S2)(l'-8i) cos i^'i,  &c. 
Then,  if 

81  =  C08-f»i,      i^2  =  C08^p2,      83  =  COS'pa, 

we  get 

/  a  (1,  1,  1,  -cos^'b  -0084^2,    -  cost's)  (Jfi  sin  f»i,   X2sinp2,   a:3sinpi)*  =  0. 

(1076) 

/i  3  (1,  1,  1,      cos  if^i,  —  cos  iff '2,  -  cosif^'s)  {xi  sin  pi,  x%  sin  p%,  xz  sin  ps)*  "  0. 

(1077) 

J2B  (1,  1,  1,  -cosUf'i,     coB}^2i    ~cosi|/'3)(iPi8inpi,  «2sinf»2,  xssinp3)^  =  0. 

(1078) 

/aM(l,  1,  1,  -cosif^'i,  -008^2,      C08tfrj)(a;isinf»i,    :r2sinp2»  X38inp3)*=0. 

(1079) 
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19.  Each  of  the  four  orthogonal  conies  /,  /i,  /s>  /s  haa  double  contact 
with  four  other  conies,  the  chords  of  contact  being  in  each  case 

^i8in/>i  ±  o^sinps  1  «s8inps  =  0.  (1080) 

20.  Through  three  given  points  can  be  described  four  conies,  each  haTing 
double  contact  with  a  given  conic  S. 

This  is  a  particular  case  of  the  four  orthogonal  conies  /,  Ji,  Ji,  J9,  namely, 
when  S—iox)^,  ^-(^«)^  ^~(«*)^  denote  line  pairs;  but  we  can  give  an 
independent  proof.    Thus,  let 

Ssxi^-k-  %^  +  x^  -  2x2Xs  cos^i  -  2xzX\  cobA%  —  2jri«i  ooe^  s  0. 

Then  the  four  conies  are 

S-{xi±  a?»±«8)«  =  0.  (1081) 

21.  The  four  conies  (1081)  have  each  double  contact  with  each  of  four 
others,  viz., 

8—  {xi  cos  {A2  -  Ai)  +  Xi  cos  {Ai  -  Ai)  4  x^  cos  {Ai  -  A%) }  =  0, 

(1082) 

and  three  others  got  by  changing  the  signs  of  Ai,  A%,  Az  in  this  equation. 

In  these  exercises  Ai,  A2,  A3  have  been  used  for  facility  of  demonstra- 
tion, and  are  not  necessarily  the  angles  of  a  triangle.  In  other  words,  the 
equality  Ai -^^  A2  +  A3  =  ir  need  not  hold ;  in  fact,  the  angles  may  be  even 
imaginary. 

22.  Find  the  conditions  that  three  conies  ^1,  ^2,  Sz  may  have  double  con- 
tact with  the  same  conic. 

23.  The  polar  triangle  of  the  middle  points  of  the  sides  of  a  triangle  ABC 
with  respect  to  any  conic  is  a  triangle  equal  in  area  to  ABC.       (Favbb.) 

24.  State  the  polar  reciprocal  of  Exercise  21 . 

25.  Given 

Si  s  tf  izi'  +  a2X%^  +  azxz^  =  0,    5a  =  *i*i'  +  hx%^  +  hxz*  =  0, 
find  the  envelope  of  A«  =  0,  if  the  tangent  pairs  to  81,  8%,  where  they  meet 
Kx,  intersect  on  a  conic  of  the  pencil  Si  —  kS%  =  0.     If  the  conic  on  which 
the  tangent  pairs  intersect  be  ^ij;  i'''+<^s'+  ^3^^  =  0,  the  required  envelope  is 

?i^,,.  +  ?»^;t,»  +  *^*,«  =  0.  (1083) 

ci  e%  cj 

26.  Prove  that  the  conies  Si,  82,  and  (1081)  are  inscribed  in  the  same 
quadrilateral. 

27.  The  Jacobian  of  the  three  conies  81,  82,  Sz  (}  424),  is 

Aijxi  +  A2IX2  +  Azixz  +  AijXi  =  0,  (1084) 

and  the  Hermite  curve  is 

(A8  +  AJ-Xl)-4Al*  +  (\J  +  Al-A2)J?X8*+(x^  +  ^s-\^)CXJ•-2>XlXlXs  =  0. 

(1085) 
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1.  The  two  lines  forming  any  of  the  three  line-pairs,  joining  four  con- 
eyclic  points  on  a  conic,  are  equally  inclined  to  either  axis. 

2.  The  axes  of  all  conies  passing  through  four  concyclio  points  are 
parallel. 

3.  Find  the  equation  of  the  circle  whose  diameter  is  the  normal  at  tbe 

origin  to  the  conic  ax^  +  2hxy  +  ^'  +  2fy  «  0. 

Ant,  *(«»+  y»}  +  2/y  =  0. 

4.  Find  the  locus  of  a  variable  point,  if  the  perpendicular  from  a  fixed 
point  on  its  polar  with  respect  to  (a,  ^,  <;,  /,  y,  h)  (x,  y,  1)'  =  0  be  constant. 

6.  If  two  lines  be  at  right  angles  to  each  other,  the  diameters  with  respect 
to  them  of  the  triangle  of  reference  meet  on  the  line 

acoa  A  '\-  $  COB  B  '\-  y  COB  C  -  0,  (M*Cat.) 

6.  If  C0  be  the  Brocard  angle  of  the  triangle  of  reference,  prove  that 
{o»  +  i8^  +  7*)  sin  «  -  {/i7  sin (-4  -  ft»)  +  7a  sin (^  -  ft»)  +  oi3  sin (C- ft») }  =  0 

is  the  equation  of  its  Brocard  circle. 

7.  The  locus  of  the  point  of  intersection  of  the  polars  of  any  point,  with 
respect  to  two  conies,  is  a  circumconic  of  their  common  self -conjugate  tri- 
angle. 

8.  Find  the  locus  of  the  pole  of  the  line  x«  =  0  with  respect  to  a  system 
of  confocal  conies  given  by  their  general  equation. 

9.  If  S=0,  ^  =  0  be  two  circles  in  trilinear  co-ordinates,  and  in,  wf 
their  moduli,  find  the  equation  of  their  radical  axis. 

Ans.    m'S-  mS'  =  0. 

10.  Find  the  locus  of  a  point  from  which  tangents  to  two  given  conies 
are  proportional  to  their  parallel  semidiameters. 

11.  If  two  figures  be  directly  similar,  and  if  corresponding  points  be 
conjugate  with  respect  to  a  given  circle,  the  locus  of  each  is  a  circle,  and 
the  envelope  of  their  line  of  connexion  a  conic. 

12.  The  directrix  of  a  conic,  and  any  two  rectangular  lines  through  the 
focus,  form  a  self -con  jugate  triangle  with  respect  to  the  conic. 

13.  The  equation  of  a  tangent  to  a  conic  may  be  written  :r  cos  ^  +  y  sin  ^ 
~  ey  =  0,  the  origin  being  the  focus,  and  7  =  0  a  directrix. 

14.  If  two  points  on  a  conic  subtend  a  given  angle  at  a  focus,  the  locus 
of  the  intersection  of  the  tangents  at  these  points  is  a  conic,  having  the  same 
focus  and  directrix  ;  and  so  also  is  the  envelope  of  their  ohord. 


/ 


526  Miscellaneous  ExercUes. 

16.  If  two  semidiameters  of  an  ellipse  make  a  giyen  angle,  the  line  join- 
ing their  extremities  meets  its  enyelope  at  the  point  in  which  it  meets  a 
symmedian  of  the  triangle  formed  by  it  and  the  semidiameters. 

(D'OCAOMB.) 

16.  If  two  tangents  to  an  ellipse  intersect  at  a  giren  angle,  their  chord 
of  contact  meets  its  envelope  at  the  point  in  which  it  meets  a  symmedian  of 
the  triangle  formed  by  it  and  the  tangents.  {Ihi^) 

17.  Given  the  base  and  area  of  a  triangle,  prove  that  the  locos  of  its 
symmedian  point  is  a  hyperbola. 

18.  A  circle  i^  passes  through  a  fixed  point  0,  and  intersects  a  fixed  circle 
in  a  varying  chord  X.  Show  that  if  L  envelops  any  curve  given  by  its 
polar  equation,  with  0  as  the  origin,  the  polar  equation  of  the  envelope 
of  8  may  be  at  once  written  down ;  and  hence  show — 1**.  If  8  envebp 
a  conic  concentric  with  Oy  L  will  envelop  a  conic,  having  O  as  focus. 
2**.  If  8  touch  a  line,  L  will  envelop  a  conic. 

(Mb.  F.  Pubsbb,  f.t.cd.) 

19.  Two  conies  U,  V  are  taken ;  JJ  inscribed  in  a  triangle  ABC\ 
F*  touching  the  sides  ^(7,  BCva^A^B,  Prove  that  the  pole,  with  respect 
to  U  oi  a,  common  chord  of  17",  F,  lies  on  F.  (Ihid.) 

20.  The  locus  of  the  centre  of  a  conic,  self 'Conjugate  with  respect  to  a 
given  triangle,  the  sum  of  the  squares  of  whose  axes  is  constant  is  a  circle. 

(Faukb.) 

21 .  If  a  variable  conic  S*  be  harmonically  inscribed  in  two  fixed  conies 
S\,  S2y  the  locus  of  the  centre  of  perspective  of  the  triangle  of  reference, 
and  its  polar  reciprocal  with  regard  to  S\  is  a  conic. 

22.  Two  concentric  and  coaxal  conies  Uy  V  are  such  that  a  triangle  can 
be  inscribed  in  17,  and  circumscribed  to  V.  Show  that  the  normals  to  V  at 
the  summits  are  concurrent,  and  that  the  locus  of  their  centre  of  concur- 
rence is  a  coaxal  conic.  (Mr.  F,  Pursbk,  p.t.c.d.) 

23.  If  a  self- conjugate  triangle,  with  respect  to  a  conic  section,  be  inde- 
finitely smalli  the  radius  of  its  circumcircle  is  half  the  corresponding  radius 
of  curvature. 

21.  If  a  triangle  be  formed  by  three  consecutive  tangents  to  a  conic  sec- 
tion, the  radius  of  its  circumcircle  is  one- fourth  the  corresponding  radius  of 
curvature. 

25.  If  a,  i3,  7  be  the  normal  co-ordinates  of  a  point  in  the  plane  of  a 
triangle,  through  which  are  drawn  parallels  to  the  sides  meeting  them 
respectively  in  the  points  1,  4 ;  2,  5 ;  3,  6  ;  prove  that  the  trilinear  co- 
ordinates of  the  centre  of  the  conic  inscribed  in  the  hexagon  123456  are 

i  (a  4- *  sin  (7),     J(i3  +  tfsin^),     J  (Y  +  asin^). 
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26.  The  locus  of  the  points  of  contact  of  tangents  from  the  point  afi'y* 
to  the  system  of  conies  a$  s  ky^  when  k  yaries.  is  the  conic 

a       $  ^   7   ' 

27.  If  ^  Tary,  the  locus  of  the  points  of  contact  of  tangents  from  x'ff'  t» 

28.  The  locus  of  a  point,  whose  polars  with  re8X>ect  to  two  circles  meet 
on  a  giyen  line,  is  a  hyperhola. 


29.  The  equation  Va  sin  -4  4  V/i sin  -P  -f  ^-yeinC  =  0  denotes  a  hy- 
perbola whose  asymptotes  are  parallel  to  the  lines  a,  fi, 

80.  If  a  circle  whose  diameter  is  d  passes  through  the  origin  and  inter- 
sects the  conic  (a,  b,  e,  /,  y,  h)  (x,  y^  1)'  s  0  in  four  points,  whose  radii 
yeotores  are  />i,  p2,  pg,  pi,  proye  that 

f»i  P2  A>3f»4  {  4  A»  +  (a  -  *)«  }  J  =  crf». 

31.  The  lines  through  the  origin,  and  the  intersections  of 

(a,  *,  <?,  /,  ffy  h)  {x,  y,  1)*  =  0,  with  Aa;  +  /iy  +  k  =  0, 

are  at  right  angles  if 

<;(\»4-M2).2(//i  +  ^A)i^  +  (a  +  *)i^=0. 

32.  In  the  same  case,  the  locus  of  the  foot  of  the  perpendicular  from  the 
origin  on  \x ■\-  ixy  ■¥  v  =  0  is  the  circle  (a  +  b)  {x^  +  y^)  +  *lgx  +  2/y  +0 e  0, 
and  the  enyelope  of  Aa;  +  /iy-fy  =  0  is  the  conic 

e{(a  +  b){x'  ^  y-')  •\-  2gx  ■¥  2fy  ^  e]  ^  {fx-gy)\ 

33.  If  the  axes  be  oblique,  find  the  equation  of  the  rectangular  hyperbola, 
making  intercepts  A,  \'\  Mi  m'  o^  them. 

34.  Find  the  condition  that  xj?  +  fiy  +  y  =  0  should  be  normal  to 


— +S■-l  =  ^• 


a*       b^ 
Ant.  —•  +  — -  s= 


36.  Find  the  equation  of  the  locus  of  the  centre  of  a  conic  touching  the 
four  right  lines 

as«cosa4  y8ina-/?i  =  0,    i3  s a;cosi8 +  y 8ini3-^2=  0,   &c. 

(Prof.  Cuktis,  s.j.) 
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As  in  Ex.  3,  Art.  188,  from  the  given  oonditiona  we  haTB  four  equationi  of 

the  form 

^       ,       5   .  ,       2J5r   . 

—  coe'a  +  TV  sin'o  +  -77  sm  a  cob  a  =  />i  (2a  +  pi). 
G  0  V 


Henoe,  hy  elimination, 

cob'o. 

sin'o, 

sin  a  cos  a. 

pi(2a+i>i). 

L  m 

C08«/3, 

sin'/i. 

sin  /3  cos  /i, 

i>i(2^  +  pj). 

jj  ^ 

008*7, 

8m«7, 

sin  7  cos  7, 

l>3(27  +  i^), 

cos's. 

sin's. 

sin  S  cos  S, 

i>4(25+/>«) 

=  0, 


which  is  the  required  equation.    If  the  determinant  he  expanded,  and 

putting  .     A     .     A     .     A    ^ 

/  =  sin  37  •  Bin  7$ .  sin  O,  &c.,  we  get 

L  B  /pi(2a+i>i)  -fwp2(2/i+i»2)  +  «i>3(27+i?s)  -rp4(25+i>4)  «0, 

and  the  origin  being  transferred  to  any  point  of  the  locus,  by  putting 
i>i  =  a,  Pi  =  fi,  &c.,  this  becomes  Lmla?  -  m0*  +  ny^  -  rj'  =  0,  which, 
though  apparently  of  the  second  degree,  is  only  of  the  first ;  for,  on  subcti- 
tuting  rr  cos  a  +  ^  sin  a  -  i>i  f or  a,  &c.,  the  coefficients  of  x',  xy,  y^  yanish 
identically. 

36.  If  the  equation  in  Ex.  35  be  written  in  the  form 

we  infer  that  a  parabola  may  be  described,  having  the  triangle  afiy  as  self- 
conjugate,  and  touching  Z  at  the  point  where  it  meets  B.  (-'^O 

37.  In  the  same  case,  prove  that  la*  —  m0*  =  0  is  a  pair  of  common  tan- 
gents to  the  parabolflB  r8'  4-  i  «  0,  ny^  —  i  =  0,  and  ny^  -  rJ*  =  0  a  pair 
of  common  tangents  to  the  parabolas  m/3'  4-  X  =  0,  /a'  -  Z  =  0,  and  that 
the  former  pair  intersects  the  latter  on  X. 

38.  If  a  vary  in  position  while  /3»  y,  B  remain  fixed ;  then,  if  a  touchai 
a  fixed  conic  to  which  fi  and  7  are  tangents,  the  envelope  of  X  is  a  conic. 

(Ibid,) 

39.  Given  three  tangents  to  a  conic,  and  the  sum  of  the  squares  of  its 
axes,  the  locus  of  its  centre  is  a  circle.  (Stbikbb.) 

'  40.  The  distances  of  three  points  P,  Q,  i?  on  a  conic  from  either  focus  are  in 
arithmetical  progression.    If  QUia  the  normal  at  Q,  prove  that  JVP  =  NS. 

(C&OFTOK.) 

41.  If  the  joins  of  the  points  in  which  (a,  b,  e,  /,  y.  A)  (a,  $,  7)-  meets 
the  sides  of  the  triangle  of  reference  to  the  opposite  vertices  form  two  triads 
of  concurrent  lines ;  prove  abe  —  2fffh  —  of*  -  ty'  -  eh^  =  0. 
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Compare  the  equation  with 

ITa*  +  mm'fi^  +  *m V  -  {mn'  +  m'n)  $y  -  {nr  +  n'l)  ya  -  (/m'  +  Tw)  «i9  =  0, 
^hieh  meets  the  sides  in  points  whose  joins  with  the  opposite  yerticee  are 
the  two  concurrent  triads  la  =  mfi  »  ny,    Va  =  m'^  »  n'y. 

42.  Find,  in  this  manner,  the  equation  of  the  nine-points  circle,  the 
Lemoine  circle,  the  inscribed  conic,  and  the  inscribed  circle,  &e. 

43.  If  A,  lit  V  denote  the  perpendiculars  from  the  angular  points  on  a 
tangent;  prove  that  A'tan^  +  /i'tan  J?  +  i^tanC«  0  denotes  a  circle. 

44.  From  last  Example  prove  by  reciprocation,  if  ^^  +  mf^  +  ffy*  s  0 

denote  a  circle,  that 

tan  if^i  tan  ^  tan  if^ 


/  :  m  :  ft : : 


a 


2 


fit    '    y»  » 


^here  a ,  /i',  y  denote  the  co-ordinates  of  the  centre,  and  i^i,  ^  i^s  the 
angles  subtended  by  the  sides  at  the  centre. 

45.  Four  concentric  equilateral  hyperbolas  can  be  described,  having  the 
lour  triangles  formed  by  any  four  arbitrary  lines  as  self -conjugate. 

46.  If  through  any  point  in  the  axis  of  perspective  of  a  triangle  and  its 
orthique  triangle  parallels  be  drawn  to  the  three  sides,  these  parallels  meet 
the  sides  in  six  points  which  are  on  an  equilateral  hyperbola. 

47.  In  a  given  conic  inscribe  a  triangle  whose  sides  shall  pass  through 
^ven  points. 

Let  the  given  conic  be  afi  =  y*,  the  given  points  abe,  a'b'e',  a"b'V,  and 
the  parametric  angles  of  the  angular  points  of  the  inscribed  triangle 
4,  6fy  ^* ;  then,  putting  i  e  tan  9,  &c.,  we  have  (Art.  160)  the  three 
-equations 

Hence,  eliminating  <',  t'\  we  get  a  quadratic  in  t^  viz. : 

{a'hV  +  iV  -  ee'V*  -  <?'<?"*)<»  -f  { 2c (cV-  o"^')  -  A }  < 

+  {dec'*  +  h'aa"  -  ^ae"  -  e*a'*c)  =  0, 

where  A  denotes  the  determinant  {ah'e'\  Hence,  in  general,  two  triangles 
•can  be  inscribed :  the  condition  for  only  one  is  the  equation  in  /,  having 
«qual  roots.  Hence,  if  two  of  the  points  be  given,  and  the  third  variable, 
its  locus,  so  that  only  one  triangle  can  be  described,  is  a  conic. 

48.  The  conies 

-  +  --  +  -SSO,     8inJ-4.Vtt  +  sinJ5.Vl8+sinl(7.>/7  =  0, 
o      p      "y 

«re  oonfocal.  (Lnconni.) 

2v 
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49.  In  the  same  case,  the  symmedian  point  of  the  triangle  fonned  hj  ih» 
centres  of  the  escribed  circles  of  the  triangle  of  reference  is  the  commoD 
centre  of  the  conies.  (Lmmotkm.) 

60.  Let  {Af  B)  and  (a,  fi)  be  the  principal  semiazes  of  a  confooal  ellipse 
and  hyperbola  through  any  point  P;  draw  the  tangent  to  the  ellipse  at  P ;  let 
Xf  The  the  points  where  it  meets  two  tangents  perpendicular  to  it  to  any 
confocal  ellipse  {a,  b) ;  prove 

JCP .  Pr  =  i8»  +  ^.  (Croftow.) 

61.  A  triangle  is  inscribed  in  ^b'  +  y'  —  s'  =  0,  and  two  of  the  sides  toudi 
ax^ -k- by*  "  et^  =  0 ;  find  the  envelope  of  the  third  side.  (SALXoy.) 

The  condition  that  \x -k-  /ly  +  yz  shall  touch  ax*  '\- by*  -  a^  =  0  is 

— +  ^ =  0; 

a       0        0 

and  denoting  (Art.  169,  Cor.  2)  the  parametric  angles  of  the  rertices  of 
the  triangle  inscribed  in  a^  +  y*  ~g*  =  0  by  0,  0',  0",  the  equation  of  the 
join  of  0f  0"  is 

«cos  J  («  +  O  +  y  Mtt  J(«  +  O  -  «C08  J  («  -  «")  =  0. 
Hence  the  condition  for  this  touching  aa?  +  by*  —  ei^  =  0  is 


C084(g-f  O      sin»^(a  +  0     cos«^(a-n 


that  is, 


or,  say,  /  +  m  cos  9  cos  0''  +  n  sin  0  sin  0"  a=  0. 

In  like  manner,  we  get 

Z  +  m  cos  9'  cos  0"  +  ft  sin  9'  sin  0"  =  0. 


Hence 


mcoe0' 


cos  i  (g  4-  0')      n  sin  0" sinjfe-f^') 


Now  the  chord  of  «'  +  y»  -  a»  =  0,  which  is  the  join  of  the  points  ^,  ^,  ii 
XC08  J  (g  +  «')  +  y  sin  J  (g  +  0')  -  zcos  J(«  -  0')  =  0. 
Hence  m«  cos  0"  +  ny  sin  0"  + /jb  =  0, 

and  the  enyelope  is  mV  +  n*y*  -  /<<*  s  0. 
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62.  The  equation  of  a  eonio  confocal  with 

^-(a,  *,  c,/,^,  A)(a,/8,7)«  =  0, 
and  toaching  Aa -f /a/3  +  ry  =  0,  is 

n^A^S -  112^+  :i^M*  =  0  [Jf  ■  asin^  +  fianB +  ytSjiCr]. 

53.  FT,  QT  are  tangents  to  a  conic  at  the  points  P,  Q ;  from  the  oentiee 
of  cnrvature  at  P,  Q  peipendicukrs  are  drawn  to  the  chord  of  contact  FQ ; 
prove  that  the  parallels  to  FT,  FQ  drawn  through  the  feet  of  the  perpen- 
dicolars  meet  on  the  sTmmedian  line  of  the  triangle  PQT  drawn  through  T. 

(D'OCAOKB.) 

64.  Find  in  the  plane  of  an  ellipse  a  triangle  ABC  such  that  the  sum  of 
the  squares  of  the  perpendiculars  from  the  summits  on  any  tangent  is  con* 
fltant.  If  the  triangle  he  fixed  and  the  ellipse  yaries  we  obtain  a  confoeal 
systenL  (Nbubbbo.) 

65.  The  hyperbola 

1      1      1     A 
-  +  -  -  -  =  0, 

a     jS     7       ' 

and  the  hyperbola 

(coe> j^^  .  a  +  oobS}^.  j9  +  sin' j^  C.  y)*  ~  46ec*i ^  . sec' j^^ .  43  B  0 

are  confocal,  and  their  common  centre  is  the  symmedian  point  of  one  of 
the  triangles  formed  by  the  incentre  and  the  centres  of  two  of  the  escribed 
circles.  (Lbmoinb.) 

66.  The  locus  of  the  foci  of  all  ellipses  touching  a  given  circle  at  two 
fixed  points  is  the  perpendicular  bisecting  the  join  of  those  points  and  the 
circle  passing  through  them  and  the  centre  of  the  given  circle.     (CaoiroN.) 

57.  A  system  of  four  conies  having  two  points  common,  and  each  harmo- 
nically circumscribed  to  a  fifth,  are  such  that  their  points  of  intersection,  six 
by  six,  lie  on  three  conies. 

For,  taking  the  common  points  as  vertices  of  the  triangle  of  reference, 
their  equations  will  be  of  the  form 

8  a  ai*»  +  2/iy2  +  2^i«?  +  2hixy  =  0,  &c. ; 
and  there  are  four  relations, 

aiA'  +  2fiF'  +  2ffiG'  +  2hiH'  =  0,  &c. 

Hence 

ISi  -  tnS%  +  nSi  -pSi  =  0,  &c. 

2k2 
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68.  The  condition  that  the  line  {y^ff')^m{»~sf)  should  be  normal  to 

^  +  ^-1=0 
a*      A* 

IS 

m*  (W»'«)  -  2m>(iVy')  +  m«  (a««'«  +  «y »  -  c*)  -  2m  (aV/)  +  aV»  =  0. 

Hence,  find  an  expression  for  the  sum  of  the  angles  which  the  four  nonnals 
from  any  point  make  with  the  axis  of  x, 

69.  The  sum  of  the  angles  made  with  a  g^yen  line  hj  the  four  normsls 
from  any  point  to  a  series  of  confocal  conies  is  constant. 

60.  The  locus  of  points  having  the  same  eccentric  angle  on  a 
confocal  ellipses  is  a  confocal  hyperbola. 

61.  A  circle  passing  through  three  points  on  any  one  of  a  series  of 
focal  ellipses,  the  points  always  lying  on  fixed  confocal  hyperboIsB, 
the  ellipse  again,  where  it  is  met  by  another  of  the  confocal  hyperbola. 

62.  In  the  last  question,  supposing  the  three  points  to  coincide,  we  have 
a  theorem  for  the  circle's  curyature  of  a  series  of  confocal  ellipses. 

63.  The  locus  of  the  centres  of  curvature  at  points  on  confocal 
where  a  confocal  hyperbola  meets  them  is 

cos'^      sin'^       1 


64.  If  four  normals  OAy  OB,  OC,  OD  be  drawn  to  a  conic  from  the 
point  x'y' ;  prove  that  the  tangents  at  the  points  A,  B,  C,  J),  and  the  axis 
of  the  conic,  all  touch  the  parabola 

{xx'  +  yy'  +  «*)*  =  i^x'x. 

66.  Prove  that  the  directrix  of  the  parabola  in  Ex.  64  is  the  join  of  lia 
given  point  x'y'  to  the  centre. 

66.  Given  four  tangents  to  a  conic,  vis.,  a  =  0,  /SsO,  y^^O,  5^0; 
find  the  locus  of  the  foci.  Let  aa  +  bfi  +  cy-i^dSmO  be  an  identiesl 
relation;  then 

a     b      e      d     ^  ,„ 

-  +  -::  +  -+T  =  0  (Salmoit.) 

a     $     y      0 


IB  the  locus  required. 


Miteellaneout  Exereitet. 


533 


67.  If  a  Ttiiable  conic  pass  throogli  two  given  points,  and  haye  doable 
tfooftaet  with  a  given  conic,  the  chord  of  contact  paases  through  one  or  other 
of  two  given  points :  prove  this,  and  thence  infer  that  four  circumconios  of 
a  given  triangle  can  be  described,  each  having  double  contact  with  a  given 
ooiiifi. 

68.  Prove  that  if  (a,  j9',  y)  bea  point  on  the  conic  ^a*+  B0^  +  cy  eO, 
the  conies  -4  (a - Ka)^  +  B{$-  A/9»)'  +  C{y  - X7*)'=  0  touch  the  former  at 
that  point,  X  being  any  constant.    The  same  is  true  ii\^ax-\-bf  +  4, 

(Crofton.) 

69.  If  a/  s  0,  ba^  a  0,  «c*  s  0  be  three  conies,  such  that  each  Ib  harmo- 
nically circumscribed  to  the  other  two ;  prove  that 


ai>     tftt      Is* 
^1)      hf      ht 


cu 


«s* 


0. 


70.  Given  a  tangent  to  a  variable  conic,  its  eccentricity,  and  one  of  the 
foei,  prove  that  the  locus  of  the  other  focus  is  a  circle. 

71.  If  two  triangles  ABC,  A'B'(T  are  reciprocal  i>olar8  with  respect  to  a 
oiide  (centre  0),  the  polar  of  the  centroid  of  ABCvriih  respect  to  the  circle 
O  coincides  with  the  polar  of  0  with  respect  to  the  triangle  A'B^C, 

(NauBB&o.) 

72.  If  a  quadrilateral  be  described  about  a  parabola,  the  three  circles 
described  on  the  diagonals  of  the  quadrilateral  as  diameters  have  the 
directrix  for  their  common  radical  axis. 

73.  At  Bf  C;  A',  B*,  C  are  two  triads  of  points  on  two  lines  X,  M. 
Three  homothetic  conies  through  ABC%  BCA\  CAB'  meet  M  again  in 
the  points  P',  Q',  £' ;  and  three  other  homothetic  conies  through  AB'C'^ 
BCA\  CAB'  meet  L  again  in  P,  Q,  J2;  prove  that  the  lines  BF*^  QQ^ 
RK  are  parallel.  (Ma.  f,  Pubsbb,  p.t.o.d.) 

74.  If  X,  r  be  the  co-ordinates  of  a  focus  of  oj^  +  2hxy  +  dy*  +  0  «s  0, 
prove  that 


a-b 


XT 

h    '' 


a*  -  A« ' 


and  if  fi  denote  the  product  of  the  perpendiculars  from  the  fooi  on  any 
tangent,  prove  that 


iHL^')'''- 
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76.  Prove  that  the  eccentricity  of  the  conic  given  by  the  general  eqaaftkn 
in  terms  of  its  invariants  Ji,  1%  of  the  first  and  second  degree  in  the  coeffidenta 
IB  given  by  the  equation 

1  -  •»  ■      1% 

76.  If  from  the  points  1,  2,  3,  4  perpendiculars  be  drawn  to  the  four 
lines  a=0,  fi  =  0,   7  =  0,    5  =  0;  then 


ai,  $1,  71,  9i, 

a2»  iBs)  72,  Ssy 

as>  iSs)  7>>  5s> 

oi,  $i,  74,  84 


■  0.  Also 


ai,  ^i,  71,  1, 

a2,  ^2,  72,  1, 

«8,  fih  7s»  1» 

«4,  ^4,  74»  1 


0. 


(P&OF.  Curtis,  s.9.) 

77.  Hence  infer  that,  if  p',  /»",  /»'''  be  the  perpendiculan  of  a  trian^e, 
and  r,  r',  r",  r"'  the  radii  of  its  inscribed  and  escribed  circles, 

1  =  1      i.     -L.      1«J_+JL-.L     & 
r     p      p       p  r     p       p        p 

Also,  if  x',  X",  a'"  denote  perpendiculars  from  the  vertices  of  any  tiian^ 
on  any  line  through  the  centre  of  the  in-circle,  prove  that 

v    v;    _ 

P  P  P 

78.  If  L\y  Z2,  Zz,  Li  be  perpendiculars  from  four  points  A,  3,  (7,  J> 
to  a  line  Z;  then  Li(BCD)  -  Lt{CDA) -k- Li{DAB)  -  Li(ABC)  =  0. 
(Compare  equation  (216).)  {Ihid.) 

79.  Given  three  tangents  to  a  conic,  and  the  length  of  the  minor  ajds  h^ 
to  find  the  focus.  Let  the  co-ordinates  of  the  foci  be  0/37,  afi'y';  and  the 
perpendiculars  of  the  triangle  of  reference  p\  p'\  p*" ;  then,  from  (106), 
we  get 


tr* 


=  0. 


{mi:) 


«%  3',  7',  1, 

p\  0,  0,   1, 

0,  p",  0,   1, 

0,  0,  y",  1 


=  0; 


or 


««',  /i/8',  77',    1, 

i?'a,    0,      0,      1, 

0,    p"»,   0,      1, 

0,      0,    /;'"7,  1 

11         1 


=  0; 


1         -  -     _  -  ^     ^, 


ft»,   h\   i»,  1, 

p'a,  0,      0,  1, 

0,    p"^,   0,  1, 

0,     0,  i»'"7,  1 
0/87 


=  0; 


where  ^  denotes  the  circumcirde  of  the  triangle  of  reference.    When  the 
conic  is  a  parabola,  h  is  infinite,  and  the  equation  reduces  to  i9  «  0. 
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80.  If  ABC  be  a  triangle  self-oonjagate  to  a  conic ;  \f  /it  y  peipen- 

^culars  from  A,  £,  Cod.  the  tangent  at  any  variable  point  J)  on  the  curve : 

prove  that 

\(BCD)  +  Ai(C^2>)  +  r(^-B2))  =  0. 

81.  The  circumcircles  of  the  triangles  formed  by  four  right  lines  a,  /3, 7,  S 
meet  in  a  point  0 ;  tangents  at  the  vertices  of  the  triangle  fyyS  to  its  circum- 
•oircle  meet  a  in  the  points  A,  A\  A".  Similarly  are  found,  on  the  lines 
fi,  7,  5,  the  triads  B,  B*,  B";  C,  C,  C";  B,  B\  B'\  These  points  lie  four 
by  four  on  three  circles,  each  passing  through  0,  and  through  the  extremi- 
ties of  a  diagonal  of  the  quadrilateral  ajS^S. 

82.  If  2  be  the  circle  through  the  circumcentres  of  the  triangles  afi'^y 
'OfiB,  ayB,  fiyB^  the  diameters  of  the  circumcircles  of  the  triangles  afiy,  afiZ, 
xe^By  passing  through  the  vertices  opposite  the  common  base  a,  concur  in  2. 

83.  If  through  the  symmedian  point  three  antiparallels  be  drawn  to  the 
ddes  of  the  triangle  of  reference,  the  six  points  of  intersection  with  the  sides 
lie  on  a  circle  [second  circle  of  Lemoine].     Find  the  equation  of  this  circle. 

Ant,  2/37  sin  ^  —  tan-w  2a  8in^2a  cos  A  cosec'^  =  0. 

84.  Being  given  a  self -conjugate  triangle  and  a  tangent  to  a  conic,  the 
locus  of  its  centre  is  a  right  line.     (See  Art.  188,  Ex.  3.) 

86.  If  one  of  four  sides  of  a  quadrilateral  envelop  a  conic,  the  other  three 
being  fixed,  the  line  through  the  middle  points  of  the  diagonals  will  also 
•envelop  a  conic. 

86.  Tangents  drawn  to  a  parabola,  from  the  centre  of  a  circumconic  of 
«  self-conjugate  triangle  of  the  parabola,  are  conjugate  diameters  of  the 
conic. 

87.  If  the  centre  of  the  conic  be  a  point  on  the  parabola,  an  asymptote  of 
the  conic  is  a  tangent  to  the  parabola. 

88.  If  corresponding  points  of  similar  figures,  similarly  described  on  two 
sides  of  a  triangle,  be  the  poles  with  Respect  to  a  circle  of  corresponding 
lines  of  the  same  figures ;  prove  that  the  points  are  equally  distant  from  the 
•eentre  of  the  circle. 

89.  Given  S s  ax^  +  2hxt/  +  by*  ■{■  e  =  0;  prove  that  the  equation  of  any 
pair  of  conjugate  diameters  is 

dS  dS     ^ 

<and  if  the  diameters  be  equiconjugate,  their  equation  is 

ab-h"^^      a  +  b 
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90.  The  equation  of  the  four  normals  from  the  point  (afi)  to  the  eUipae 

«*/«»  4-  y»/*2  -1  =  0 

is  {o?la^  +  /9»/W  -  1)  J»  +  2  (aar/a»  +  jSy/i»  -  \)HL 

+  («»/a«  +  y»/ft»  -  1)  i«  »  0, 

where  JT-  a*y  («  -  a)  -  i*«  (y  -  ^), 

(G&onoK.) 

91.  The  equation  of  the  reciprocal  of  the  parallel  to  the  parabola  at  the 
distance  r  with  respect  to  the  circle  j^  +  y'  =  A:*  is 

(*«««  -  a^yY  =  r»«»  («»  +  y»). 

92.  The  reciprocal  of  the  parallel  to  an  ellipse  at  the  distance  r  with 
respect  to  the  circle  j;*  +  y*  =  A-*  is 

4iHr»(««  +  y«)  =  {(a«-r2)««  +  (^-»^)y«-**}. 

93.  If  the  base  and  the  Brocard  angle  of  a  triangle  be  given,  the  locus  of 
the  centre  of  the  Brocard  circle  is  an  ellipse.  (Neubiko.) 

94.  If  a  yariable  conic  S,  passing  through  two  fixed  points  J,  /,  touch s 
fixed  conic  iS*  at  a  fixed  point,  proTO  that  the  locus  of  the  point  of  inter- 
section of  a  pair  of  common  tangents  to  ^^  ^'  is  a  conic  inscribed  in  the 
quadrilateral  formed  by  the  tangents  from  the  points  /,  /  to  ^. 

96.  If  the  axes  and  a  tangent  to  a  conic  be  given  in  position,  prove  thit 
the  locus  of  the  centre  of  the  circle  osculating  it  at  the  point  where  it 
touches  the  tangent  is  a  parabola. 

96.  If  the  extremities  of  the  base  of  a  triangle  be  given  in  position,  and 
also  the  symmedian  passing  through  one  of  these  extremities,  the  locus  of 
the  vertex  is  a  circle.  (Nbxtbkbo.) 

97.  In  the  same  case,  the  envelope  of  the  symmedian  passing  through 
the  vertex  is  a  conic. 

98.  The  extremities  ^,  C'  of  a  triangle  are  given  in  position,  and  the 
vertex  moves  on  a  given  conic,  passing  through  the  points  B,  C ;  prove,  if 
BA^  AC  pass  through  corresponding  points  (T,  B'  of  two  similar  figures, 
that  the  loci  of  the  points  C,  B'  are  conies.  (Nbubxko.) 

99.  The  base  BC  of  a  triangle  is  given  in  position,  and  the  angle  B  ia 
magnitude ;  prove,  if  ^'^'(T  be  the  triangle  formed  by  the  tangents  to  the 

umcircle  at  A^  B,  C,  that  the  following  loci  are  conies:— 1"*.  of  the 
int  C ;  2**.  of  the  symmedian  point  of  ABC;  3^.  of  the  point  of  inter* 
of  BB'  and  AC.  {Ihid,) 
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100.  In  the  same  case,  prove  that  the  enyelopes  of  the  line*  S^C\  AA\ 
and  the  join  of  the  circumcentre  and  orthocentre  are  conies.  (Ibid,) 

101.  ProTe  that  the  equations  of  the  three  axes  of  perspeotiye  of  the 
txiangle  ABC  and  Brocard's  first  triangle  are,  in  normal  co-ordinates, 

sin'^.a        sin*5.i8         ain'Cy 
'     sin  (^- 2m)  "*■  Bin(^-2«)  "*"  8in(C7-2o#)  "     ' 

sinB.sin(C— 2w)     sin  C  sin  (^  -  2w)     8in.^.Bin(^  — 2w)        ' 

r.    = + t + f  ^0, 

sin  (^  >- 2w} .  sin  C     sin(C- 2c0)  .sin^     sio  (^  —  2w) .  sin  ^ 
and  m  baryoentric  co-ordinates 

-+-+-  =  0,  -  +  ^  +  1=0,    -  +  ^  +  1=0 

where  /=*V-a*,    m  =  e*a*-il^,    n^a^bl^-^. 

102.  If  two  triangles  circumscribed  to  a  circle  be  in  perspective,  their 
Gergonne  points  and  their  centre  of  perspectiye  are  collinear.       (Abtzt.) 

103.  If  A',  B\  C  be  the  middle  points  of  the  sides  of  a  triangle  ABC,  and 
Aif  Bi,  C\  the  feet  of  its  altitudes ;  a,  /S,  7  the  double  points  of  its  line 
pairs  B'Cu  BiC ;  CAu  CiA' ;  A'Bi,AiB';  and  ai,  ^i,  71  the  double 
points  oiB'C,  BiCi;  C'A\  CiAi;  A'B',  AiBu  then  the  point  pairs  aai, 
00U  771  form  the  opposite  siimmits  of  a  complete  quadrilateral,  three  of 
whose  sides  pass  through  the  points  A,  B,  C,  and  the  fourth  containing  the 
points  a,  iS,  7  is  the  Euler  line  of  the  triangle  ABC.  Also  the  lines  Aau 
B$if  Oyi  are  each  perpendicular  to  the  Euler  line.  (Sohroktbb.) 

104.  If  two  vertices  By  C  oi  h  triangle  be  fixed,  prove  that  the  two  vertices 
Af  A'  of  the  triangles  BCA,  BCA\  which  have  a  common  symmedian 
pinnt  JT  describe,  when  JT  moves,  two  inverse  figures. 

(Neubero  and  Sohoutb.) 

106.  The  chords  of  contact  of  the  excircles  of  a  triangle  ABC  with  the 
sides  produced  form  a  triangle  ^i^iCi  in  perspective  with  ABC.  The  oir* 
onmcentre  of  AiB\Ci  is  the  orthocentre  of  ABC,  and  also  the  centre  of 
perspective  of  the  triangles. 

106.  In  the  same  case  the  axis  of  perspective  is 

asin»J^  +  i8sin«J5  +  7sin«JC=0. 


This  line  is  perpendicular  to  the  join  of  the  inoentre  and  orthoosntut 
oiABC. 


J 


^^^em 
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107.  If  a,  iS,  7  be  the  equations  of  the  ddee  of  a  triangle,  the  eqaations  of 
the  aides  of  its  cosymmedian  triangle  are 

2/8/3  +  2yle  -  a/«  =  0,    2yle  +  2o/«  -  i8/4  -  0,     2a/a  +  2/8/*  -  yjc  =  0. 

(Simmons.) 

108.  The  axis  of  perspectiye  of  a  triangle  and  its  cosymmedian  triangle  is 

the  line 

a/a  +  filh  +  yie  =  0. 

109.  The  six  remaining  points  in  which  the  lines  a,  $,  y  meet  the  sides 
of  the  cosymmedian  triangle  lie  on  the  conic 

6  (afilab  +  fiylbe  +  70/ea)  -  2  {a^a^  +  i8V**  +  7^1^^  =  <>• 

110.  The  diagonals  of  the  hexagon  in  Ex.  109  are  concurrent.     Their 

equations  are 

fijb  +  yjo  -  2a/a  =  0,  &c. 

111.  The  equation  of  the  circumcircle  of  the  triangle  formed  by  the  poles 
of  the  sides  of  the  triangle  of  reference  with  respect  to  its  circumcircle  is 

(a sin^  +  i3  sin ^  +  7  sin  (7)  (a cos^  +  iS  cos B  +  7  cos  C) 

+  4cos^  cos ^  cos  (7 (37 sin ^  +  7aBini3  +  aiSsin  C)  ==  0. 

112.  Let  a,  fit  y,  S  be  four  lines  cutting  any  fifth  c  in  ^,  ^,  (7, 2>.  ProTe 
that  the  four  conies  circumscribed  to  the  triangle  fiyi,  yia,  8aj3>  aiSy,  and 
touching  a,  iS,  7,  8  respectively  in  A,  B,  Cy  D,  intersect  c  in  the  same  point. 

(Nbubbro.) 

Tbsch's  Htpbrboljb. 

113.  Dbf. — A  line  Jf2V  through  any  point  Jf  of  an  ellipse  making  an 
angle  e  with  the  tangent  JfT  is  called  a  0  normal.  (Tbsgh.) 

Theorem. — Through  a  given  point  hk  in  the  plane  of  an  ellipse  can  be 
drawn  four  $  normals.  Their  feet  are  the  intersections  of  the  ellipse  with 
the  Tesch  hyperbole  JT  —  P  cot  ff  =  0,  where  JJ"  =  0  denotes  the  Apollonian 
hyperbolaB  of  hk  and  P  =  0  its  polar  with  respect  to  the  ellipse.  Any  three 
feet  and  the  point  diametrically  opposite  the  fourth  lie  on  a  circle. 

For  if  the  co-ordinates  of  3f  be  x'f/'f  and  if  we  form  the  condition  that 
xx'ja^  +  yylb^  -1  =  0  makes  an  angle  0  with  the  join  of  the  points  x'y\  hk, 
we  get  an  equation  which  after  removing  accents  gives  S-  Fcot0  =  0. 

m 

Cor. — If  9  varies  and  the  point  hk  remains  constant,  the  Tesch  hyperbola 
passes  through  two  fixed  points,  viz.  the  points  common  to  3  and  P,  and 
ains  homothetic  to  if. 
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114.  If  a  Tesch  hyperbola  of  a  point  hk  meet  tlie  ellipse  in  the  points 
Jfy  J\r,  P,  Q  any  two  of  these  points,  say  My,  the  pole  of  their  chord  MIf 
and  thepoint  hk  are  concyclic. 

116.  If  an  equilateral  hyperbola  whose  asymptotes  are  parallel  to  the 
axes  of  an  ellipse  meet  it  in  four  points  M,  N,  P,  Q,  the  circle  through 
M,  iVand  the  pole  of  ifJVwith  respect  to  the  ellipse,  and  the  analogous 
circles  for  the  point  pair  MP,  NP,  &c.,  all  pass  through  a  common  point. 

(Nbubb&o.) 

For  the  equation  of  such  a  hyperbola  ia  xy  +  Ax  +  By  +  C=0,  and  this 
«an  be  identified  with  the  Tesch  hyperbola  of  the  point  hk. 

116.  If  a,  i9,  7  be  the  eccentric  angles  of  three  points  on  an  ellipse  whose 
$  normals  are  concurrent,  prove  that 

2ab  cot  6  =  c*{sin  (3  +  7)  +  sin  (7  +  o)  +  sin  (0  +  i8)}. 

117.  If  a,  i9,  7,  8  be  the  eccentric  angles  of  the  feet  of  four  $  normals 
from  a  common  point,  o  +  i8  +  y  +  8  =  (2»+i)».  Hence  we  have  a 
generalization  of  Joachimstal's  circle. 

118.  If  xi,  Xi,  xsf  Xi  be  the  four  sides  of  a  quadrilateral,  the  equation  of 
the  conic,  which  touches  aixi  +  02X2  +  a^Xi  +  04x4  and  is  inscribed  in  the 
quadrilateral,  is 

2  (ai  -  04)' («3  -  as)'  (xiXi  +  xtx^)  =*  0.  (Caylbt.) 

119.  Find  the  locus  of  the  centre  of  a  conic  which  hyperosculates 
4ufl  +  2hxy  +  by^  +  2ffx  at  the  origin. 

120.  If  xiyif  xqy%,  xsys,  T^y^  be  any  four  points  on  a  conic  referred  to 
the  centre  as  origin, 

2  ±  (xayj  -  x^y^  {x^y^  -  a?4ys)  (*4ya  -  ^ay*)  =  0 .      (Nbubbbo. ) 

121.  Prove  that  the  axis  of  the  parabola  (x/a)i  4-  (y/^)i  -  1  =  0  is 

x\a  -  y\h  +  (a«  r-  *«)/(a*  +  A»  +  2a6  cos  ff)  =  0, 

where  0  is  the  angle  between  the  axes. 

122.  If  the  conies  ^i,  5*2,  8z  hyperosculate  in  the  point  A,  and  meet  two 
lines  AX,  AT  in  the  point  pairs  Bi,  Ci\  Bi,  C3;  ^3,  C3,  &c.,  the  chords 
BiCif  BzCtf  BzCz,  &c.,  are  concurrent.  (Poncblbt.) 

123.  In  the  same  case,  the  tangents  at  B\,  B2,  Bz  are  concurrent. 

{Ibid.) 

124.  If  a  variable  parabola  touch  three  fixed  lines,  the  chords  of  contact 
pass  through  three  fixed  points. 
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125.  All  ellipses  which  have  double  contact  with  each  of  two  fixed  ciiQlet 
(one  internal  to  the  other)  are  similar  curves.  The  locus  of  their  centres  is 
the  circle  on  the  line  joining  the  centres  of  the  circles  as  diameter.  Alsa 
the  locus  of  their  foci  is  a  circle  concentric  with  the  outer  circle. 

(CROFTOir.) 

126.  If  two  conies  of  a  confocal  system  whose  semiaxes  are  a,  b\  a\  V 
reepectiyelj  intersect  in  a  point  M  co-ordinates  x'y',  then  if  jY*,  iV^  be  ths 
centres  of  the  circles  osculating  the  conies  at  Jf,  the  equation  of  NIT  is 

(*»  +  h'^)xx'  +  (a*  +  a**)  yy'  =  a»P  +  a****. 

127.  The  same  line  in  terms  of  the  co-ordinates  of  Jf  is 

(a/»  +  S^  -  e^)xx'  +  («^  +  j^  +  ci)yy'  «  c2(«^  -  y^  _  <^). 

128.  If  a  parabola  touch  the  sides  of  a  given  triangle  ABC  in  A\  ^,  (Ty 
the  locus  of  the  centre  of  perspective  of  the  triangles  ABC,  A*B>(T  is  an 
ellipse  touching  the  sides  of  ABC  at  their  middle  points. 

129.  If  two  triangles  be  polar  reciprocals  with  respect  to  a  circle,  the 
barycentrio  co-ordinates  of  the  centre  of  the  circle  are  the  same  for  both 
triangles. 

130.  Find  a  point  Jfi  such  that  parallels  through  ^,  C,  ^  to  AMx^  BM^ 
CM\  meet  in  a  point  Jf|.  Show  that  parallels  through  (7,  Ay  B  to  ^ Jfs, 
BMtf  CM%  meet  in  a  point  ifs,  and  prove — 1**.  that  the  points  JTi,  Jft,  X% 
are  isobaryc ;  2*.  that  their  co-ordinates  satisfy  the  relation  a~^  4  /3~'  +  y^  =  0. 

(Nbube&g.) 

131.  Prove  that  N  in  Ex.  126  is  the  intersection  of  the  polar  of  M  with 
respect  to  the  orthoptic  circle  of  the  b  jperbola  with  the  tangent  at  ^IT  to  the 
hyperbola,  and  N'  is  the  intersection  of  the  polar  of  M  with  respect  to  the 
orthoptic  circle  of  the  ellipse  with  the  tangent  at  if  to  the  ellipse. 

132.  In  the  same  case,  if  MM'  be  the  perpendicular  from  M  on  iOT,  the 
points  My  M*,  and  the  foci  are  concycHc,  and  the  line  MM*  is  a  symmedian 
of  the  triangle  formed  by  M  and  the  foci. 

133.  If  ^1,  S%  be  conies  osculating  in  A  and  intersecting  in  ^i,  then  if 
any  line  through  A  meet  the  conies  again  in  B\t  Bi,  the  tangents  at  ^i,  Jt 
meet  on  AAi.  (PLrcxBR.) 

134.  If  a  cos$y  b  sinB  be  the  co-ordinates  of  a  point  on  the  ellipse 
x^/a*  -I-  y^jlf^  =  1,  prove  that  the  co-ordinates  of  the  second  point  in  which 
the  osculating  circle  there  meets  the  curve,  are    a  cos  30,  —  6  sin  39. 

(CaOFTOH.) 
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136.  If  n,  f!i,  f|  be  central  yecton  of  a  conio  whoee  semiazea  axe  •,  I, 
pnnre  that 

(2/«»  +  2/^  tin  (fVi)  sin  {r^i)  an  (rift)  =  2  8m«(nrt)/ri*. 

(Favbb.) 

186.  In  thesame  case,    4 8in^(rir2) 8m^(r2rs) 8in*(r3ri)/(a^&^) 

=  22am»(rira)  8m»(rir,)/(r,arV0  -  :iBin*(rira)/r,*.         (iWrf.) 

187.  The  locus  of  the  centre  of  a  conic  circumscribed  to  a  given  triangle 
■and  whose  axes  have  a  given  direction  is  a  conic. 

138.  Find  the  loci  of  the  extremities  of  the  minor  axis  of  a  conic  touching 
two  sides  AB,  AC  o(  a,  given  triangle,  if  the  foci  be  points  on  the  third 
jide. 

139.  Find  in  the  plane  of  a  triangle  A£C  a  point  M  such  that  the  per- 
pendiculars from  A,  £f  (7  on  BM^  CM,  AM  meet  in  the  same  point  if',  and 
prove  that  the  locus  of  if  and  M'  are  Neuberg's  Hyperbolas. 

140-144.  Prove  the  following  properties  of  the  common  chord  of  an 
ellipse  and  its  osculating  circle — 

1*.  Its  envelope  is  (ar/a  +  y/6)'  +  {xja  -  y/6)'  =  2. 

2*.  The  locus  of  ito  middle  point  is  (««/«'  +  yV*')'  =  (« V  -  8^/**)*- 

8*.  The  locus  of  its  pole  is  «>'  +  y*/**  =  (**/«'  -  y*/**)'- 

4®.  The  locus  of  the  projection  of  the  centre  of  the  ellipse  on  the  chord  is 

(«»  +  y*)»(a'«»  +  i»y»)  =  (a«a?  -  6«y»)«. 
6*.  Its  length  is  a  maximum  at  the  point  whose  eccentric  angle 


=  tan-»  ( J<?-+ V  (c*  +  a''l^)/a}. 

146.  The  centre  of  (he  equilateral  hyperbola  determined  by  any  four  pdftit 
{A,  By  C,  D)  lies  on  the  pedal  circle  of  any  of  them  {D)  with  respect  to  (A# 
trianyle  formed  by  the  remaining  three  {ABC). 

Dem. — Let  JEFG  be  the  pedal  triangle  of  2)  with  respect  to  ABC,  bisect 
BC,  DC,  AC  in  JT,  /,  /;  then  the  circles  through  £,  H,  I;  I,  J,  F  are 
•evidently  the  nine-points  circles  of  the  triangles  BCD,  CDA»  Hence  K^ 
their  second  point  of  intersection,  is  the  centre  of  the  equilateral  hyperbola 
ABCD,  Join  KE,  KI,  KF.  Then  [Euc.  III.  xxii.]  the  angle  EKI^  IRC 
B  DBC,  because  E.I  is  parallel  U>  BD  =  EOD  [Euc.  III.  xxi.]  In  like 
manner  JiTi^  s  J^^'J^.    Hence  ^ZF^^^^J^,  and  the  proposition  is  proved. 
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JTiB  one  of  the  points  of  intersection  of  the  nine-points  drcle  of  the  td* 
angle  ABC  and  the  circumcircle  of  the  pedal  triangle  £FG.  If  f  be  their 
second  intersection,  K'  will  be  the  centre  of  the  equilateral  hyperbola,  deter* 
mined  by  the  points  A,  B,  C,  and  D'  the  isogonal  conjugate  of  D  with  respect 
to  the  triangle  ABC, 


Cor. — If  2>,  1/  be  collinear  with  the  circumcentre  of  ABC,  the  hyperbola 
ABCD,  ABCiy  coincide,  for  each  is  the  isogonal  transformation  of  the  line 
Diy.  Hence  the  points  K,  K*  coincide,  and  we  have  the  theorem — IJ  tw 
points  D,  jy,  which  are  isogonal  conjugates  tcith  respect  to  a  triangle,  he 
collinear  with  its  circumcentre,  their  pedal  circle  touches  its  nine-point  drelt 
a  256). 

146.  Being  given  any  four  points,  the  pedal  circle  of  any  point  with 
respect  to  the  triangle  formed  by  the  remaining  three  all  pass  through  a 
common  point. 

147.  If  a  point  2)  describe  an  equilateral  h3rperbola  passing  through  three 
given  points  A,  B,  C,  the  pedal  circles  of  D  with  respect  to  the  triangle  ^0(7 
all  pass  through  a  fixed  puint.  (Sollertinskt.) 

148.  If  a  point  D  describe  a  fixed  diameter  of  the  circumcirole  of  th» 
triangle  ABC,  its  pedal  circles  pass  through  a  fixed  point.  (Ibid.) 
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149.  The  twin  point  of  2>,  with  respect  to  the  triangle  ABC,  and  its 
sym^triques  with  respect  to  the  sides  oiABCox^  concydic. 

160.  If  2>,  D'  be  isogonal  conjugates  with  respect  to  the  triangle  ABC, 
and  collinear  with  the  point  a\fi\y\,  their  locus  is  the  cubic 

151.  A  conic  inscribed  in  a  triangle  touches  its  sides  mF,  Q,  R\  if  the 
normals  at  P,  Q,  R  concur  in  8,  the  locus  of  5  is  the  cubic 

2a  (0^  —  y*)  (cos  A  —  oobB  cobC),  (Nbubbro  and  Schoutb.) 

152.  The  point  S  and  its  isogonal  conjugate  with  respect  to  ABC  are 
collinear  with  the  sym^trique  of  the  orthocentre  with  respect  to  the  circum- 
centre.  (Ibid,) 

15S.  The  circumcentre  is  the  centre  of  symmetry  of  the  cubic  (Ex.  151). 
For  the  sym^triques  of  F,  Q,  B  with  respect  to  the  middle  points  of  the 
sides  ci  A,  Bf  Care  points  of  contact  of  another  satisfying  the  question. 

(Nbubbro.) 

154.  If  the  lines  AF,  BQ,  CB  (Ex.  151)  intersect  in  T,  the  locus  of  Tin 
barycentric  co-ordinates  is 

2a  (3'  -  7*)  cot  ^  =  0.  (Ibid,) 

155.  In  the  same  case  the  locus  of  the  centre  of  the  inscribed  conic  in 

barycentric  co-ordinates  with  the  complementary  of  ABC  as  triaugle  of 

reference  is 

2a  {0^  -  7*)  cot  A^O,  Ibid, 

156.  If  ABCD,  A'B'C'iy  be  two  quadrangles  so  related  that  A,  A'  are 
isogonal  conjugates  with  respect  to  the  triangle  BCD ;  B,  B!  with  resx)ect 
to  CD  A ;  (7,  C  with  respect  to  DAB\  2),  D'  with  respect  to  ABC,  then 
the  sides  of  A'B'C'D'  are  bisected  perpendicularly  by  the  sides  of  ABCD, 
vix.,  A'D'  by  BC,  B'C  by  AD,  &o.  (Ibid.) 

157.  In  the  same  case,  if  The  the  mean  centre  of  the  points  A*,  B',  C,  D', 
the  nine-points  circles  of  the  triangle  A'B'C,  B'C'D,  &c.,  are  the  sym^triques 
with  respect  to  T  of  the  pedal  circle  of  D  with  respect  to  ABC,  of  A  with 
respect  to  BCD,  &c. ;  and  the  equilateral  hyperbola  A'SC'D'  is  the  sym6- 
trique  of  the  hyperbola  ABCD,  (Ibid,) 

158.  If  /  be  any  of  the  excentres  of  the  triangle  ABC,  and  IE  a  tangent 
from  I  to  the  circumcircle,  the  isogonal  transformation  of  IE  is  a  parabola 
touching  IE  in  /,  and  passing  through  the  points  A,  B,  C,  If  the  isogonal 
conjugates  of  AE,  BE,  CE  meet  IE  in  FGK,  the  medians  through  A,  B,  C 
of  the  triangles  lAF,  IBO,  ICE  are  tangents  to  the  parabda. 
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169.  Find  in  the  plane  of  a  triangle  ^^(7  a  point  JTsuch  that  the  turn 
of  the  powers  of  A  with  respect  to  the  circles  on  £If  and  CM  as  diameten 
shall  he  equal  to  the  analogous  sum  relative  to  £,  and  also  equal  to  the 
analogous  sum  relative  to  C,  Show  that  this  point  is  the  sjm^trique  of 
the  centroid  of  ABC  with  respect  to  the  circumoentre.  (Lsmoinb.) 

160.  Let  A\  B',  C*  he  the  middle  points  of  the  sides  of  the  triangle 
ABC,  and  0  its  circumoentre.  On  A'O,  B^Oy  CO  are  taken,  either 
towards  0  or  in  the  opposite  sense,  equal  lengths  A' Pa  =  B^Ph  =  CBt  =  X. 
When  \  yaries  the  sides  of  the  triangle  PaBbPe  move  on  three  parabola 
«-«,  Tb,  Tc  whose  foci  are  the  projections  of  0  on  the  bisectors  AI,  BI,  CI, 
and  whose  directrices  are  the  internal  bisectors  of  the  triangle  A'B'C. 

(Mandabt.) 

161.  Being  giyen  a  triangle  ABC  and  a  point  if,  we  draw  through  M 
three  lines,  so  that  if  is  the  middle  point  of  the  parts  Njlfz,  PzPu  QiQh 
intercepted  in  the  angles  A,  B,  C;  let  i\ri,  Pzt  Qs  be  the  points  where  those 
lines  meet  the  third  side  of  the  triangle.  The  six  points  iV|,  Nz,  Ps,  Pi,  Qu 
(^  lie  on  a  conic  whose  equation  in  barycentric  co-ordinates  is 

ay«  -  (a?  -  2a)  (y  -  2/8)  («  +  27)  =  0, 

«,  3)  y  being  the  co-ordinates  of  M.  It  is  an  ellipse  or  hyperbola  according 
as  if  is  interior  or  exterior  to  the  ellipse  B  which  touches  the  sides  of  ABC 
at  their  middle  points ;  it  is  an  equilateral  hyperbola  if  if  is  situated  on  the 
radical  axis  of  the  circumcircle  and  nine-points  circle  of  ABC  If  if  is  on 
the  ellipse  E,  the  points  NtPzQi,  IfzPiQ%  are  on  two  parallel  lines  which 
envelope  two  curves  whose  tangential  equations  are 

XI fi  +  fi/y  +  y/K  =  3,     K/r  +  ti/K  +  y/ti  =  8. 
The  line  NiP%Qz  has  for  equation 

xja  +  t/l$  +  c/7  =  2. 
The  triangles  NtP^Qi,  NzPiQi  have  for  area 

ABCl2^fiy-'Za^'}/2a^; 

if  this  area  is  constant  the  point  M  describes  an  ellipse. 

(Steiner,  Lbmoinb,  and  NsuBBno.) 
162.  There  exists  an  ellipse  which  has  the  incentre  of  the  triangle  ABC 
for  its  centre,  and  which  passes  through  A',  B',  C*  the  feet  of  the  internal 
bisectors  AI,  BI,  CI,     Its  equation  in  normal  co-ordinates  is 

«»(i  +  c-a)+y»(c  +  a-6)  +«»(a  +  4-«)  -  2ayf  -  2to-2ftry  =  0. 
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The  8emi*azi8  of  this  oonio  are  r  and 


\Rr 


the  major  axis  is  parallel  to 


the  line  joining  the  feet  of  the  external  bisectors  of  the  triangle  ABC, 

(Db  Lonochamps.) 

163.  Let  JTi,  iff,  JTs  be  the  points  of  intersection  of  the  sides  BC^  CAy 
ABf  of  a  triangle  ABC,  with  the  lines  AM,  BM,  CM  joining  the  summits 
with  any  point  M.  The  conic  which  has  M  for  centre,  and  which  passes 
through  Ml,  M2,  M3  has  for  its  equation,  in  burycontric  co-ordinates 


2  -1  (A  +  71  -  ai)  -  2  2 


ai 


a0y\ 
aifii 


0, 


•it  6i»  71  being  the  co-ordinates  of  M, 


(Ibid.) 
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NOTES. 


I. — Paob  60. — Example  6. 

This  theorem,  being  subsequently  quoted,  should  be  proyed. 
On  ABy  CD  as  diameters  describe  circles.     Let  0,  O*  be  their  centres, 
P  one  of  their  points  of  intersection :  then  OP(y  is  equal  to  one  of  the 


angles  of  intersection  of  the  circles.     Now  if  the  sides  OPy  F0\  (/O  be 
denoted  by  a,  6,  Cy  we  have 

Bin^iOFO'  =  {t-a){8-b)/ab={b  +  e-a)(e-\-a-b){Aab 
=  (BD.AC)I{AB.  CD)y 

or  denoting  the  angle  OPO*  by  ff,  we  have  sin^  Jtf  ^  CA  j  CD  :  BA  j  BDy 
and  similarly  for  the  other  ratios. 


II.— Pagb  128. 

It  should  be  shown  that  the  circle  whose  equation  is 

iSysin^  +  yasin^  +  oiSBinC  =  0, 
passes  through  the  cyclic  points.     The  co-ordinates  of  the  cyclic  points 

ia      ip       iy,  -ia      -ifi       -4y . 

e    y  e    J  e     y      e     ,*      ,«       , 


(/./.)  are 


Notes.  647 

brtitttting  those  of  Z,  we  get 

^•<^+^^  .  rin^  +  /^^+»^  .  fin  5  +  **<*+^) .  ainC  =  0, 

[co8(i8  +  7) +  tBinO  +  7)]8in(i3-7)  +  &o.  +  &c  =  0, 

liich  being  siinplified,  yanishes  identically.     Hence  the  circle  pasaei 
rough  /.     Similarly  it  passes  through  /. 

III. — Page  136. — Examplb  6. 

We  give  the  proof  here  for  a  similar  reason  to  that  in  Note  1. 
ansform  the  equation 

(a  +  iS  +  r)  (/a  +  fWi8  +  «7)  -  (a*/57+ft»7o  +  tf«a^)  =  0 

.0  Cartesian  co-ordinates  by  the  substitution 

o  =  Jay  sin  C,        fi^\hxaxLC,        7  =  J(ai  — ay-6a;)sinr, 
d^we  get 

**+y»  +  2jpycosC+(»»-#i-fl')x/a+(/-w-6*)y/i+  #t  =  0, 

lich  denotes  a  circle  such  that  the  powers  of  the  points  A,  B,  C,  with 
ipect  to  it,  are  respectively  /,  m,  ». 


IV.— Page  169.— Equation  383. 

This  requires  a  short  discussion. 

tt  2a  be  the  angle,  between  0  and  ir,  which  has  for  tangent  2h  /  {a-  b), 
len  we  can  put  20  =  2a  4  nx.     Hence 

ff  =  a,         o+»/2,         a  +  2ir/2,       or     o+3ir/2. 

lese  values  give  four  possible  distinct  positions  for  the  new  positive 
ee,  viz. 

{ox\  or),   (or,  OX"),   {ox'\  oy"),   {ot\  ox-), 

lat  is,  we  can  turn  the  primitive  axes  OX,  OY  through  any  one  of  the 
ur  angles  a,  a  +  ir  /  2,  a  -f  2ir  /  2,  a  +  3ir  /  2,  in  order  to  get  the  new 
OS.     Taking  ff  =  a,  from  (379),  (380),  we  infer 

a-b 
«'_  A  =  (a  _  b)  cos20  +  2A  sin 20  =  2h  sin20 [1  +  -777-001 2tf] 


=  2A«n2(»[l+(y)']. 
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And  smoe  sin 29  is  podtive,  a'— 6'  has  the  same  sign  as  2h,     Then 

«'-4'=+JJ  or  --B. 
According  as  A  is  positiye  or  negatiye* 


INDEX. 


iBSCIS&S,  4. 

lUmnma,  218. 
Iadr6  DeBir^,  28. 

ingle  between  two  lines  whose  carte- 
sian equations  are  given,  36, 

37. 
same  for  trilinear  equations,  73. 
between  two  lines  given  by  a 

single  equation,  63. 
between    two    tangents    to    an 

ellipse,  224,  234. 
same  expressed  in  terms  of  focal 

vectors  to  points  of  intersection, 

225. 
between  focal  vectors  bisected  by 

tangent  and  normal,  221. 
between  central  vector  to,  and 

normal  at,  a  point  on  ellipse, 

244. 
between  tangents  to  a  parabola 

in  terms  of  their  lengths  and 

chord  of  contact,  191. 
between  focal  radius  vector  and 

tangent,  221. 
between  asymptotes,  166,  268. 
of  intersection  of  two  circles  or 

curves,  107. 
of  intersection  of  two  parabolsB, 

199. 
eccentric,  206. 
intrinsic,  176,  177. 
same  half  polar  angle  of  point  on 

parabola,  191. 
first    and    second,    of    Steiner, 

426. 
subtended  at  focus  by  portion  of 

variable  tangent  intercepted  by 

two  fixed  tangents,  238. 
the  Brocardy  64,  409,  411,  469. 


Angles 

eccentric,  of  extremities  of  conju- 
gate diameters  how  related,  209. 

sum  of  for  four  concyclic  points 
on  conic,  241,  280. 

theorems  concerning,  how  pro- 
jected, 3o3. 
Anomaly. 

true,  189,  236. 

eccentric,  206. 
Antifoci,  311,  612. 
Antiparallel,  77. 

Anharmonic  ratio  of   four   collinear 
points,  66,  163. 

of  four  rays  of  a  pencil,  67. 

of  four  lines  whose  equations  are 
given,  69. 

of  four  conies  of  a  pencil  of  conios, 
474. 

six  of  four  points,  69. 

same  expressed  by  trigonometrical 
ratios,  60. 

of  four  collinear  points  equal  to 
that  of  pencil  formed  by  their 
four  polors,  106. 

of  foiur  tangents  to  a  conic,  386. 

of  pencil  from  variable  point  to 
four  fixed  points  on  conic,  343. 

of  pencil  formed  by  two  legs  of 
an  angle  and  the  isotropic  lines 
of  vertex,  353. 

of  pencil  from  any  point  of  conic 
tnrough  four  fixed  points,  to 
the  four  points,  473. 

of  pencil  same  as  that  of  the 
four  points  in  which  any  trans- 
versal is  cut  by  rays,  68. 

of  points  in  two  projective  rows, 
372. 
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Anharmonic  ralio  of  rays  in  two  pro- 
jective pencils  375. 

of  double  points  and  homologous 
point  paira,  376. 

of  four  points  in  which  tangent 
at  any  variable  point  meets 
tangents  at  four  fixed  points  on 
conic,  344. 

of  pencil  unaltered  by  projection, 
351. 
Apollonins, 

circles  of,  146. 

first  and  second  theorems  of,  210. 
Areas,  sig^s  of,  2. 
Area 

of  triangle  or  polygon  in  terms  of 
co-ordinates  of  vertices,  10, 
79. 

of  triangle  formed  by  three  lines 
whose  equations  are  given,  81. 

of  triangle  formed  by  a  given  line, 
and  a  given  line  pair,  80. 

of  triangle  formed  by  three  points 
on  a  conic,  11,  12. 

of  triangle  formed  by  focus  and 
two  points  on  parabola,  196. 

of  triangle  foimedby  two  tangents 
and  chord  of  contact,  104,  196, 
240. 

of  triangle  formed  by  three  tan- 
gents to  hyperbola,  271. 

of  triangle  formed  by  three  tan- 
gents to  a  parabola  half  that 
formed  by  points  of  con  tact,  179. 

of  triangle  formed  by  asymptotes 
and  any  tangent,  271. 

of  triangle  formed  by  three  points 
on,  or  three  tangents  to,  an 
equilateral  hyperbola,  283. 

of  triangle  formed  by  three  points 
in  tripolar  co-ordinates,  306. 

of  triangle  formed  by  asymptotes 
and  noimal  at  any  point  on  an 
equilateral  hyperbola,  282. 

of  triangle  formed  by  joining  ex- 
tremities of  conjugate  semi- 
diameters,  210,  259. 

of  tiiangle  self -con  jugate  with 
respect  to,  inscribed  in,  or  cir- 
cumscribed to,  a  conic,  243. 

of  triangle  which  is  the  harmonic 
transformation  of  a  given  tii- 
angle, 299. 


Area  of  triangle  which  is  the  pedal  tri- 
angle of  a  given  point,  297. 

of  triangle  which  is  the  polar  rs- 
ciprocal  of  a  given  tiianj^ 
299. 

of  parallelogram  circamscribed  to 
ellipse,  210. 

of  parallelogram  formed  by 
asymptotes  and  parallels  t(> 
them  through  any  point  oo 
curve,  269. 

of  parabolic  sector,  199. 

of  hyperbola  and  hyperbdie 
sector,  273-275. 

conic  given  by  general  equatiaD, 
331. 
Argument,  24. 
Aronhold's  notation,  333. 
Artit,  292,  537. 
Asymptotes 

defined,  166. 

hyperbola  referred  to,  as  axes, 
167,  269. 

of  conic  given  by  general  equa- 
tion, 166,  465. 

of  equilateral  hyperbola  ars  tt 
right  angles,  106,  268. 

intersect  in  centre,  167. 

secant  of  half  angle  between,  gives 
eccentricity,  268. 

equation  of,  for  hyperbola,  268, 
279. 

are  self -con  jugate,  167. 

equation  of,  diners  from  eqnstion 
to  curve  by  a  constant,  268. 

chord  of  contact  of,  167. 

divided  homographically  by  pa- 
rallels to  from  a  series  of  pouiti 
on  curve,  280. 

polar  of  any  point  on  either  is 
parallel  to  that  one,  281. 

equal  intercepts  on  any  chord  be- 
tween curve  and,  270. 

lines  joining  extremities  of  any 
diameter  to  extremities  of 
conjugate  are  parallel  to, 
268. 

points  of  intersection  of  a&3r 
tangent  with,  and  two  foa 
are  coney clic,  281. 

constant  length  intercepted  on,  by 
joins  of  variable  to  two  fixsd 
points  on  curve,  271. 
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Ares  of  eonics,  theorems  concenung, 

322,  323,  324. 
Axes 

rectangular  and  oblique,  4. 

transrerse  and  conjugate,  203. 

of  conies,  158. 

of  conic  given  by  general  equa- 
tion, 619. 

are  parallel  to  a  pair  of  conjugate 
diameters  of  conic  in  whose 
equation  coefficient  of  xy 
Tanishes,  157. 

magnitude  and  direction  of,  given 
two  conjugate  diameters  of 
conic,  210,  271. 

of  conies  confocal  with  a  given 
one,  and  passing  through  a 
given  point,  232,  233. 

lengths  of,  for  conic  given  by 
general  equation,  330. 

of  parabola,  158,  159. 

of  similitude,  119. 

of  perspective,  72,  130. 

radical,  115. 

radical,  of  three  circles  are  con- 
current, 116. 

Bisectors 

of  sides  or  angles  of  a  triangle  are 

concurrent,  62. 
of  angles  between  lines  given  by 

a  single  equation,  53,  54,  465. 
Bofeovieh,     method     of    generating 

conies,  205,  253. 
Briftnehon's  theorem,  147,  319. 
Briot  and  Bouquet,  21. 
Brooard,  166,  174, 179, 195, 198,  441, 

459. 
BnniBide,  225. 

Cathcart,  510. 
Cayley,  468,  499,  539. 
Centre, 

theory  of  mean,  14—16. 

of  circle,  97, 

of   circle,   cutting  three   circles 

orthogonally,  117. 
of  incircle,  in  terms  of  co-ordi- 
nates of  vertices  and  lengths  of 
sides,  16. 
of  conic,  153,  154,  203,  251. 
of  curvature,  185,  186,  216,  264. 
of  parabola,  154. 

2o 


Centre  of  inversion.  408,  411. 

of  involution,  379. 

pole  of  line  at  infinity,  167. 

radical,  117. 

of  similitude,  118,  393. 

of  similitude,  six  of  three  circles, 
lie  three  by  three  on  four  right 
lines,  119. 

of  reciprocation,  385. 

redtictiou  of  general  equation  to» 
155. 

recherche  of,  154. 

of  perspective,  72,  130. 

lino  of  centres,  165. 
Chasles,  219,  225,  235,  324,  343. 

Chord 

joining  two  points  on  circle,  102, 

130,  133. 
joining  two  points  on  conic,  176, 

208. 
of  contact  of  two  tangents  to  a 

conic,  183,  223,  256. 
of  conic  which  touches  confocal, 

pioportional  to  square  of  pa« 

rallel  semidiameter,  225. 
locus  of  pole  of,  subtending  a 

right  angle  at  a  fixed  point, 

104,  195,  277. 
through  a  focus,  183,  222,  277. 
Chords, 

locus  of  middle  points  of  parallel, 

155,  156,  179,  208,  255. 
of  intersection  of  two  conies,  213. 
of  contact  of  common  tangents  to 

two  circles,  103. 
conjugate,  158. 
supplemental,  213. 
Circle, 

equation  of,  96,  108-111. 

auxiliary,  206,  266. 

Boaeoviehf  206. 

Brocard,  408,  411,  422,  624. 

centre  of,  117. 

circum,  of  triangle  of  reference, 

128. 
circum,  is  polar  conic  of  symme- 

dian  point,  127. 
circum,   in  barycentric  co-ordi- 
nates, 131. 
circum,  of  polygon,  129. 
circum,  of  triangle  formed   by 

three  tangents  to  a  paiabday 

passes  through  foouB,  178,  190. 
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Circle  circumscribed  to  quadrilateral, 

143. 
outting  three  given  circles  at  given 

angles,   or  orthogonally,   108, 

149. 
director,  164. 
diameter  of,  cutting  three  given 

circles  orthogonally,  148. 
equation  of,  on  join  of  two  points 

as  diameter,  77,  160. 
equation  of,  referred  to  two  tan- 
gents and  chord  of  contact,  143, 

342. 
equation  of  tangents  from  any 

point  to,  103. 
focal,  311. 
geometrical     representation     of 

power  of  point  with  respect  to, 

98. 
haying  side  of  triangle  of  reference 

as  diameter,  144. 
having  triangle  of  reference  as 

autopolar  triangle,  339. 
having  as  diameter  chord  of  con- 
tact of  tangents  to   a    given 

circle    from   a    given    point, 

102. 
having  as  diameter  the  intercept 

made  by  a  given  circle  on  a 

given  line,  100. 
Dr.  Mart's,  147. 
inscribed  in  triangle  of  reference, 

131. 
Joachimsthars,    185,    187,    188, 

218,  264. 
Zionnett*,  401. 
LemoxnCy  419. 
nine-points,  125,  126,  147,  303, 

434,  436,  444,  445,  461,  464. 
nine-points,  touches  both  in-  and 

ex-circles,  126,  138,  149. 
of  inversion,  104. 
of  curvature,  185,  312. 
of  reciprocation,  386. 
of  similitude,  119,  395. 
orthoptic,  164,  509,  510. 
orthogonal  projection  of,  206. 
osculating,  189. 
orthocentroidal,  436. 
pedal  of  a  given  point,  137. 
SUiner'a,  316. 
tangential  equation  of,  138,  139, 

140,  141,  143. 


Circle  through  3  points,   110,    111, 

136. 
touching  three  others,  110,  111, 

121. 
through  feet  of  peipendicnlaTs, 

144. 
Circles, 

annex,  401. 

all  pass  through  cydio  points, 

308. 
a  system  of  tangential,  120. 
of  Apolloniua,  146. 
coaxal  system  of,  114. 
concentric,  when,  97. 
concentric,  have  double  contact  at 

infinity,  328. 
equation  of,  in  pairs,  touching 

three  given  circles,  120. 
escribed  to  triangle  of  reference, 

132. 
Fuhrman^i,  431. 
M'Cay't,  427,  464. 
Mutual  power  of  two,  107.  108. 
Neuherg'i,    423-427,    443,   444, 

462,  469. 
Tueker'9,  416,  419,  421. 
Clebsoh,  333,  337,  462. 
Coates'  theorem,  68,  93,  127. 
Complex  variables,  24. 
Concomitant,  mixed,  463,  617. 
Condition   that   a   line  should   pass 
through  origin,  33. 
that  a  line  should  pass  through  a 

given  point,  86,  89. 
that  a  line  should  be  peix>endicQlar 

to  iteelf,  76. 
that  a  line  should  cut  a  conic  in 

two  points  which   subtend  a 

right  angle  at  the  origin,  348. 
that  a  line  should  touch  a  conic, 

161,  163,  261,  335. 
that  a  line  may  be  cut  hannoni* 

cally  by  two  conies,  371. 
that  a  line  should  be  cut  in  inTO- 

lution  by  three  conies,  606. 
that  two  lines  should  intersect  on 

a  conic,  336,  520. 
that  two  lines  should  be  at  right 

angles,  36,  37,  63,  74. 
that  three  lines  should  be  concur- 
rent, 48. 
that  two  lines  should  be  parallel, 

36,  74. 
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Condition  that  a  circle  may  be  cut 
orthogonally  by  four  given 
circles,  110. 

that  any  number  of  circles  may 
have  one  common  tangentid 
circle,  122. 

that  two  circles  should  touch, 
107. 

that  two  circles  should  cut  ortho- 
gonally, 107. 

that  four  circles  should  cut  a  fifth 
orthogonally  or  be  tangential  to 
it,  112. 

that  two  circles  should  be  con- 
centric, 97. 

that  two  conies  should  be  homo- 
thetic,  326,  327. 

that  two  conies  should  touch, 
osculate,  309,  469,  471. 

that  two  conies  inscribed  in  the 
same  conic  should  cut  orthogo- 
nally, 496. 

that  two  conies  are  so  related  that 
a  triangle  may  be  inscribed  in 
one  and  circumscribed  to  the 
other,  468. 

that  three  conies  may  have  a 
common  point,  617. 

that  four  conies  should  cut  a  fifth 
orthogonally  or  be  tangential  to 
it,  497. 

that  a  triangle  self -con  jugate 
with  respect  to  one  conic  may 
be  inscribed  in,  or  circumscribed 
to,  another,  476. 

that  a  triangle  may  be  circum- 
scribed to  one  conic  and  have 
its  vertices  on  three  other 
conies,  485. 

that  a  triangle  may  be  inscribed 
in  one  conic,  and  have  its  sides 
touching  three  other  conies, 
484. 

that  triangle  of  reference  may  be 
in  perspective  with  one  the  co- 
ordinates of  whose  vertices  are 
given,  82. 

that  general  equation  should  re- 
present two  right  lines,  61,  62, 
334. 

that  general  equation  should  re- 
present a  circle  (in  Cartesian 
oo-ordinates),  96. 


Condition  that  general  equation  should 
represent  a  circle  in  normal  co- 
ordinates, 134. 

that  general  equation  should  re- 
present a  circle  in  barycentric 
co-ordinates,  137. 

that  general  equation  should  re- 
present an  ellipse,  a  parabola, 
or  hyperbola,  340. 

that  general  equation  should  re- 
present an  equilateral  hyperbola 
or  a  parabola,  609. 

that  when  general  equation  re- 
presents two  lines  they  should 
be  parallel  or  perpendicular, 
77. 

that  three  points  may  be  collinear, 
8. 

that  two  points  may  be  conju- 
gate with  respect  to  a  conic, 
334. 

that  two  points  may  he  conjugate 
with  respect  to  two  lines, 
336. 

that  two-point  pairs  should  be 
harmonic  conjugates,  67,  368. 

that  four  points  should  be  con- 
cyclic,  110. 

that  four  points  on  conic  should 
be  concyclic,  241,  280. 

that  three-point  pairs  should 
form  an  involution,  379. 

that  four  convergent  rays  should 
form  a  harmonic  pencil,  69. 

that  normals  at  three  points  on 
parabola  should  be  concurrent, 
188. 

that  normals  at  three  points  on 
ellipse,  should  be  concurrent, 
216. 

that  joins  of  vertices  of  triangle 
of  reference  to  points  in  which 
general  conic  meets  sides  should 
form  two  concurrent  triads, 
627. 

that  /o  +  f»3  +  «7  =  o  should  be 
antiparallel  to  7  =  o,  77. 

that  intercept  made  by  circle  on 
line  should    suhtend   a   right 
angle  at  a  fixed  point,  100. 
Cone, 

right  and  oblique,  sections  of, 
363. 
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Confocal  conies,  224-227,  232-236, 
239,  247,  248,  279,  311,  324, 
331,  332. 

oonics  are  inscribed  in  the  same 
imaginary  quadrilateral,  311. 

conies,  cut  at  right  angles,  333. 

conies,  general  equation  of,  312, 
612. 

conies,  length  of  ore  intercepted  be- 
tween tangents  from,  322-324. 
Conic, 

number  of  conditions  sufficient  to 
determine  a,  170. 

eight  points  of  contact  of  common 
tangents  to  two  conies  lie  on  a, 
488. 

nine-point  of  quadrangle,  166. 

equation  of,  given  focus  and  three 
tangents,  391. 

isotomic  transformation  of,  296. 

isoptic  curve  of,  184,  620. 

polar  conic  of  point,  and  pole  of, 
27. 

which  reciprocates  the  Broeard 
ellipse  into  KieperVa  hyper- 
bola, 609. 

fourteen-point,  487. 

fourteen- line,  490. 

through  five  points,  description 
of,  172. 
Ckmics, 

classification  of,  166. 

diametral,  446. 

conjugate  with  respect  to  quadri- 
lateral, 614. 

homothetic,  326. 

for  which  0i  and  02  vanish,  482. 

harmonic  properties  of,  479. 

harmonic  system  of,  482. 

invariant  theory  of,  462. 

invariant  angles  of  two,  471. 

mutual  power  of  two,  493. 

orthogonal,  499. 

osculation  of  two,  471. 

point  and  line  harmonic  conies 
of  two,  371. 

pencil  and  net  of,  tangential  and 
trilinear,  463. 
Conjugate  diameters,  167,  258. 

equation  of  conic  referred  to  as 
axes,  211,  259. 

are  parallel  to  a  pair  of  supple- 
mental chords,  213. 


Conjugate  sum  of  squarei  of,  209. 
eccentric  angles    ol  extremities 

of,  209. 
area   of   triangle    indaded   by, 

210,  269. 
Conjugate  points  and  lines,  106,  334, 

336. 
hyperbola,  257. 
Conjugates, 

harmonic,  13,  66,  117,  368,  369. 
isotomic,  13,  66. 
isogonal,  63. 
Constants,  31. 
Contact, 

of  different  orders,  309. 
double,  318,  613. 
four-puintic,  318,  321. 
Contravariants,  608. 
Co-ordinates, 

areul  or  bary centric,  64. 
areal  of  some  important  pmnts,  66. 
biangular  or  biradial,  61. 
Cartesian,  4. 
current,  31. 

complementary  and  anticomple- 
mentary of  a  point,  81. 
elliptic,  233. 
normal  or  trilinear,  61 . 
normal  of  some  important  p<nnti, 

64. 
of  point  of  intersection  of  two 

Imes  whose  equationsare  given, 

42. 
of  point  of  intersection  of  two 

lines  given  by  a  single  equatioB, 

62. 
of  point  dividing  in  a  given  ratio 

the  join  of  two  given  points, 

12,  65. 
of  orthocentre  of  triangle  formed 

by    tangents    to    ellipse   and 

chord  of  contact,  246. 
of  incentre  of  triangle  in  terms 

of  co-ordinates  of  vertices  and 

lengths  of  sides,  16. 
of  double  points,  334. 
of  pole  of  line  with  respect  to 

conic,  338. 
polar,  17. 

tripolar  or  tricyclic,  301. 
transformation  of,  19. 
tangential  or  line,  86. 
point  and  line,  compaxison  of,  86. 
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Covariant,  462,  477. 
Cremona,  349. 

Crofton,    136,   230,  244,  279,  284, 
322,  344,  528,  630,  631,  633, 
536,  540. 
Curtis,  Prof.  S.  J.,   145,  146,  477, 

478,  527,  628,  634. 
Curvature, 

radius  of,  185, 186,  216,264,  313. 
circle  of,  185,  312. 
centre  of,  185,  186,  216,  264. 
(hirve,  Hermile,  606,  507. 

isoptic,  of  conic,  520. 
Curves,  pencils  of,  114. 
Cubic,  the  seventeen  point,  460. 

Dandelinand  Quetelet,  366. 

D'Ooagne,  526,  531. 

Darbonx,  111. 

De  Longohamps,  436,  461,  646. 

Betargues,  521. 

Beieartefl,  5. 

Determinant,  40,  41,  74,  80,  108. 

of  transformation,  462. 
I>ewiilf, 
Diagonal, 

triangle,  69. 
points,  71. 
Diameters,  155,  179. 

equation  of  pair  of  general  conic, 

534. 
conjugate,  157,  534. 
equicon jugate,  534. 
through  intersection  of  two  tan- 
gents bisects  chord  of  contact, 
108,  212,  261. 
Distance, 

between  two  points,  6,  78. 
between  centres  of  two  circles, 

107. 
of  point  from  vertices  of  triangle 

of  reference,  79. 
of  four  points  in  plane,  how  con- 
nected, 29. 
between  points  of  intersection  of 
a  given  line  with  two  given 
lines,  79. 
Director  circle,  164. 
Directrix,  173, 201 .223, 250, 311, 610. 
Discriminant,  51,  334. 
Double  contact,  318,  320,  513. 

equation  of  two  conies  having 
doublecontact  with  athird,  318. 


Doable  contact,  properties  of  two  conica 

having  double  contact  with  a 

third,  319. 
properties  of  three  conies  having 

double  contact  with  a  fourth, 

319,  320. 
problem  to   describe  one   conic 

touching   three   others,    each 

having  double  contact  with  a 

fourth,  499. 
equation  to  same,  498. 
lines  and  double  points,  286. 


Eccentric  angle,  206. 

angles,  sum  of,  for  four  concjolio 

points  on  conic,  241,  280. 
angles,  sum  of,  for  feet  of  normals 

to  ellipse,  220. 
angles  of  extremities  of  conjugate 

diameters,  209. 
Eccentricity,  201,  250. 

of  conic  given  by  general  equa- 
tion, 532. 
of  any  section  of  cone,  366. 
of  hyperbola  and  conjugate,  how 

related,  279. 
Ellipse,  201-249. 

area  of,  given  by  general  equa- 
tion, 331. 
axis  of  confocal,  232. 
equation  of,  referred  to  pair  of 

conjugate  diameters,  211. 
equation  of,  referred  to  the  equi- 

conjugate  diameters,  212,  279. 
e volute  of,  216. 
polar  equation  of,  with  focus  as 

pole,  236. 
the  Brocard,  391,  408,  411,  420. 
equation  of  tangent  and  normal 

to,  208,  214, 
polar  equations  of  tangent  and 

normal  to,  237. 
orthoptic  circle  of,  224. 
parallel  to,  470. 
parallel  to,  reciprocal  of,  634. 
pedal  of,  with  respect  to  focus, 

221. 
pedal  of,  with  respect  to  centre, 

241. 
reciprocal  polar  of,  228. 
Steiner'i,  362,  421,  461. 
Elliptic  co-ordinates,  233. 
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Enyelope 

of  axis  of  perspective  of  a  tri- 
angle circumscribed  to  one 
conic  and  its  polar  reciprocal 
with  respect  to  another,  479. 

of  chord  of  conic  subtending 
a  right  angle  at  a  fixed  point, 
358. 

of  chord  of  contact  of  tangents 
to  a  hyperbola  from  any  point 
on  conjugate  hyperbola,  262. 

of  chords  of  osculation  of  para- 
bola, 189. 

of  chord  of  conic  subtending  a 
right  angle  at  focus,  624. 

of  line  joining  extremities  of 
conjugate  diameters  of  ellipse, 
241. 

of  line,  if  sum  of  squares  of 
}>erpendiculars  on  it  from  any 
number  of  fixed  points  be 
constant,  347. 

of  line,  the  product  of  the  per- 
pendiculars on  which  from 
two  fixed  points  is  constant, 
221,  266. 

of  line  cutting  three  conies  in 
involution,  505. 

of  line  cutting  a  conic  in  points 
whose  join  subtends  a  right 
angle  at  origin,  348. 

of  line  which  cuts  two  conies 
harmonically,  371. 

of  line  joining  extremities  of 
two  perpendicular  central  vec- 
tors of  ellipse,  242. 

of  line  joining  corresponding 
points  on  two  lines  divided 
homographically,  385. 

of  lines  whose  poles  with  respect 
to  three  conies  are  collinear, 
507. 

Hermitet  of  a  net  of  conies,  506. 

of   the  eight    tangents  to  two 
.conies  at  their  points  of  in- 
tersection, 490. 

of  the  sides  of  Kiepert^s  tri- 
angles, 458. 

of  the  polar  of  a  given  point 
with  respect  to  any  circum- 
conic  of  a  quadrilateral,  386. 

of  the  six  sides  of  two  inscribed 
triangles  of  a  conic,  386. 


Enyelope  of  a   system  of   oomfoeal 
oonics,  347. 
of  polar  of  a  given  point  wi^ 
respect  to  a  confo^  system 
of  conies,  348. 
of  third  side  of  a  triangle  in- 
scribed   in    a  conic,    two  of 
whose    sides    touch    another 
conic,  348,  529. 
of  Tucker* 8  circles,  421. 
Envelopes,  theory  of,  346. 
Equation, 

defined,  33. 

of  axes  of  conic,  159,  519. 

of  asymptotes  of  conic  given  by 

general  equation,  166,  465. 
of  bisectors  of    angles  between 

two  lines,  53,  54,  465. 
of  bisectors  of  angles,  of  medians, 
and  of  perpendiculars  of  tri- 
angle of  reference,  62. 
of  Broeard  line  and  dicmaeter,  67. 
of  circle    circumsciibed  to  tri- 
angle of  reference,  127,  128. 
of  circle  inscribed  in  or  escribed 

to  triangle  of  reference,  131. 
of    circle    cutting    three    given 

circles  at  given  angles,  108. 
of   circle    cutting    three    given 
circles  orthogonally,  109,  149. 
of  circle  through  tluree   points, 

110,  186. 
of  circle  on  join  of  two   points 

as  diameter,  77,  99,  150. 
of  circles  in  pairs  touching  three 

given  circles,  120. 
of    eight  circles    tangential   to 

three  giren  circles,  109. 
of   conio    referred    to  tangents 

and  chord  of  contact,  308. 
of   the  cyclic    points,    75,    88, 

509. 
of  conic  referred  to  fociia  and 

directrix,  338. 
of  conic  confocal  with  a  given 

one,  312,  512. 
of  conic  confocal  with  a   given 
conic  and  touching  a  given 
line,  529. 
of  conio  having  double  contact 

with  two  comes,  318. 
of  conic,  given  focus  and  three 
tangents,  391. 
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Equation  of  conic  haying  triangle  of 

reference  as  autopolar  triangle, 

837. 
of   four  conies    haying  double 

contact    with  a  giyen    conic 

and    passing    through    three 

giyen  points,  622. 
of  directrix  of  parabola,  164. 
of     directrices      of     Brocard'a 

ellipse,  421. 
of  EiUet'a  line,  67. 
of  eyolutc,  187,  216,  264. 
of   four    common    tangents    to 

two  conies,  488. 
of  four  tangents   to  a  conio  at 

points     of     intersection     by 

another  conic,  491. 
of  foci,  322. 
general,  of  line  or  curve  through 

the  intersection  of  two  lines 

or  curyes,  39,  40. 
general,     of    three    concurrent 

lines,  62. 
general,    reduction    to    normal 

form,  158. 
homogeneous     represents    lines 

through  the  origin,  51. 
of  join  of  two  points,  40,  66. 
of  join  of  two  points  on  circle, 

102,  130,  133. 
of  join  of  two  points  on  conic, 

176,  208,  270,  338,  342. 
of  line  through  a  given  point 

making  a  given  angle  with  a 

given  Une,  44,  45. 
of   line    through  a  giyen  point 

parallel  to  a  given  line,  76. 
of    line    perpendicular    to    the 

given  line,  45,  76. 
of  line  joining  centre  and  sym- 

median  point,  67. 
of  line  dividing  angle  between 

two  lines   into    parts    whose 

sines    have    u    given    ratio, 

46. 
of  lines  equally  inclined  to  bi- 
sectors of  angles    of  triangle 

of  reference,  63. 
of  medians  of  triangle,  41,  62. 
of  normal,  184,  190,  214,  237, 

262,  273. 
of  orthoptic  circle  of  conic,  164, 

224,  341,  510. 


Equation  of  point  pair  in  which  a  line 

intersects  a  conic,  336. 
of  polar  of  a  given  point,  105, 

163. 
of   perpendiculars    of  tzianglA, 

49,  62. 
of  reciprocal  of  conio,  387. 
result   of  substituting    co-ordi- 
nates of  a  point  in,   87»  98, 

137. 
of  symmedian  lines,  63. 
of  six  common  chorda  of  two 

conies,  465. 
of  tangent  to  circle,  101,  130, 

134. 
of  tangent  to  conio,  129,  161, 

176,  189,  208,  237,  256,  271, 

273,  338,  842. 
of  tangent  pair  from  point  to 

curve,  103,  163. 
of  tangent  to  nine-point  circle, 

at  its  point  of  contact  with 

incircle,  126. 
tangential,  138,  161,  836. 

Fagntiiis'  theorem,  227. 
Fanre,  524,  526,  541. 
Figures, 

complimentary  and  anticompli- 

mentary,  81. 
inversely  similar,  285,  893,  395. 
Focus,  173,  201,  250,  211,  322,  511, 
512,  532. 
of  parabola  touching  four  right 
lines,  178. 
Fregier's  theorem,  227. 
Frobenius,  111,  495. 

Geometrical  signification  of  the 
vanishing  of  a  coefficient  in 
general  trilincar  equation  of 
the  second  degree,  337. 

Gob,  85. 

Orayes,  Dr,,  311,  322. 

Ougler,  360. 

Oundelilnger,  473,  490. 

HamUton,  Sir  WUliam,  205,  253. 

law  of  force,  proof  of,  232. 
Hart,  Sir  A.,  132. 
Hadamard,  299. 
Harmonic  chords,  theory  of,  406. 

system  of  conies,  482. 
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HeMe,  32,  616. 

Hermes,  95. 

Eermite  envelope  of  net  of  conies, 

506. 
Hervey,  94. 
Hexagon, 

LemoinSf  419. 
harmonic,  437. 
nomothetic  figures,  326. 
nomographic  division,  theory  of,  368. 
Homogeneous     equations     represent 
lines  through  the  origin,  51. 
Hyperholn,  251. 

Apollonian,  453,  504,  217»  264. 
conjugate,  258. 

conjugate,  polar  equation  of,  267. 

co-ordinates  of  point  on,  expressed 

in  terms  of  a  single  variable, 

245. 

equation  of,  referred  to  conjugate 

diameters,  259. 
equation  of  asymptotes  to,  268. 
equation  of  tangent  and  normal 

to,  256,  262,  273. 
equilateral,  252. 
equilateral,    polar   equation    of, 

267. 
equilateral,     area     of    between 
asymptotes  and  two  diameters, 
273. 
equilateral,  generation  of,  289. 
polar  equation  of,  centre   being 

pole,  267. 
polar  equation  of,  focus  as  pole, 

272. 
tangents  at  extremities  of  focal 

chord  meet  on  directrix,  277. 
KieperCs,    431,    442-445,    449, 

452,  453. 
Jerabek'a,  448,  449,  483. 
Hyperbolae,  Neuberg^$^  429,  430,  431, 

540. 
Hyperbolic  functions,  275. 

Identities,  520. 

Infinity,  equation  of  line  at,  74. 

every  parabola  touches  line  at, 

308. 
centre  is  pole  of  line  at,  107. 
Intersection  of  line  and  conic,  153. 
of  two  lines,  co-ordinates  of,  42. 
of  two  lines  given  by  a  single 
equation,  co-ordinates  of,  52. 


Inyariants,  159. 

calculation  of,  467. 
number  of  independent,  fte.,  of 
two  conies,  517. 
Inyariant  angles  of  two  conios,  471. 
harmonic,  of  a  system  of  oonioi, 

482. 
orthogonal,  of  a  system  of  oonifii, 

495. 
tact,  of  two  conies,  469. 
tact,  of  product  of  six  anhannooic 
ratios,  472. 
Inverse  points  and  lines,  105. 
Inversion, 

of  line  or  circle  with  respect  to 

circle,  105. 
quantities  imaltered  by,  113. 
Involution,  central  point  of,   doaUs 
points  of,  hyperbolic,  elliptie, 
symmetric,  isogonal,  378-380. 
Isogonal  transformation,  428. 

Jacobian,  502,  517. 
Jaeoby,  503. 

Jerabek,  448. 

Joaohimsthal,  220,  see  ciitde. 
Join  of  two  points,  8. 
Jonqniers,  De,  481. 

Xiehl,  297,  302. 
Koehler,  484. 

Lachlan,  111,  114,  138. 
Lagrange,  27. 
Laguerre's  theorem,  219. 
Laiiant,  94,  143. 
Lam6,  172,  233,  465. 
Lamp's  equation,  462. 
Latus  rectum,  160,  174,  203,  262. 
Lemoine,  144,  418,  529-631,  544. 
Length  of  axes  of  conic  giyen  by 
general  equation,  330. 
of  perpendiculars  from  foci  on 

tangent,  220,  266. 
of  perpendicular  from  point  to 

line,  37,  38,  39,  73. 
of  direct  common  tangent  to  two 
circles,  106. 
Lhailier*s  problem,  359. 
Limiting  points  of  a  coaxal  system, 
116, 117. 
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Line,  EuUt'm,  67,  449. 

TtueoTay  328. 

Sim»on*s,  136. 
Lines,  conjugate,  106. 

double,  285. 

lour  concyclic,  200. 

inyene,  105. 

isotropic,  75. 

symmedian,  63,  440. 
Locus, 

of  centre  of  conic  through  four 
points,  171« 

of  centre  of  circle  harmonically 
circumscribed  to  parabola, 
621. 

of  centre  of  conic  inscribed  in  a 
quadrilateral,  355,  383. 

of  centre  of  equilateral  hyperbola 
described  about  a  given  tri- 
angle, 266,  290. 

of  centre  of  circle  touching  fixed 
line  and  circle,  196. 

of  centre  mean  of  feet  of  normals 
to  a  parabola,  1 85. 

of  centre  of  conic  through  three 
points,  haying  an  asymptote 
parallel  to  a  given  line,  172. 

of  centre  of  reciprocation,  when 
reciprocal  conic  is  an  equi- 
lateral hyperbola,  386. 

of  centre  of  conic  harmonically 
inscribed  in  four  conies,  478. 

of  centre  of  curvature,  187. 

of  centre  of  inconic  through  cir- 
cum-  and  orthocentre,  342. 

of  centre  of  conic  touching  four 
given  lines,  526. 

of  centre  of  circumcircle,  given 
three  tangents  and  sum  of 
squares  of  axes,  527. 

of  centre,  given  a  self-conjugate 
triangle  and  a  tangent,  533. 

of  centre  of  Brocard  ellipse,  given 
base  and  Brocard  angle,  534. 

of  incentre  given  base  and  sum 
of  sides,  204. 

of  double  points  of  a  given  net  of 
conies,  501. 

of  double  points  of  lines  cutting 
three  conies  in  involution,  503. 

of  focus  of  variable  conic,  given 
tangent,  one  focus,  and  eccen- 
tricity, 531. 


Locus  of  foot  of  perpendicular  from 
focus  on  tangent,  177,  178, 
221,  266. 

of  intersection  of  tangents  at 
extremities  of  a  pair  of  con- 
jugate diameters,  241. 

of  intersection  of  normals  at  ex- 
tremities of  a  chord  passing 
through  a  given  point,  188, 
466. 

of  intersection  of  tangents  at  two 
points,  whose  join  subtends  a 
given  angle  at  focus,  524. 

of  middle  points  of  a  system  of 
parallel  chords  of  a  conic,  155, 
156,  179,  255,  208. 

of  middle  points  of  chords  of 
ellipse  passing  through  a  given 
point,  239. 

of  middle  points  of  variable 
chords  of  a  circle  subtending 
a  right  angle  at  a  given  point, 
101. 

of  middle  points  of  chords  of 
parabola  subtending  a  right 
angle  at  the  vertex,  196. 

of  oithocentie,  given  base  and 
vertical  angle,  99. 

of  point  whence  sum  of  tangents 
to  two  circles  is  given,  239. 

of  point  the  area  of  whose  pedal 
trinngle  is  given,  135,  297. 

of  point  whence  tangents  to  conic 
contain  a  given  angle,  184, 
520. 

of  point,  fixed  in  line  of  given 
length  sliding  between  two 
fixed  rectangular  lines,  205, 
213. 

of  point  whence  tangents  to 
two  confocals  are  at  right 
angles,  225. 

of  point  whose  pedal  triangle  hai 
a  constant  Brocard  angle,  300. 

of  point  where  parallel  diords  of 
a  conic  are  cut  in  a  given 
ratio,  355. 

of  point  whose  polars  with  re- 
spect to  three  conies  are  con- 
current, 602. 

of  point  whence  tangents  to  Huret 
conies  form  a  pencil  in  invo* 
lution,  607. 


LocuB  of  point  whote  poUtt  with  re- 
lict tn  two  circles  meet  on  a 
giTea  line,  626. 

of  point  the  chord  of  contact  of 
tangents  from  which  ton  given 
circle  subtend*  a  right  angle 
at  a  given  point,  101. 

of  points  of  contact  of  parallel 
tjingcnti  to  a  syitsm  of  con- 
focal  ellipafB,  238. 

of  point)  having  tha  «ain«  eccen- 
tric angle  on  a  syitem  of  con- 
focal  ellipies,  230. 

of  point*  the  sum  of  the  aqnarcs 
of  the  sidea  of  whoie  pedal 
triangles  is  given,  300. 

of  points  on  a  aj^lem  of  confocal 
conies,  the  osculating  circle  at 
which  passes  through  a  focus, 
331. 

of  points  whence  tangents  to  two 
conies  form  an  haimonio  pencil, 
370,  ^77. 

of  pole  of  a  choid  of  a  conic  sub- 
tending a  right  angle  at  a  given 
point,  1U6,  277. 

of  pole  of  line  with  respect  to  a 
confocal  sjst«in,  23S. 

of  pole  of  normals  to  ellipse,  241. 

of  pole  of  chord  of  equilateral 
hyperbola  snch  that  the  oscu- 
lating circle  at  cne  exlremitj 
pusses  through  tho  other,  28t. 

of  pole  of  variable  chord  passing 
Uiroiigh  a  given  point,  311. 

of  pule  of  linu  with  respect  to  an 
inconic  satisfying  any  con- 
dition, 339. 

of  svnimedian  point,  given  base 
and  vertical  an^le,  331. 

of  ejmmedian  point,  given  base 
and  area,  526. 

of  vvrtei,  given  base  and  vertical 
aiiKle,  99. 

ofverlei,  given  base  and  sum  of 
sides,  or  product  of  tangents  of 
base  anjjles,  201. 

of  vcrtei,  given  boae  and  differ- 
ence of  sides,  or  difference  of 
base  angles,   ^52. 
k  of   verlei    of   a    given    triangle 

^r  whose  two  other  angular  points 

■  move  on  two  fixed  lines,  213. 


Locus  of  Ten«i,  given  Imm  tui 
Broeard  angle,    423. 

of  vertex  of  all  light  ixmei  out  of 
which  a  giveii  ellipse  can  be 
cut,  367. 

of  vertex  of  a  trian^  drnm- 
Bcribed  to  one  conic,  two  of 
whose  angular  points  move  m 
another  conic,  486. 

of  vertex  of  triangle  self-conji- 
gate  with  respect  to  one  ccnJc, 
two  of  whose  verticca  lis  oo 
another  conic,  627. 

of  vertex  of  a  circum.  polygon  of 
a  conio  when  all  the  other  ver- 
tices move  on  confocal  conies, 
324. 

of  vertex  of  a  variable  triangb 
whose  side*  pass  through  fixed 
points,  and  whose  base  angle* 
move  on  fixed  lines,  37S. 
Inou,  283,  3(M,  306. 

■ulaniin'a  method   of  genentmc 

conies,  376. 
Kalet.  J.  C,  471. 
lUlet's  theorem,  317. 
Kannhelm,  2U,  220. 
Mandait,  461,  644. 
K&thetil,  306,  429,  HI. 
Kathien,  68. 
H'Cay,  96,  247,  332,  403,  404,  44E, 

447,  469,  A26. 
K'Cay'i  extension  of  FmrtacVt  theo- 

rem,  329. 
K'Cnllagh,  242,  243,  324,  362. 
Minors,  62. 
Modulus,  24,  137. 
Modular  quadrangle, 

Negativo,  i,  G. 

Heoberg,  28,  29,  60,  90,  91,  QS,  94, 
143,  1H,  l''i\  198,  200,  24t 
300,  301,  'iQ'!.  303,  314,  31fi, 
360,  301,  3(13,  367,  308,  400. 
401,  4114.  -)'23,  420,441,  469, 
46D,  4ijl,  b\'i,  ;>31,  633,  63C, 
637,  SS'i,  £>39.  640,643,641. 

Veuberg  mul  Gob.  ihi,  469. 

Henbera  and  Sehonte,  300,  637, 643. 
tjin'a  theorem,  187. 
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rewtonian  of  quadrilateral,  91. 
rine-point  circle,  125,  126,  144,  302, 
434,  436,  444,  446. 
oonic,  171. 
ronn,  121,  122,  139. 
ronnal,  184,  214.  262. 
sub,  184. 

polar  equation  of,  190,  237,  273. 
rormaLi, 

three  can  be  drawn  from   any 

point  to  parabola,  184. 
four  can  be  drawn  to  ellipse  or 

hyperbola,  216,  264. 
feet  of,  from  any  point  to  parabola 

lie  on  circle,  185. 
feet  of,  to  ellipse  or  hyperbola  lie 
on  hyperbola,  216,  264. 
dumber  of  conditions  to  determine  a 
conic,  170. 
of  independent  invariants,  &o.,  of 
two  conies,  617. 


>rdinate8,  4. 
)rigin,  1,  6. 

change  of,  162. 
)rthocentre, 

co-ordinates  of,  64,  66. 
of  triangle  formed  by  three  tan- 
gents to  a  parabola,  172. 
of  triangle  is  a  point  on  directrix, 

178. 
lies  on  circumscribing  equilateral 

hyperbola,  290. 
join  of  to  centroid,  67,  77. 
)Tthogonal 

system  of  circles,  107,  109,  110, 

117,  118. 
conies,  495,  497,  499,  601,  602. 
invariant  of  two  conies,  496. 
projection  of  circle,  206. 
!)rthologique  triangles,  60. 
Osculation,  309,  471. 
chord  of,  313. 
four  chords  of  through  any  point 

in  plane  of  conic,  314. 
hyper,  318,  321. 
Osculating  circle,  185,  309,  310. 

circles,  six  of  given  conic  can  be 

described  to  cut  a  given  circle 

orthogonally,  316  ;   and  their 

centres  lie  on  a  conic,  317. 

conic  of  a  given  circumconio,  310. 


PMoari  theorem,  146,  328. 

theorem  proved   by   projection, 

354. 
theorem,  reciprocal  of,  386. 
Parabola,    164,   167-160,   169,   173- 
200. 
referred   to   any   diameter   and 

tangent,  182. 
axis  of,  158,  169. 
centre  of,  164. 
directrix  of,  164. 
co-ordinates  of  origin  in,  ICO. 
every,   touches  line  at  infinity, 

308. 
is  firal  negative  pedal  of  right 

Une,  178. 
a  tangential  equation  of,  198. 
parameter  of,  115,  160,  203. 
polar  equation  of,    focus  being 

pole,  189. 
pedal  of,  with  respect  to  focoa, 

178. 
subnormal  in  constant,  184. 
Fwrter'f,  220. 
KieperVi,  468. 
Parabolae, 

ArlzV$,  441,  483. 
Artzi*$  directrices  of,  442. 
Brocardy  439. 
Pedals,  positive  and  negative,    177, 

221,  266,  416. 
Pedal  and  antipodal  triangles,  296. 
Pedal  and  antipodal  triangles,  area 

of,  297. 
Pencil,  of  conies,  463. 

of  lines  when  harmonic,  69. 
Pencils,  inversely  equal,  288 
Perpendicular,  length  of  from  point 

to  line,  37,  73. 
Perpendiculars  of  triangle  are  con- 
current, 62. 
Perspective, 

triangles  in,  axis  and  centre  of, 

72. 
axis  of,  is  trilinear  polar  of  centre 

of,  130. 
triangles  in  multiple,  82. 
triangle  of  reference   and   that 
formed   by   tangents   tc   cir^ 
cumconic  at  vertioea  are  in, 
129. 
Pliloker,  640. 
Pohlko,  205. 
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Vmnt, 

director,  399. 

power  of,  37. 

SUintrs,  133. 

Tmrry\  446,  452. 
Point!. 

co-ordiiiates  of  a  few  iaipoTtant, 
64,  66. 
mdjoint,  399. 

Broemrd,  64. 

eomplimentuy  and  antkompli- 
mtotary,  81. 

conjugate,  106. 

cyclic,  76,  88. 

diagonal,  71. 

distance  between  two,  6,  78. 

double,  285,  376,  393. 

double,  found  geometricallj,  377. 

baimonic  system  of,  56. 

inrariable,  397. 

inrerse,  105. 

isobaryc  group  of,  85. 

iaodTnamic,  303. 

limiting,  of  coaxal  system,  115. 

KuyeCt  and  Gerymme,  95,  133, 
394,  409,  461. 

symmedian,  407,  438,  456. 

twin,  292. 

twin,  are  isogonal  conjugates  of 
inTerse  points  with  respect  to 
circle,  293. 

which  correspond  to  infinity,  373. 
F6laT  co-ordinates,  17. 
Pole  and  polar  trilinear,  68. 
Pole  and  polar  of  circle,  105. 
Poles  and  Polars,  163. 
Pole  normal,  218. 
Polar  reciprocal  of  curve,  228. 

reciprocal  of  one  conic  with  re- 
spect to  another,  480. 
Ponealet,  221,  484,  539. 
Positive,  5. 
Projection,  3,  349. 

orthogonal  of  circle,  206. 

of  a  system  of  concentric  circles, 
351. 

of  a  system  of  coaxal  circles,  352. 

orthogonal,  358. 
Projective  properties,  351. 

rows,  371. 

pencils,  374. 

my*8  theorem,  extension  of, 
829. 


FJLITJ.,    248,    249,   331, 
357. 

,  7.T.C.D.,  199,  200,  220, 315, 
331,  526,  5^. 
Pmer'i  parabola,  220. 

Quadrilateral  complete,  69. 

complete,  each  diagooal  of  divided 

harmonically    by    other   two^ 

70. 
harmonically    middle    points  of 

three  diagonals  collinear,  43. 
harmonically  diagonal  p<nnti  and 

triangle  ot,  69. 
harmonically  Newtonian  o^  91. 
standard,  70. 
Quadrangle   complete  and  standard, 

69,  70. 
pencil  of,  391. 
Quadrangles,  metapolar  and  metapole 

of,  392. 
modular,  397. 

Badius  vector,  17. 

of  circle  i^ven  by  general  equa- 
tion, 97. 
of  circle  of  coaxal  system,  115. 
of  curvature,  185,  186,  216, 264, 

313. 
of  curvature  of  conic  at  arigiB, 
310. 
Radical  axis  and  centre,  115,  117. 
Itatio  of  section,  55. 
Reciprocal  polars,  384. 

polars,  some  theorems  proved  by, 
385. 
Reciprocation,  centre  of,  386. 

centre  of,  that  polar  reciprocal  of 
a  given  triangle  may  be  similar 
to  another  triangle,  388. 
Reduction  of  general  equation  of  line 
to  standard  form,  35. 
of  conic  to  centre,  155. 
Relation  between    area    of  triangle* 
lengths  of  its  sides,  and  noimal 
co-ordinates  of  any  point  in 
its  plane,  62. 
between  normal  co-ordinatei  of 

isogonal  conjugate  points,  63. 
between  normal  and  barycentrie 

co-ordinates  of  a  point,  65. 
between  baryoentrio  oo-ordinatsi 
of  isotomic  pointi,  66. 
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Belation  identical  connecting  any  four 
linos  no  three  of  which   are 
concurrent,  70. 
between    coefficients    of  general 
ej[uation  when  it  represents  a 
circle,  134. 
between  eccentric  angles  of  two 
points  whose  joinpasses  through 
focus,  222,  277. 
between  tripolar  and  normal  co- 
ordinates, 303. 
between    Brocard    and    Steiner 
angles,  459. 
Relations,  three  special,  which  a  tri- 
angle can  have  with  respect  to 
a  conic,  468. 
identical,  613. 
Bitehie,  190,  191. 
Boberta,  B.A.,  196,  197,  246,  283, 

318,  332. 
Boberts,  K.,  236. 
Bule  of  signs,  1. 


Salmon,  68, 70, 321, 333,344, 371, 465, 

473,  477,  479,  487,  630,  632. 
Sehooten,  213. 
Schoute,  circles,  300,  403. 
Sehroeter,  635. 
Self-conjugate  or  autopolar  triangle, 

337,  468,  491. 
Scrret,  P.,  622. 
Similar  conies,  326. 

conicshavccqual  eccentricity,  327. 
rows,  373. 
Similitude, 

centre  and  circle  of,  118,  119. 
six  centres  of,  for  any  three  circles 
lie  three  by  three  on  four  right 
lines,  119. 
Simmons,  638. 
Smith,  H.  J.  8.,  476,  481. 
SoUertinsky,  642. 
Standt,  114,  371,  477. 
Steiner,  17,  37,  60,  69,  147,  239,  316, 

329,  628. 
Stewart's  theorem  (Seonel),  304. 
Sum  of  reciprocals  oi  segments  of 
focal  chords  of  ellipse,  237. 
of  eccentric  angles  of  four  con- 
cyclic  points  on  conic,  241, 280. 
of  squares  of  two  conjugate  semi- 
diameters  of  ellipse,  209. 


Sum  of  reciprocals  of  two  chords  of 
ellipse  at  right  angles  and 
touching  confocal,  248. 

Supplemental  chords,  213. 

Symmedian  point,  63,  407,  413,  418. 
lines,  414,  440. 

Sylyester,  603. 

Tact  inyariant  of  two  conies,  469. 
Tangent,  161. 

to  circle,  101,  130,  134. 

to  conic,  161. 

at  infinity,  166. 

to  nine- points  circle  at  point  of 

contact  with  incircle,  1 26. 
sub,  bisected  at  vertex  in  parabola^ 

177. 
Tangential  circles,  a  system  of,  120. 
equations,  161,  336. 
equation   of  all  conies  confocal 

with  a  given  one,  312,  611. 
equation  of  circle  referred  to  two 

tangents  and  chord  of  contact, 

344. 
equation  of  circle,  given  radios 

and  centre,  143. 
equation  of  circle  circumscribed 

to  triangle  of  reference,  138. 
equation  uf  circle    inscribed  in 

triangle  of  reference,  140. 
equation  of  conic,  161,  344. 
equation  of  conic  having  triangle 

of  reference  as  self -con  jugate 

triangle,  341. 
equation  of  conic  given  a  focus 

and  circum  triangle,  390. 
equation  of  hyperbola,  261. 
equation  of  cyclic  points,  76,  608. 
equation  of  centre  of  conic,  344. 
equation  of  parabola,  198. 
equation  of  four  ]>oint8  common 

to  two  conies,  489. 
equation  of  envelope  of  line  cut 

in  involution  by  three  conies, 

606. 
pencil  and  net  of  com'cs,  463. 
Tarry,  396,  397,  418. 
Teseh,  638. 

Townsend,  218,  326,  846,  876,  881. 
Transformation  of  co-ordhiates, 
harmonic,  of  triangle,  208. 
harmonic,  area  of,  299. 
i88. 
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Tranafonnatioii  of  co-ordinates, 
determinant  of,  462. 
of  general  conic,  162,  165. 
Triangle,  diagonal,  69. 
Kieperi's,  443. 
of  similitude,  896. 
invariable,  397. 
Triangles,  annex,  399.         [468,  491. 
antopolar  or  self-conjugato,  337, 
oircum.  vertices  of  two  lie  on  a 

conic,  386. 
formed  by  three  points  and  their 

three  polars  with  respect  to  any 

conic  are  in  perspective,  340. 
inscribed  sides  of  touch  a  conic, 

386. 
first  and  second,  of  Broeardf  422. 


Triangles,  Lumnet's,  889,  401,  408, 
404. 

orthologique,  60. 

pedal  and  antipedal,  296. 
Tneker,  441. 


Value  of  k  so  that  8  -i-  kS^  =  0  may 
be  an    equilateral  hyperbola, 
171. 
Variables,  31. 
complex,  24. 


Whewell,  177. 
Wright,  149. 


THB  END. 


Prtnted  by  Fonsonby  and  Wblorick,  Dubitu» 


